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1. Introduction

In this paper X stands for a Banach space (real or complex) and L(X ) for the algebra of bounded operators on X . By
`∞(Γ) we denote the sup-normed Banach space of all scalar-valued bounded functions on the set Γ. `ω(Γ) is the subspaceof `∞(Γ) formed by elements with countable supports. For the basic definitions and standard facts from Banach spacegeometry we refer to the Diestel’s book [4], and for Functional Analysis terminology we refer to [3] and [5].The concept of strict G-convexity is a natural generalization of classical concepts of strict convexity (rotundity) andcomplex strict convexity (rotundity). The idea of this generalization consists of substituting the choice of sign (or ofmodulus-one scalar) in the corresponding definitions by the choice of operator from a given subset G ⊂ L(X ). Strict
G-convexity and the related concept of uniform G-convexity were introduced in [1] and were studied also in [2].Let G ⊂ L(X ). X is said to be strictly G-convex if supT∈G ‖x + εTy‖ > 1 for all x, y ∈ SX and ε > 0.For G = {I,−I} and G = {I,−I, iI, −iI} one gets the classical concepts of strict convexity and complex strict convexity,respectively. Since in these cases we deal with finite groups of isometries which are symmetric about 0, finite groups Gwith ∑

T∈G

T = 0 (1)
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are of the major interest for us. Nevertheless we consider more general classes of G as well. Note that by imposing thecondition (1) we ensure that at least supT∈G ‖x + εTy‖ ≥ 1 for all x, y ∈ SX and ε > 0. So the strict G-convexity justmeans that the last inequality is strict. In [2, Lemma 2.1] one can find more motivation to impose (1).There are a number of well known results about strictly convex spaces, i.e. about strictly G-convex spaces for G = {I,−I}.The basic question for us is what properties of G are responsible for these results. In our paper we study two theoremsof this kind. Day’s theorem [4] states that for uncountable Γ, `∞(Γ) does not have an equivalent strictly convex norm.We show that separability of G enables to prove the same result in the general case (Theorem 4.4), and that thereis a group G of continuum cardinality for which this result is false. Another result is the Wee-Kee Tang extensiontheorem [6]. We check that his construction of a strictly convex norm extension is applicable to arbitrary finite groups Gwith ∑T∈G T = 0 (Theorem 3.2).Recall that in our previous papers [1] and [2], we developed analogous program for uniform G-convexity. Namely, for seriesin Banach spaces, we studied the connection between G-convergence and unconditional convergence in ordinary sense,as well as obtained the analogues of the theory of cotype and the famous M. Kadets’s theorem about unconditionallyconvergent series in uniformly convex space. We also studied the inheritance of the uniform G-convexity of the space Xby the space of X-valued functions Lp(µ, X ), p ∈ [1,∞) in the (most interesting for us) case when G is a regular finitegroup. We showed that for a fixed p ∈ [1,∞) the uniform G-convexity of Lp(µ, X ) for all measure spaces (Ω,Σ, µ) isequivalent to a stronger property of X , i.e. to the uniform G-convexity in terms of p-average. We demonstrated that for
p ∈ (1,∞) the last property is equivalent to uniform G-convexity of X , but for p = 1 this equivalence is no longer true.
2. General remarks

Theorem 2.1.
Let G be a finite group, and let X be a strictly G-convex space. Then one can find an equivalent norm on X, for which
X endowed with this norm is strictly G-convex and the group G consists of isometries.

Proof. Let us define a new norm by |||x||| := maxT∈G ‖Tx‖. For the norm defined in such a way the following inequalitieshold: |||x||| > ‖x‖, because G is a group and therefore it contains the identity operator; and |||x||| 6 maxT∈G ‖T‖‖x‖, themaximum of operator norms is finite because the group G is finite. These two inequalities imply the equivalence of thenorms ||| · ||| and ‖ · ‖.For every T ∈ G
|||T ||| = sup

x∈S(X,|||·|||) max
U∈G
‖UTx‖ = sup

x∈S(X,|||·|||) max
R∈G
‖Rx‖ = 1.

Since G is a group this means also that |||T−1||| = 1 and this implies that T is an isometry.Let us prove now that the space (X, ||| · |||) is strictly G-convex. For every positive real t and for two arbitrary elements
x, y ∈ S(X,|||·|||) we have

sup
T∈G
|||x + tTy||| = sup

T∈G
sup
U∈G
‖Ux + tUTy‖ = sup

U∈G
sup
T∈G
‖Ux + tUTy‖

= sup
U∈G

(
‖Ux‖ sup

T∈G

∥∥∥∥ Ux
‖Ux‖ + t‖y‖

‖Ux‖T
(

y
‖y‖

)∥∥∥∥) > sup
U∈G
‖Ux‖ = 1.

Note that in the last inequality we used strongly the finiteness of G – otherwise there would be no reason to say thatthis inequality is strict.
Theorem 2.2.
Let G = {T1, . . . Tn} be a finite group,

∑
T∈G T = 0, X be a strictly convex space. Then X is strictly G-convex.
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Proof. Suppose that X is not strictly G-convex, then there exist elements x1, y1 ∈ SX and ε > 0 such that for all
T ∈ G the following inequality holds: ‖x1 + εTy1‖ 6 1. Then by convexity of the unit ball ‖x1 + tTy1‖ 6 1 for all
t ∈ (0, ε). Since X is strictly convex then ‖x1 − tTy1‖ > 1 for all t ∈ (0, ε). So

1 < ∥∥∥x1 − ε
n − 1 T1y1∥∥∥ = ∥∥∥∥∥x1 + ε

n − 1 n∑
i=2 Tiy1

∥∥∥∥∥ ≤ 1
n − 1 n∑

i=2 ‖x1 + εTiy1‖ ≤ 1.
This is a contradiction.
It is known that for the space `∞ one can find an equivalent strictly convex norm. Then the last theorem implies thefollowing corollary, which supplements naturally our considerations from Section 3 below:
Corollary 2.3.
For every finite group G ⊂ L(`∞) with

∑
T∈G T = 0 there is an equivalent strictly G-convex norm on `∞.

Note also that strict G-convexity of a space does not imply neither ordinary strict convexity nor complex strict convexity.One can easily see this if one considers X = ` (n)
∞ (the space of vectors x = (x1, . . . , xn) with ‖x‖ := maxk |xk |), and Gbeing the (finite and symmetric) group of all isometries of X .

3. The extension theorem

Lemma 3.1.
Let p : B → R+ be a convex function defined on a convex set B, and for some collection {xk}nk=1 ⊂ B suppose the
inequality 1

n

n∑
k=1 p

2(xk )− p2(1
n

n∑
k=1 xk

)
6 0

holds true. Then p(xi) = p(xj ) = p
( 1
n
∑n

k=1 xk) for every i and j.

Proof. By convexity p( 1
n
∑n

k=1 xk) 6 1
n
∑n

k=1 p(xk ). Then
0 ≥ 1

n

n∑
k=1 p

2(xk )− p2(1
n

n∑
k=1 xk

)
≥ 1
n

n∑
k=1 p

2(xk )− 1
n2
( n∑

k=1 p(xk )
)2 = 1

n2 ∑
16i<j6n(p(xi)− p(xj ))2.

Since all the summands of the last sum are non-negative and their sum is bounded by 0, then each summand is equalto 0.
Recall that the Minkowski functional of a convex absorbing rounded subset B of a linear space ([3, p. 106] or [5, section5.4.2]) is

φB(x) = inf {t > 0 : x ∈ tB}.
Theorem 3.2.
Let G = {T1, . . . Tn} ⊂ L(X ) be a finite group,

∑n
i=1 Ti = 0, and suppose X has a strictly G-convex norm ‖ · ‖. Then

every equivalent strictly G-convex norm | · |, defined on a subspace Y invariant with respect to G, can be extended to
an equivalent strictly G-convex norm, which is defined on the entire space X.
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Proof. Without loss of generality we may assume that √2‖ · ‖ 6 | · | 6 r‖ · ‖ on Y for some r > 0. Let us extend thenorm | · | from Y to the entire space X in the standard way, taking the closed convex hull of B(Y ,|·|) ∪ B(X,r‖·‖) as the unitball of the extended norm. Further we will use | · | for this extension as well. The inequality √2‖ · ‖ 6 | · | 6 r‖ · ‖ isvalid on the whole X after this extension. Denote as dist(x, Y ) the distance from x to Y in the metric ‖ · ‖.Let us define the function p(·) as
p2(x) = q1(x) + q2(x) + q3(x),

where q1(x) = |x|2, q2(x) = dist(x, Y )2e‖x‖2 , and q3(x) = dist(x, Y )2. Note that the functions q1 and q3 are convex onthe whole X , and q2 is convex on B(X,|·|). In order to prove the latter it is enough to see that the Hessian of the function
f(x, y) = y2ex2 , where (x, y) ∈ R2 is positively defined on (0, 1√2 )× (0, 1√2 ). Therefore, p2 is a convex function on B(X,|·|).Define B = {x ∈ X : p(x) 6 1}. Since B ⊂ B(X,|·|), we have the boundedness of B and by convexity of p2 we have theconvexity of B as well. Moreover, for all x ∈ B(X,|·|) we have p2(x) 6 2 + e. By convexity of p2 we have p2(tx) ≤ tp2(x)for x ∈ B(X,|·|), t ∈ (0, 1). This means that B ⊃ 12+eB(X,|·|). Then the Minkowski functional of B defines an equivalentnorm p1(·) on X .Let X be not strictly G-convex in the norm p1(·). Then there exist elements x, y ∈ S(X,p1) ⊂ B(X,|·|) and t > 0 such thatfor all operators Tk from the group G the inequality p1(x + tTky) 6 1 holds. Then,

1
n

n∑
k=1 p

2(x + tTky)− p2(x) 6 0.
Recall that p2 = q1(x) +q2(x) +q3(x) is a sum of convex functions, and by convexity each summand satisfies the inverseinequality: 1

n

n∑
k=1 qj (x + tTky)− qj (x) ≥ 0, j = 1, 2, 3

(at this point we use the condition ∑n
k=1 Tk = 0). So in fact all these inequalities are equations:
1
n

n∑
k=1 qj (x + tTky)− qj (x) = 0, j = 1, 2, 3.

In particular 1
n

n∑
k=1 dist(x + tTky, Y )2 − dist(x, Y )2 = 0.

So according to the Lemma 3.1, for all k ∈ {1, 2, .., n}
dist(x + tTky, Y ) = dist(x, Y ). (2)

Consider two cases: when x belongs to Y , and when it is out of this subspace. In the first case (2) implies that
x + tTky also belong to Y for all the operators Tk ∈ G. Therefore, p2(x + tTky) = |x + tTky|2, and the assumption that
p1(x + tTy) 6 1 for all k contradicts strict G-convexity of the norm | · | defined on Y . In the second case (2) togetherwith 1

n
∑n

k=1 q2(x + tTky)− q2(x) = 0 implies that
1
n

n∑
k=1 e

‖x+tTky‖2 − e‖x‖2 = 0.
Thus,

∞∑
j=1

1
j!
( 1
n

n∑
k=1 ‖x + tTky‖2j − ‖x‖2j

) = 0.
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By the same convexity argument as above this means that
1
n

n∑
k=1 ‖x + tTky‖2i − ‖x‖2i = 0

for all i ∈ N. But by the Lemma 3.1 already in the case of i = 1,
1
n

n∑
k=1 ‖x + tTky‖2 − ‖x‖2

implies that ‖x+ tTky‖ = ‖x‖ for all k , which contradicts strict G-convexity of the norm ‖ · ‖ Thereby both cases lead toa contradiction and this proves that our assumption was incorrect. Thus, the norm p1 is strictly G-convex on the entirespace X .
If the group G equals {I,−I, iI, −iI}, then G-convexity is the same as complex convexity. Therefore we get the followingcorollary:
Corollary 3.3.
Let X have a complex strictly convex norm ‖ · ‖. Then every equivalent complex strictly convex norm | · |, defined on a
subspace Y can be extended to an equivalent complex strictly convex norm defined on the entire space X.

4. Renormings of `∞(Γ)
It is natural to study the existence of Banach spaces which cannot be strictly G-convex renormed for any finite group ofisometries G. As it is shown below, the space `∞(Γ) where Γ is uncountable is an example of such a space.From now on Γ is an uncountable set. For every A ⊂ B we consider `ω(B \ A) as the subspace of `ω(B) consisting of
A-supported elements of `ω(B).
Lemma 4.1.
For every functional x∗ ∈ `ω(Γ)∗ there exists an at most countable set A ⊂ Γ such that x∗(y) = 0 for all y ∈ `ω(Γ \ A).
Proof. For every A ⊂ Γ denote u(x∗, A) = supx∈S`ω (Γ\A) |x∗(x)|. Let us consider two cases: inf|A|6ω u(x∗, A) = 0 andinf|A|6ω u(x∗, A) 6= 0.In the first case for every n there exists an at most countable set An with u(x∗, An) < 1

n . This way the set A = ⋃∞n=1 Anis at most countable. A ⊃ An, u(x∗, A) 6 u(x∗, An) 6 1
n , hence u(x∗, A) = 0. So the lemma is proved for this case.In the second case, let us fix a positive α < inf|A|6ω u(x∗, A). There exists an element x1 ∈ S`ω(Γ): |x∗(x1)| > α ,

A1 = supp x1. One can also find an element x2 ∈ S`ω(Γ\A1): |x∗(x2)| > α , A2 = supp x2 ∪ supp x1 etc. We obtain adisjoint sequence (xk ) of norm 1 elements with |x∗(xk )| > α . Denote λk = sign x∗(xk ). Then ∥∥∑n
k=1 λkxk∥∥ = 1 and

‖x∗‖ ≥ x∗
(∑n

k=1 λkxk) > αn → +∞ as n → ∞. This is a contradiction. So the first case is the only possible case.
Lemma 4.2.
Let G be a countable bounded family consisting of operators Tk : `ω(Γ) → `ω(Γ), k ∈ N and let A ⊂ Γ be at most
countable. Then one can find an at most countable set B ⊃ A such that for every element x ∈ `ω(Γ \ B) and every
operator T from G the element T (x) belongs to `ω(Γ \ A).
Proof. Denote by e∗γ ∈ `ω(Γ)∗ the corresponding coordinate functional: e∗γ(x) = x(γ). Consider functionals x∗k,a(x) :=
e∗a(Tk (x)), a ∈ A, k ∈ N. Applying the previous lemma for all a ∈ A, k ∈ N we can find an at most countable set
Ak,a ⊂ Γ such that x∗k,a|`ω(Γ\Ak,a) = 0. Then Bk := ⋃

a∈A Ak,a is countable and has the following property: for every
x ∈ `ω(Γ \ Bk ) the value of Tk (x) belongs to `ω(Γ \ A). The set B that we need can be defined as B := ⋃∞k=1 Bk .
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Lemma 4.3.
Let p be an arbitrary equivalent norm on `ω(Γ). Then there exists a non-zero element x ∈ `ω(Γ) and exists a countable
set A ⊂ Γ such that for every y ∈ `ω(Γ \ A), ‖y‖ 6 1, the equality p(x + y) = p(x) holds.

Proof. For every element x ∈ S`ω(Γ) define Fx = {y ∈ S`ω(Γ) : y |supp(x)= x |supp(x)}. Without loss of generality we canassume that ‖ · ‖∞ 6 p(·).Define Mx = sup {p(y) : y ∈ Fx}, mx = inf {p(y) : y ∈ Fx}. It is obvious that 2x − Fx = Fx , hence p(2x − y) 6 Mx , so2p(x) 6 Mx + p(y). Moreover for every ε > 0 there exists a y ∈ Fx , such that p(y) 6 mx + ε. This way we obtain thatfor every ε > 0 the inequality 2p(x) 6 mx +Mx + ε holds. Thus the following inequality holds as well:
2p(x) 6 mx +Mx . (3)

Define K = sup {p(y) : y ∈ S`ω(Γ)}. It is obvious that K > 1 and let us choose an x1 ∈ S`ω(Γ) such that (3K+1)/4 6 p(x1).The inequality (3) implies that (3K + 1)/2 6 mx1 + Mx1 , then Mx1 − mx1 6 (K − 1)/2. Choose an x2 ∈ Fx1 such that(3Mx1 + p(x1))/4 6 p(x2). Thus, (Mx1 + p(x1))/2 6 mx2 . It is obvious that Mx2 6 Mx1 , because x2 ∈ Fx1 and Fx2 ⊂ Fx1 .Hence
Mx2 −mx2 6 (Mx1 − p(x1))/2 6 (Mx1 −mx2 )/2 6

K − 14 .

Inductively let us choose xn ∈ Fxn−1 and we have Mxn − mxn 6 (K − 1)/2n, Mxk+1 6 Mxk , mxk+1 > mxk . Therefore thereexists limk→∞Mxk = limk→∞mxk = µ. It is obvious that p(y) = µ for every element y ∈ ⋂n Fxn .Choose an element x ∈ `ω(Γ), such that x(ν) = xn(ν) for all n ∈ N and ν ∈ supp (xn), and x(ν) = 0 outside A :=⋃
n∈N supp (xn). For this x the corresponding set Fx consists of elements w with p(w) = p(x). Since every element ofthe form x + y: y ∈ `ω(Γ \ A), ‖y‖ 6 1, belongs to Fx , we are done.

Theorem 4.4.
If Γ is uncountable and G is a separable bounded operator family, then `ω(Γ) cannot be equivalently renormed in strictly
G-convex way.

Proof. Let p(x) be an arbitrary equivalent norm on `ω(Γ). By Lemma 4.3 there exist an x ∈ `ω(Γ)\{0} and a countableset A ⊂ Γ, such that for every y ∈ `ω(Γ\A), ‖y‖ 6 1, the equality p(x+y) = p(x) holds. Since the group G is separable,then it has a countable dense subset G1. According to Lemma 4.2, for a given set A we can find a set B ⊃ A, suchthat for all y from B`ω(Γ\B) and for all T ∈ G1 the elements Ty belong to `ω(Γ \ A). Since the group G is boundedthere exists a t > 0, such that ‖tTy‖ 6 1 for all ‖y‖ 6 1 and all T ∈ G. Then, for all the elements y ∈ B`ω(Γ\B),the following holds: supT∈G1 p(x + tTy) = p(x). By density of G1 in G and continuity of norm the same is true for G:supT∈G p(x + tTy) = p(x). This means that (`ω(Γ), p) is not strictly G-convex.
Let us remark that the conditions of boundness and separability of G cannot be removed. At first, in every space Xif one takes G ⊃ {I, 2I, 3I, . . .} then X is strictly G-convex. By this reason only bounded collections of operators areconsidered. Further, if one considers the group G on `ω(Γ) generated by I, −I and operators of pairwise rearrangementsof coordinates, then G has the same cardinality as Γ and so it can, for example, be equal to the first uncountablecardinal. On the other hand `ω(Γ) in its original norm is strictly G-convex (and even uniformly G-convex) with respectto this group of isometries.
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