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RADICAL TRANSVERSAL LIGHTLIKE SUBMANIFOLDS
OF INDEFINITE PARA-SASAKIAN MANIFOLDS

Abstract. In this paper, we study radical transversal lightlike submanifolds and
screen slant radical transversal lightlike submanifolds of indefinite para-Sasakian manifolds
giving some non-trivial examples of these submanifolds. Integrability conditions of dis-
tributions D and RadTM on radical transversal lightlike submanifolds and screen slant
radical transversal lightlike submanifolds of indefinite para-Sasakian manifolds, have been
obtained. We also study totally contact umbilical radical transversal lightlike submanifolds
of indefinite para-Sasakian manifolds.

1. Introduction
The theory of lightlike submanifolds of a semi-Riemannian manifold was

introduced by Duggal and Bejancu [2]. A submanifold M of a semi-Rieman-
nian manifold M is said to be lightlike submanifold if the induced metric
g on M is degenerate, i.e. there exists a non-zero X P ΓpTMq such that
gpX,Y q “ 0, @Y P ΓpTMq. In 2003, Duggal and Jin [3] studied the geom-
etry of totally umbilical lightlike submanifolds of a semi-Riemannian mani-
fold. The notion of totally contact umbilical lightlike submanifolds of a semi-
Riemannian manifold was considered by several geometers ([7], [8], [15]).

In 2006, Duggal and Sahin [5] studied invariant lightlike submanifolds
of an indefinite Sasakian manifold. In 2009, Sahin [10] studied screen slant
lightlike submanifolds. In 2010, Yildirim and Sahin [15] defined and studied
radical transversal lightlike submanifolds of an indefinite Sasakian manifold.
In [12], authors introduced the concept of an ε-para-Sasakian structure with
some examples. The value of ε is not definite, it is either 1 or -1, according
as the structure vector field V on M is spacelike or timelike.
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In this paper, we study radical transversal lightlike submanifolds of an
indefinite para-Sasakian manifold. The paper is arranged as follows. There
are some basic results in section 2 . In section 3, we study radical transversal
lightlike submanifolds of an indefinite para-Sasakian manifold, giving some
examples. Section 4 is devoted to the study of totally contact umbilical radi-
cal transversal lightlike submanifolds of an indefinite para-Sasakian manifold.
In section 5, we study screen slant radical transversal lightlike submanifolds
of an indefinite para-Sasakian manifold and obtain integrability conditions
of distributions D and RadTM .

2. Preliminaries
A submanifold pMm, gq immersed in a semi-Riemannian manifold

pM
m`n

, gq is called a lightlike submanifold [2] if the metric g induced from
g is degenerate and the radical distribution RadTM is of rank r, where
1 ≤ r ≤ m. Let SpTMq be a screen distribution which is a semi-Riemannian
complementary distribution of RadTM in TM, that is

(2.1) TM “ RadTM ‘orth SpTMq.

Now consider a screen transversal vector bundle SpTMKq, which is a semi-
Riemannian complementary vector bundle of RadTM in TMK. Since for any
local basis tξiu of RadTM , there exists a local null frame tNiu of sections
with values in the orthogonal complement of SpTMKq in rSpTMqsK such
that gpξi, Njq “ δij and gpNi, Njq “ 0, it follows that there exists a lightlike
transversal vector bundle ltrpTMq locally spanned by tNiu. Let trpTMq be
complementary (but not orthogonal) vector bundle to TM in TM |M . Then

trpTMq “ ltrpTMq ‘orth SpTM
Kq,(2.2)

TM |M “ TM ‘ trpTMq,(2.3)

TM |M “ SpTMq ‘orth rRadTM ‘ ltrpTMqs ‘orth SpTMq.(2.4)

Following are four cases of a lightlike submanifold
`

M, g, SpTMq, SpTMKq
˘

:

Case.1 r-lightlike if r ă min pm,nq,
Case.2 co-isotropic if r “ n ă m, S

`

TMK
˘

“ t0u,
Case.3 isotropic if r “ m ă n, S pTMq “ t0u,
Case.4 totally lightlike if r “ m “ n, SpTMq “ SpTMKq “ t0u.

The Gauss and Weingarten formulae are given as

∇XY “ ∇XY ` hpX,Y q, @X,Y P ΓpTMq,(2.5)

∇XV “ ´AVX `∇tXV, @V P ΓptrpTMqq,(2.6)
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where t∇XY,AVXu and
 

hpX,Y q,∇tXV
(

belong to ΓpTMq and ΓptrpTMqq,
respectively. ∇ and ∇t are linear connections onM and on the vector bundle
trpTMq, respectively. The second fundamental form h is a symmetric F pMq-
bilinear form on ΓpTMq with values in ΓptrpTMqq and the shape operator
AV is a linear endomorphism of ΓpTMq.

From (2.5) and (2.6), we have

∇XY “ ∇XY ` hl pX,Y q ` hs pX,Y q , @X,Y P ΓpTMq,(2.7)

∇XN “ ´ANX `∇lX pNq `Ds pX,Nq , @N P ΓpltrpTMqq,(2.8)

∇XW “ ´AWX `∇sX pW q `Dl pX,W q , @W P ΓpSpTMKqq,(2.9)

where hlpX,Y q“LphpX,Y qq, hspX,Y q“SphpX,Y qq, DlpX,V q“Lp∇tXV q,
DspX,V q “ Sp∇tXV q. L and S are the projection morphisms of trpTMq
on ltrpTMq and SpTMKq, respectively. ∇land ∇s are linear connections on
ltrpTMq and SpTMKq called the lightlike connection and screen transversal
connection on M , respectively.

Now for any vector field X tangent to M , we put

(2.10) φX “ PX ` FX,

where PX and FX are tangential and transversal parts of φX, respectively.
By using (2.5), (2.7)–(2.9) and metric connection ∇, we obtain

gphspX,Y q,W q ` gpY,DlpX,W qq “ gpAWX,Y q,(2.11)
gpDspX,Nq,W q “ gpN,AWXq.(2.12)

Denote the projection of TM on SpTMq by P . Then from the decomposition
of the tangent bundle of a lightlike submanifold, we have

∇XPY “ ∇˚XPY ` h˚pX,PY q, @X,Y P ΓpTMq,(2.13)

∇Xξ “ ´A˚ξX `∇˚tXξ, ξ P ΓpRadTMq.(2.14)

By using above equations, we obtain

gphlpX,PY q, ξq “ gpA˚ξX,PY q,(2.15)

gph˚pX,PY q, Nq “ gpANX,PY q,(2.16)

gphlpX, ξq, ξq “ 0, A˚ξ ξ “ 0.(2.17)

It is important to note that in general ∇ is not a metric connection. Since
∇ is metric connection, by using (2.7), we get

(2.18) p∇XgqpY, Zq “ gphlpX,Y q, Zq ` gphlpX,Zq, Y q.

A semi-Riemannian manifold pM, gq is called an ε-almost paracontact metric
manifold [12] if there exists a (1, 1) tensor field φ, a vector field V called
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characteristic vector field and a 1-form η, satisfying

φ2X “ X ´ ηpXqV, ηpV q “ ε, η ˝ φ “ 0, φpV q “ 0,(2.19)

gpφX, φY q “ gpX,Y q ´ εηpXqηpY q, @X,Y P ΓpTMq,(2.20)

where ε “ 1 or ´1.
It follows that

gpV, V q “ ε,(2.21)
gpX,V q “ ηpXq,(2.22)

gpX,φY q “ gpφX, Y q,@X,Y P ΓpTMq.(2.23)

Then pφ, V, η, gq is called an ε-almost paracontact metric structure on M .
An ε-almost paracontact metric structure pφ, V, η, gq is called an indefi-

nite para-Sasakian structure [12] if

(2.24) p∇XφqY “ ´gpφX, φY qV ´ εηpY qφ2X, @X,Y P ΓpTMq,

where ∇ is Levi-Civita connection with respect to g.
A semi-Riemannian manifold endowed with an indefinite para-Sasakian

structure is called an indefinite para-Sasakian manifold.
From (2.24), we get

(2.25) p∇XV q “ φX, @X P ΓpTMq.

Let pM, g, φ, V, ηq be an ε-almost paracontact metric manifold. If ε “ 1,
then M is said to be a spacelike almost paracontact metric manifold and
if ε “ ´1, then M is called a timelike almost paracontact metric manifold.
In this paper we consider indefinite para-Sasakian manifolds with spacelike
characteristic vector field V .

3. Radical transversal lightlike submanifolds
Definition 3.1. Let pM, g, SpTMq, SpTMKqq be a lightlike submanifold,
tangent to the structure vector field V , immersed in an indefinite para-
Sasakian manifold pM, gq. We say that M is radical transversal lightlike
submanifold of M if the following conditions are satisfied:

φpRadTMq “ ltrpTMq,(3.1)
φpDq “ D,(3.2)

where SpTMq “ DKtV u and D is complementary non-degenerate distribu-
tion to tV u in SpTMq.

Let pR2m`1
q , g, φ, η, V q denote the manifold R2m`1

q with its usual para-
Sasakian structure given by
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η “
1

2

´

dz ´
m
ÿ

i“1

yidxi
¯

, V “ 2Bz,

g “ η b η `
1

4

´

´

q
2
ÿ

i“1

dxi b dxi ` dyi b dyi `
m
ÿ

i“ q
2
`1

dxi b dxi ` dyi b dyi
¯

,

φ
´

m
ÿ

i“1

pXiBxi ` YiByiq ` ZBz
¯

“

m
ÿ

i“1

pYiBxi `XiByiq `
m
ÿ

i“1

Yiy
iBz,

where pxi, yi, zq are the cartesian coordinates on R2m`1
q .

Example 1. Let pR7
2, g, φ, η, V q be an indefinite para-Sasakian manifold,

where g is of signature p´,`,`,´,`,`,`q with respect to the canonical
basis tBx1, Bx2, Bx3, By1, By2, By3, Bzu. Suppose M is a submanifold of R7

2

given by

´x1 “ y2 “ u1, x2 “ y1 “ u2, x3 “ u3, y3 “ u4 and z “ u5.

The local frame of TM is given by tZ1, Z2, Z3, Z4, Z5u, where

Z1 “ 2p´Bx1 ` By2 ´ y
1Bzq, Z2 “ 2pBx2 ` By1 ` y

2Bzq,

Z3 “ 2pBx3 ` y
3Bzq, Z4 “ 2By3 and Z5 “ V “ 2Bz.

Hence RadTM “ span tZ1, Z2u, SpTMq “ span tZ3, Z4, V u and ltrpTMq is
spanned by N1 “ Bx1 ` By2 ` y

1Bz, N2 “ Bx2 ´ By1 ` y
2Bz.

It follows that φZ1 “ 2N2, φZ2 “ 2N1, φZ3 “ Z4, φZ4 “ Z3. Thus
φRadTM “ ltrpTMq and φD “ D. Hence M is a radical transversal
2-lightlike submanifold of R7

2.

Example 2. Let pR9
2, g, φ, η, V q be an indefinite para-Sasakian manifold,

where g is of signature p´,`,`,`,´,`,`,`,`q with respect to the canon-
ical basis tBx1, Bx2, Bx3, Bx4, By1, By2, By3, By4, Bzu. Suppose M is a sub-
manifold of R9

2 given by x1 “ y2 “ u1, ´x2 “ y1 “ u2, x3 “ y4 “ u3,
x4 “ y3 “ u4 and z “ u5.
The local frame of TM is given by tZ1, Z2, Z3, Z4, Z5u, where

Z1 “ 2pBx1 ` By2 ` y
1Bzq, Z2 “ 2p´Bx2 ` By1 ´ y

2Bzq

Z3 “ 2pBx3 ` By4 ` y
3Bzq, Z4 “ 2pBx4 ` By3 ` y

4Bzq,
Z5 “ V “ 2Bz.

Hence RadTM “ span tZ1, Z2u and SpTMq “ span tZ3, Z4, V u.
Now ltrpTMq is spanned by N1 “ Bx1´By2`y

1Bz, N2 “ Bx2`By1`y
2Bz

and SpTMKq is spanned byW1 “ 2pBx3´By4`y
3Bzq,W2 “ 2p´Bx4`By3´

y4Bzq.
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It follows that φZ1 “ 2N2, φZ2 “ 2N1, φZ3 “ Z4, φZ4 “ Z3, φW1 “ W2

and φW2 “ W1. Thus φRadTM “ ltrpTMq, φD “ D and φSpTMKq “

SpTMKq. Hence M is a radical transversal 2-lightlike submanifold of R9
2.

Theorem 3.1. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then the distribution SpTMKq is in-
variant with respect to φ, i.e. φpSpTMKqq Ď SpTMKq.

Proof. Let M be a radical transversal lightlike submanifold of an indefinite
para-Sasakian manifold M . Then from (2.23), we have

gpφW, ξq “ gpW,φξq “ 0, @W P ΓpSpTMKqq and @ξ P ΓpRadTMq,(3.3)

gpφW,Nq “ gpW,φNq “ 0, @W P ΓpSpTMKqq and @N P ltrpTMq.(3.4)

From (3.3) and (3.4), we get

φpSpTMKqq XRadTM “ t0u and φpSpTMKqq X ltrpTMq “ t0u .

From (3.2), we have

(3.5) gpφW,Xq “ gpW,φXq “ 0, @X P pSpTMqq,

which shows that φpSpTMKqq X SpTMq “ t0u. Therefore the distribution
SpTMKq is invariant with respect to φ. This completes the proof.

Let M be a radical transversal lightlike submanifold of an indefinite
para-Sasakian manifold M . Let P1 and P2 be the projection morphisms
on RadTM and D, respectively. Then, for X P ΓpTMq, we have

(3.6) X “ P1X ` P2X ` ηpXqV,

where P1X P ΓpRadTMq and P2X P ΓpDq.
Applying φ to (3.6), we obtain

(3.7) φX “ φP1X ` φP2X,

where φP1X P ΓpltrpTMqq and φP2X P ΓpDq.
From (2.24), we have

(3.8) ∇XφY ´ φ∇XY “ ´gpφX, φY qV ´ ηpY qφ2X.

In view of (2.7), (2.8), (3.7) and (3.8), we obtain

(3.9) ´ gpφX, φY qV ´ ηpY qφ2X

“ ∇XφP2Y ` h
lpX,φP2Y q ` h

spX,φP2Y q

´AφP1YX `∇lXpφP1Y q `D
spX,φP1Y q

´ φP2p∇XY q ´ φP1p∇XY q ´ φhlpX,Y q ´ φhspX,Y q.
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Now equating tangential, screen transversal and lightlike transversal compo-
nents in both sides in equation (3.9) respectively, we obtain

gpφX, φY qV ` ηpY qφ2X “ φP2p∇XY q ` φhlpX,Y q(3.10)
`AφP1YX ´∇XφP2Y,

hlpX,φP2Y q `∇lXpφP1Y q ` φP1p∇XY q “ 0,(3.11)
hspX,φP2Y q `D

spX,φP1Y q ´ φh
spX,Y q “ 0.(3.12)

Lemma 3.2. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then we have

(i) gp∇XY, V q “ gpY, φXq,@X,Y P ΓpTMq ´ tV u,
(ii) gprX,Y s, V q “ 0, @X,Y P ΓpTMq ´ tV u .

Proof. Let M be a radical transversal lightlike submanifold of an indefinite
para-Sasakian manifold M . Then (2.7), we have

(3.13) gp∇XY, V q “ gp∇XY, V q, @X,Y P ΓpTMq ´ tV u .

Since ∇ is a metric connection, from (3.13) we get

(3.14) gp∇XY, V q “ ∇XgpY, V q ´ gpY,∇XV q,

which implies

(3.15) gp∇XY, V q “ ´gpY,∇XV q, @X,Y P ΓpTMq ´ tV u .

From (2.25) and (3.15), we obtain

(3.16) gp∇XY, V q “ ´gpY, φXq, @X,Y P ΓpTMq ´ tV u .

On interchanging X and Y in (3.16), we get

(3.17) gp∇YX,V q “ ´gpX,φY q, @X,Y P ΓpTMq ´ tV u .

From (2.23), (3.16) and (3.17), we have

gprX,Y s, V q “ 0, @X,Y P ΓpTMq ´ tV u .

Theorem 3.3. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then D is integrable if and only if
hlpX,φY q “ hlpY, φXq, @X,Y P ΓpDq.

Proof. Let M be a radical transversal lightlike submanifold of an indefi-
nite para-Sasakian manifold M . On interchanging the role of X and Y in
equation (3.11), we obtain

(3.18) hlpY, φP2Xq `∇lY pφP1Xq ` φP1p∇YXq “ 0, @X,Y P ΓpDq.
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Then from (3.11) and (3.18), we get

(3.19) hlpX,φY q ´ hlpY, φXq “ φP1rX,Y s, @X,Y P ΓpDq.

Since D is integrable if and only if rX,Y s P ΓpDq, @X,Y P ΓpDq.
The proof follows from (3.19) and Lemma 3.2.

Theorem 3.4. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then RadTM is integrable if and only
if AφXY “ AφYX, @X,Y P ΓpRadTMq.

Proof. Let M be a radical transversal lightlike submanifold of an indefinite
para-Sasakian manifold M . Then from (3.10), we have

(3.20) AφYX ` φP2p∇XY q ` φhlpX,Y q “ 0, @X,Y P ΓpRadTMq.

Interchanging the role of X and Y in (3.20), we obtain

(3.21) AφXY ` φP2p∇YXq ` φhlpY,Xq “ 0, @X,Y P ΓpRadTMq.

Now from (3.20) and (3.21), we get

φP2p∇XY q ´ φP2p∇YXq ` φhlpX,Y q ´ φhlpY,Xq “ AφXY ´AφYX.

Since hl is symmetric, from above equation, we obtain

(3.22) φP2rX,Y s “ AφXY ´AφYX, @X,Y P ΓpRadTMq.

Since RadpTMq is integrable if and only if rX,Y s P ΓpRadTMq, @X,Y P
ΓpRadTMq.

The proof follows from (3.22) and Lemma 3.2.

Theorem 3.5. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then RadTM ‘ tV u defines a to-
tally geodesic foliation on M if and only if gpφY,XqηpZq “ ´gpAφYX,φZq,
@X,Y P ΓpRadTMq ‘ tV u and Z P ΓpDq.

Proof. Let M be a radical transversal lightlike submanifold of an indefinite
para-Sasakian manifold M . By definition of radical transversal lightlike sub-
manifold, RadTM ‘ tV u defines a totally geodesic foliation if and only if
gp∇XY,Zq “ 0, @X,Y P ΓpRadTMq ‘ tV u and Z P ΓpSpTMqq.

Since ∇ is a metric connection, using (2.7), we have

(3.23) gp∇XY, Zq “ XgpX,Zq ´ gpY,∇XZq “ ´gpY,∇XZq,
@Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .

Using (2.7), (2.20), (2.24) and (3.23), we get

(3.24) gp∇XY, Zq “ ´gpφY,XqηpZq ´ gpφY,∇XφZq,
@Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .
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From (2.13), (2.16) and (3.24), we have

(3.25) gp∇XY, Zq “ ´gpφY,XqηpZq ´ gpAφYX,φZq,
@Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .

The proof follows from (3.25) and Lemma 3.2.

Theorem 3.6. Let M be a radical transversal lightlike submanifold of an
indefinite para-Sasakian manifold M . Then screen distribution defines a
totally geodesic foliation if and only if A˚φNX has no components in D, @N P

ΓpltrpTMqq and @X P ΓpSpTMqq.

Proof. Let M be a radical transversal lightlike submanifold of an indefi-
nite para-Sasakian manifold M . By definition of radical transversal light-
like submanifold, SpTMq defines a totally geodesic foliation if and only if
gp∇XY,Nq “ 0, @X,Y P ΓpSpTMqq and N P ΓpltrpTMqq. From (2.7),
we have

(3.26) gp∇XY,Nq “ gp∇XY,Nq,
@X,Y P ΓpSpTMqq and N P ΓpltrpTMqq.

From (2.20), (2.24) and (3.26), we get

(3.27) gp∇XY,Nq “ gp∇XφY, φNq,
@X,Y P ΓpSpTMqq and N P ΓpltrpTMqq.

In view of equations (2.7), (2.15) and (3.27), we obtain

(3.28) gp∇XY,Nq “ gpA˚φNX,φY q,

@X,Y P ΓpSpTMqq and N P ΓpltrpTMqq.

The proof follows from (3.28) and Lemma 3.2.

4. Totally contact umbilical radical transversal lightlike submani-
folds

Definition 4.1. A lightlike submanifold M , tangent to the structure vec-
tor field V , of an indefinite para-Sasakian manifold M is said to be totally
contact umbilical radical transversal lightlike submanifold if the second fun-
damental form h of M satisfies:

(4.1) hlpX,Y q“rgpX,Y q ´ ηpXqηpY qsαL ` ηpXqh
lpY, V q ` ηpY qhlpX,V q,

@X,Y P ΓpTMq and αL P ΓpltrpTMqq.

(4.2) hspX,Y q“rgpX,Y q´ηpXqηpY qsαS`ηpXqh
spY, V q`ηpY qhspX,V q,

@X,Y P ΓpTMq and αS P ΓpSpTMKqq.
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Theorem 4.1. Let M be a totally contact umbilical radical transversal
lightlike submanifold of an indefinite para-Sasakian manifold M . Then dis-
tribution D is integrable.

Proof. Let M be a totally contact umbilical radical transversal lightlike
submanifold of an indefinite para-Sasakian manifoldM . Then for anyX,Y P
ΓpDq and N P ΓpltrpTMqq, we have

(4.3) gprX,Y s, Nq “ gp∇XY,Nq ´ gp∇YX,Nq.

Now from (2.7), (2.20) and (4.3), we have

(4.4) gprX,Y s, Nq “ gphlpX,φY q, φNq ´ gphlpY, φXq, φNq.

Replacing Y by φY in (4.1), we get

(4.5) hlpX,φY q “ rgpX,φY qsαL ` ηpXqh
lpφY, V q, @X,Y P ΓpDq.

Similarly, we have

(4.6) hlpY, φXq “ rgpY, φXqsαL, @X,Y P ΓpDq.

Now, from (4.4), (4.5) and (4.6), we get

(4.7) gprX,Y s, Nq “ gpgpX,φY qαL, φNq ´ gpgpY, φXqαL, φNq,

which implies

(4.8) gprX,Y s, Nq “ gpY, φXqpgpαL, φNq ´ gpαL, φNqq “ 0,

@X,Y P ΓpDq and N P ΓpltrpTMqq.

The proof follows from (4.8) and Lemma 3.2.

Theorem 4.2. Let M be a totally contact umbilical radical transversal
lightlike submanifold of an indefinite para-Sasakian manifold M . Then αL “
0 if and only if h˚pX,φY q “ 0, @X,Y P ΓpDq.

Proof. Let M be a totally contact umbilical radical transversal lightlike
submanifold of an indefinite para-Sasakian manifold M . Then from (3.9),
we have

´gpφX, φY qV ´ ηpY qφ2X “ ∇XφY ` hlpX,φY q ` hspX,φY q(4.9)

´ φP2p∇XY q ´ φP1p∇XY q ´ φhlpX,Y q
´ φhspX,Y q, @X,Y P ΓpDq.

Now, from (4.9), we get

(4.10) gp∇XφY, φZq ´ gpφhlpX,Y q, φZq “ 0,

@X,Y P ΓpDq and @Z P ΓpRadpTMqq.
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From (2.13), (2.20) and (4.10), we have

(4.11) gph˚pX,φY q, φZq ´ gphlpX,Y q, Zq “ 0,

@X,Y P ΓpDq and @Z P ΓpRadpTMqq.

Now using (4.1) in (4.11), we get

(4.12) gph˚pX,φY q, φZq ´ gpgpX,Y qαL, Zq “ 0,

@X,Y P ΓpDq and @Z P ΓpRadpTMqq.

This completes the proof.

Theorem 4.3. Let M be a totally contact umbilical radical transversal
lightlike submanifold of an indefinite para-Sasakian manifold M . Then the
induced connection ∇ on M is a metric connection if and only if AφYX “

´ηpXqY , for X P ΓpTMq and Y P ΓpRadTMq.

Proof. Let M be a totally contact umbilical radical transversal lightlike
submanifold of an indefinite para-Sasakian manifoldM . It is known that the
induced connection is metric connection if and only if ∇XY P ΓpRadTMq,
for X P ΓpTMq and Y P ΓpRadTMq.

From (3.9), we have

(4.13) φP2p∇XY q ` φP1p∇XY q ` φhlpX,Y q ` φhspX,Y q “ ∇lXpφP1Y q

´AφP1YX `D
spX,φP1Y q, @X P ΓpTMq and Y P ΓpRadTMq.

Now, using (4.1) and (4.2) in (4.13), we obtain

(4.14) φP2p∇XY q ` φP1p∇XY q ` ηpXqφhlpY, V q ` ηpXqφhSpY, V q
“ ∇lXpφP1Y q´AφP1YX`D

spX,φP1Y q, @X P ΓpTMq and Y P ΓpRadTMq.

Taking tangential component of above equation, we get

(4.15) φP2p∇XY q ` ηpXqφhlpY, V q “ ´AφYX,
@X P ΓpTMq and Y P ΓpRadTMq.

Also from (2.7) and (2.25), we have

(4.16) φY “ hlpY, V q, @Y P ΓpRadTMq.

Now, from (4.15) and (4.16), we get

(4.17) φP2p∇XY q “ ´ηpXqY ´AφYX,
@X P ΓpTMq and Y P ΓpRadTMq.

The proof follows from (4.17) and Lemma 3.2.
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5. Screen slant radical transversal lightlike submanifolds
At first, we state the following Lemma for later use:

Lemma 5.1. Let M be a 2q-lightlike submanifold of an indefinite para-
Sasakian manifold M , of index 2q such that 2q ă dimpMq with structure
vector field tangent to M . Then the screen distribution SpTMq of lightlike
submanifold M is Riemannian.

The proof of above Lemma follows as in Lemma 4.1 of [11], so we omit it.

Definition 5.1. LetM be a 2q-lightlike submanifold of an indefinite para-
Sasakian manifold M of index 2q such that 2q ă dimpMq with structure
vector field tangent to M . Then we say that M is screen slant radical
transversal lightlike submanifold of M if following conditions are satisfied:

(i) φpRadTMq “ ltrpTMq,
(ii) For each non-zero vector field X tangent to D at x P U Ă M , the

angle θpXq between φX and the vector space Dx is constant, i.e. it
is independent of the choice of x P U Ă M and X P Dx, where D is
complementary non-degenerate distribution to tV u in SpTMq such that
SpTMq “ DKtV u.

This constant angle θpXq is called slant angle of distribution D. A screen
slant lightlike submanifold is said to be proper if D ‰ t0u and θ ‰ 0, π2 .

From the above definition, we have the following decomposition

(5.1) TM “ RadTMKDKtV u .

Theorem 5.2. Let M be a screen slant radical transversal lightlike sub-
manifold of M . Then M is radical transversal lightlike submanifold (resp.
transversal lightlike submanifold) if and only if θ “ 0 (resp. θ “ π

2 q.

The proof of above theorem follows from definitions of radical transversal
lightlike submanifolds and transversal lightlike submanifolds.

Example 3. Let pR9
2, g, φ, η, V q be an indefinite para-Sasakian manifold,

where g is of signature p´,`,`,`,´,`,`,`,`q with respect to the canon-
ical basis tBx1, Bx2, Bx3, Bx4, By1, By2, By3, By4, Bzu. Suppose M is a subman-
ifold of R9

2 given by

x1 “ y2 “ u1, x
2 “ ´y1 “ u2, x

3 “ u3 cos θ, x4 “ ´u3 sin θ,

y3 “ u4 cos θ, y4 “ u4 sin θ, z “ u5.
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The local frame of TM is given by tZ1, Z2, Z3, Z4, Z5u, where

Z1 “ 2pBx1 ` By2 ` y
1Bzq,

Z2 “ 2pBx2 ´ By1 ` y
2Bzq,

Z3 “ 2pcos θBx3 ´ sin θBx4 ` y
3 cos θBz ´ y4 sin θBzq,

Z4 “ 2pcos θBy3 ` sin θBy4q,

Z5 “ V “ 2Bz.

Hence RadTM “ span tZ1, Z2u and SpTMq “ span tZ3, Z4, V u.
Now ltrpTMq is spanned by N1 “ Bx1´By2`y

1Bz, N2 “ Bx2`By1`y
2Bz

and SpTMKq is spanned by

W1 “ 2psin θBx3 ` cos θBx4 ` y
3 sin θBz ` y4 cos θBzq,

W2 “ 2psin θBy3 ´ cos θBy4q.

It follows that φZ1 “ N2, φZ2 “ ´N1, which implies that φRadTM “

ltrpTMq. On otherhand, we can see that D “ span tZ3, Z4u is a slant
distribution with slant angle 2θ. Hence M is screen slant radical transversal
2-lightlike submanifold of R9

2.
Now, we denote the projections on RadTM and D in TM by P1 and P2

respectively. Similarly, we denote the projections on ltrpTMq and SpTMKq

in trpTMq by Q1 and Q2, respectively. Then, we get

(5.2) X “ P1X ` P2X ` ηpXqV, @X P ΓpTMq.

On applying φ to (5.2), we have

(5.3) φX “ φP1X ` φP2X,

which gives

(5.4) φX “ φP1X ` fP2X ` FP2X, @X P ΓpTMq,

where fP2X (resp. FP2X) denotes the tangential (resp. transversal) com-
ponent of φP2X. Thus we get φP1X P ltrpTMq, fP2X P ΓpDq and FP2X P

ΓpSpTMKqq. Also, we have

(5.5) W “ Q1W `Q2W, @W P ΓptrpTMqq.

Applying φ to (5.5), we obtain

(5.6) φW “ φQ1W ` φQ2W,

which gives

(5.7) φW “ φQ1W `BQ2W ` CQ2W,

where BQ2W (resp. CQ2W q) denote the tangential (resp. transversal)
component of φQ2W . Thus we get φQ1W P RadTM,BQ2W P ΓpDq and
CQ2W P ΓpSpTMKqq.
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Now, by using (2.7), (2.8), (2.9), (2.24), (5.4) and (5.7) and equating tan-
gential, lightlike transversal and screen transversal components, we obtain

´ gpφX, φY qV ´ ηpY qφ2X “ ∇XfP2Y ´AFP2YX ´AφP1YX(5.8)

´ fP2∇XY `BhspX,Y q ` φhlpX,Y q,
hlpX, fP2Y q `D

lpX,FP2Y q `∇lXφP1Y “ φP1∇XY,(5.9)

DspX,φP1Y q ` h
spX, fP2Y q “ ChspX,Y q ´∇sXFP2Y ` FP2∇XY.

(5.10)

Theorem 5.3. Let M be a 2q-lightlike submanifold of an indefinite para-
Sasakian manifold M with structure vector field tangent to M such that
φRadTM “ ltrpTMq. Then M is screen slant radical transversal lightlike
submanifold if and only if there exists a constant λ P r0, 1s such that P 2X “

λpX ´ ηpXqV q, @X P ΓpDq.

Proof. Let M be a 2q-lightlike submanifold of an indefinite para-Sasakian
manifold M with structure vector field tangent to M such that φRadTM “

ltrpTMq. Suppose there exists a constant λ, such that P 2X “ λpX ´

ηpXqV q “ λφ2X, @X P ΓpDq.
Now

cos θpXq “
gpφX,PXq

|φX||PX|
“
gpX,φPXq

|φX||PX|
“
gpX,P 2Xq

|φX||PX|

“ λ
gpX,φ2Xq

|φX||PX|
“ λ

gpφX, φXq

|φX||PX|
.

From above equation, we get

(5.11) cos θpXq “ λ
|φX|

|PX|
.

Also |PX| “ |φX| cos θpXq, which implies

(5.12) cos θpXq “
|PX|

|φX|
.

From (5.11) and (5.12), we get cos2 θpXq “ λpconstantq.
Hence M is a screen slant radical transversal lightlike submanifold.
Conversely, suppose that M is a screen slant radical transversal lightlike

submanifold. Then cos2 θpXq “ λ, where λ is a constant. From (5.12), we
have

(5.13)
|PX|2

|φX|2
“ λ.

Now gpPX,PXq “ λgpφX, φXq, which gives gpX,P 2Xq “ λgpX,φ2Xq.
Thus gpX, pP 2 ´ λφ2qXq “ 0. Since X is non-null vector, we have
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pP 2 ´ λφ2qX “ 0. Hence

P 2X “ λφ2X “ λpX ´ ηpXqV q, @X P ΓpDq.

Corollary 5.1. Let M be a screen slant radical transversal lightlike sub-
manifold of an indefinite para-Sasakian manifold M with slant angle θ, then

gpPX,PY q “ cos2 θpgpX,Y q ´ ηpXqηpY qq, @X,Y P ΓpDq,(5.14)

gpFX,FY q “ sin2 θpgpX,Y q ´ ηpXqηpY qq, @X,Y P ΓpDq.(5.15)

The proof of above corollary follows using the steps as in the proof of Corol-
lary 3.2 of [10].

Theorem 5.4. Let M be a screen slant radical transversal lightlike sub-
manifold of an indefinite para-Sasakian manifold M with structure vector
field tangent to M . Then

(i) the radical distribution RadTM is integrable if and only if DspY, φXq “
DspX,φY q and AφXY “ AφYX, @X,Y P ΓpRadTMq,

(ii) the distribution D is integrable if and only if hlpX, fY q `DlpX,FY q “
hlpY, fXq `DlpY, FXq, @X,Y P ΓpDq.

Proof. Let M be a screen slant radical transversal lightlike submanifold of
an indefinite para-Sasakian manifold M . From (5.10), we get

(5.16) DspX,φY q “ ChspX,Y q ` FP2∇XY, @X,Y P ΓpRadTMq.

Interchanging X and Y in (5.16), we get

(5.17) DspY, φXq “ ChspY,Xq ` FP2∇YX, @X,Y P ΓpRadTMq.

From (5.16) and (5.17), we get

(5.18) DspX,φY q ´DspY, φXq “ FP2p∇XY ´∇YXq “ FP2rX,Y s.

From (5.8), we have

(5.19) AφYX ` fP2∇XY “ BhspX,Y q ` φhlpX,Y q,

@X,Y P ΓpRadTMq.

Interchanging X and Y in (5.19), we get

(5.20) AφXY ` fP2∇YX “ BhspY,Xq ` φhlpY,Xq,

@X,Y P ΓpRadTMq.

From (5.19) and (5.20), we get

(5.21) AφXY ´AφYX “ fP2rX,Y s, @X,Y P ΓpRadTMq.

The proof of (i) follows from (5.18) and (5.21).
From (5.9), we have

(5.22) hlpX, fY q `DlpX,FY q “ φP1∇XY, @X,Y P ΓpDq.
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Interchanging X and Y in (5.20), we have

(5.23) hlpY, fXq `DlpY, FXq “ φP1∇YX, @X,Y P ΓpDq.

From (5.22) and (5.23), we get

(5.24) hlpX, fY q ´ hlpY, fXq `DlpX,FY q ´DlpY, FXq “ φP1rX,Y s,

@X,Y P ΓpDq.

Now the proof of (ii) follows from (5.24) and Lemma 3.2.

Theorem 5.5. LetM be a screen slant radical transversal lightlike subman-
ifold of an indefinite para-Sasakian manifold M with structure vector field
tangent to M . Then the screen distribution SpTMq defines a totally geodesic
foliation if and only if gpA˚φNX, fY q “ ´gpDlpX,FY q, φNq, @X,Y P

ΓpSpTMqq and N P ltrpTMq.

Proof. Let M be a screen slant radical transversal lightlike submanifold of
an indefinite para-Sasakian manifold M . By definition of radical transversal
lightlike submanifold, SpTMq defines a totally geodesic foliation if and only
if gp∇XY,Nq “ 0, @X,Y P ΓpSpTMqq and N P ΓpltrpTMqq. From (2.7),
we have

(5.25) gp∇XY,Nq “ gp∇XY,Nq, @X,Y P ΓpSpTMqq and N P ltrpTMq.

From (2.20), (2.24) and (5.25), we obtain

(5.26) gp∇XY,Nq “ gp∇XφY, φNq,
@X,Y P ΓpSpTMqq and N P ltrpTMq.

In view of equations (5.4), (2.7), (2.9) and (5.26), we get

(5.27) gp∇XY,Nq “ gphlpX, fY q `DlpX,FY q, φNq,

@X,Y P ΓpSpTMqq and N P ltrpTMq.

From (2.15) and (5.27), we have

(5.28) gp∇XY,Nq “ gpA˚φNX, fY q ` gpD
lpX,FY q, φNq,

@X,Y P ΓpSpTMqq and N P ltrpTMq.

The proof follows from (5.28) and Lemma 3.2.

Theorem 5.6. LetM be a screen slant radical transversal lightlike subman-
ifold of an indefinite para-Sasakian manifoldM . Then RadTM‘tV u defines
a totally geodesic foliation on M if and only if AFZX “ h˚pX, fZq`ηpZqX,
@X P ΓpRadTMq ‘ tV u and Z P ΓpDq.

Proof. Let M be a screen slant radical transversal lightlike submanifold of
an indefinite para-Sasakian manifold M . By definition of radical transversal
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lightlike submanifold, RadTM ‘ tV u defines a totally geodesic foliation if
and only if gp∇XY,Zq “ 0, @X,Y P ΓpRadTMq ‘ tV u and Z P ΓpSpTMqq.

Since ∇ is a metric connection, using (2.7), we have
(5.29)
gp∇XY,Zq “ ´gpY,∇XZq, Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .

In view of equations (2.7), (2.20), (2.24) and (5.29), we obtain

(5.30) gp∇XY, Zq “ ´gpφY,XqηpZq ´ gpφY,∇XφZq,
Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .

From (2.7), (2.9), (2.13), (5.4) and (5.26), we have

(5.31) gp∇XY, Zq “ ´gpφY,XqηpZq ´ gpφY, h˚pX, fZq ` gpφY,AFZXq,
Z P ΓpDq and @X,Y P ΓpRadTMq ‘ tV u .

(5.32) gp∇XY, Zq “ gpφY,AFZX ´ h
˚pX, fZq ´ ηpZqXq,

Z P ΓpDqand@X,Y P ΓpRadTMq ‘ tV u .

The proof follows from (5.32) and Lemma 3.2.
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