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ON SOME QUALITATIVE PROPERTIES OF MILD
SOLUTIONS OF NONLOCAL SEMILINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

Abstract. In the present paper, we investigate the qualitative properties such
as existence, uniqueness and continuous dependence on initial data of mild solutions of
first and second order nonlocal semilinear functional differential equations with delay in
Banach spaces. Our analysis is based on semigroup theory and modified version of Banach
contraction theorem.

1. Introduction

The problems of existence, uniqueness and other qualitative properties
of solutions for semilinear differential equations in Banach spaces has been
studied extensively in the literature for last many years, see [1]-[4], |7]-[12],
[18]. On the other hand, as nonlocal condition is more precise to describe
natural phenomena than classical initial condition, the Cauchy problem with
nonlocal condition also received much attention in recent years, see [1]-[3],
[8], [10]. These type of problems were first studied by L. Byszewski. Also,
the problems of qualitative properties of solutions of second order functional
differential equations have been studied by many authors, see [5]-[7], [9],
[12], [14]-[16]. It is advantageous to treat second order abstract differential
equations directly rather than to convert into first order differential system.
For direct applications of second order differential system, one may refer
Fitzgibbon [6].

In the present paper, we consider semilinear functional differential prob-
lem of first order of the type:

(1) o' (t) = Arz(t) + f(t, @), te]0,T],
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(2) 2(t) + (9(ze, - 2,))(t) = ¢(t),  —r <t <0,
and second order differential system of the type:

(3) 2" (t) = Agz(t) + f(t,2¢), t€[0,T],

(4) z(t) + (9(@er, - 2,))(E) = o(t), —r <t <0,
(5) 2'(0) =ne X,

where 0 < t; <tp <--- <t, <T, pe N; A is the infinitesimal generator of
a strongly continuous semigroup of bounded linear operators T'(t),t > 0 on
X; Ay is the infinitesimal generator of a strongly continuous cosine family
of bounded linear operators {C(t)}er on X; f, g, ¢ are given functions
satisfying some assumptions and z4(0) = z(t +6), for €€ [—r,0] and €
[0,T"]. Recently, L. Byszewski and H. Akca [1] studied existence, uniqueness
and continuous dependence of a mild solution on initial data of problem
(1)—=(2) by Banach contraction theorem. The objective of this paper is to
improve their results. We are achieving the same results with less restrictions
by using modified version of Banach contraction principle. Also we obtain
existence and uniqueness of a mild solution on initial data of second order
differential system (3)—(5), using the theory of strongly continuous cosine
family of operators.

The paper is organized as follows: Section 2 presents preliminaries and
hypothesises. In Sections 3 and 4, we prove existence, uniqueness and con-
tinuous dependence on initial data of mild solutions of first order and second
order differential system, respectively. Finally in Section 5, we give applica-
tions based on our results.

2. Preliminaries and hypotheses

Let X be a Banach space with the norm | -|. Let C = C([—r,0],X),0 <
r < o be the Banach space of all continuous functions ¢ : [—r,0] - X
endowed with supremum norm

lblle = sup{|le@)] - —r <t < 0}.
Let B =C([-r,T1],X),T > 0 be the Banach space of all continuous functions
x: [—r,T] — X with the supremum norm ||z|| g = sup{||z(t)| : —r <t < T}.
For any z € B and t € [0,T], we denote z; the element of C' given by
xt(0) = x(t +0), for 6e[—r0]and ¢ is a given element of C.
DEFINITION 2.1. A function x € B satisfying the equations:
t

z(t) =T(t)p(0)=T(t)(g(xe, - - ,a:tp))(O)—f-JO T(t—s)f(s,xzs)ds, tel0,T],

)+ (g(xey, .-, 2p,))(t) = ¢(t), —r<t<0,
is said to be the mild solution of the initial value problem (1)—(2).
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DEFINITION 2.2. A one parameter family {C(¢) : t € R} of bounded linear
operators in the Banach space X is called strongly continuous cosine family
if and only if

(a) C(0) = I is the identity operator,

(b) C(t+s)+C(t—s)=2C(t)C(s) Vt, seR,

(c) the map ¢t — C(t)(z) is strongly continuous for each z € X.

The associated sine function is the family {S(¢)};er of operators de-
fined by S(t)z = SO s)xds, for x € X,t € R. The infinitesimal gen-
erator Ag X - X of a cosine family {C(t) : t € R} is defined by
Agx = dt2 C(t)x|i=0, x € D(Az), where D(A) = {x € X : C(.)z € C*(R, X)}.
For more information on strongly continuous cosine and sine families, we re-
fer the reader to [[5], [15]-[17]].

In this paper, we assume that there exist positive constants K > 1, M >
1 and N such that |T'(¢)| < K,|C(t)]| < M and |S(¢)]| < N, for every
te[0,T].

DEFINITION 2.3. A function z : [—r,T] — X is called a mild solution of
the system (3)—(5), if it satisfies the following equations

z(t) = C(t)[6(0) — (g(zty, - 21,))(0)] + S(t)n

JSt—S (s,zs)ds, tel0,T],

2(t) + (9(@ey, - 2,)) () = ¢(F), —r <t <0,

2(0) =ne X.
Our results are based on the modified version of Banach contraction princi-
ple.

LEMMA 2.4. [[13], p. 196] Let X be a Banach space. Let D be an operator
which maps the elements of X into itself for which D" is a contraction, where
r 1s a positive integer. Then D has a unique fized point.

We list the following hypotheses for our convenience.

(Hy) Let f:[0,7] x C — X be such that for every w € B and t € [0,T7],
f(.,w:) € B and there exists a constant L > 0 such that

(H2) Let g : C? — C be such that exists a constant G > 0 satisfying

H(g(‘rtlwrtzv s 7xtp))(t) - (g(ytpytza s 7ytp))(t)” < G”aj - yHB7
te[—r0].
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3. First order nonlocal differential system
3.1. Existence and uniqueness

THEOREM 3.1.1. Suppose that the hypotheses (Hy) and (Hz) are satis-
fied. Then the initial-value problem (1)—(2) has a unique mild solution x on

[—r,T1].

Proof. Let z(t) be a mild solution of the problem (1)—(2). Then it satisfies
the equivalent integral equation

(6) z(t) = T(t)(0) — T(t)(g(zty, - - -, 21,))(0)
—+ JtT(t —s)f(s,xs)ds, te]0,T],
0
(7) z(t) + (9(@es - a,))(E) = 6(t), —r <t<0.

Now, we rewrite solution of initial value problem (1)—(2) as follows: For
¢ € C, define ¢ € B by

Bt = 190 — (gl ,)(0), if—r<t<0,
T<t)[¢(0) - (g(l’tl, ce ,xtp))(())L ifo<t<T.

If y € B and z(t) = y(t) + ¢(t), t € [—r, T], then it is easy to see that y
satisfies

(8) y(t) =0; —r<t<0 and
©Q o) = [ T=9)1 (s +8.) ds. 1e0.7L

0
if and only if z(t) satisfies the equations (6)—(7).
We define the operator F': B — B, by
it —r<t<o,
(t—s)f (s,yS + as) ds, if t € [0,T].

From the definition of an operator F' defined by the equation (10), it is
to be noted that the equations (8)—(9) can be written as

0,
(10)  (Fy)() - { 7
0

y=Fy.
Now, we show that F" is a contraction on B for some positive integer n. Let
y,w € B and using hypotheses (H;) and (Hz), we get

t ~ ~
|(Fy) (@) = (Fw)(®)] < JO |7 = $)[If (5,55 + bs) — f(s,ws + ¢s)llds

t ~ ~
< j KL|(ys + &) — (ws + $5)|cds
0
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t t
< KLJ lys — ws|cds < KLJ |y — wl| pds
0 0

< KL|y — wlst,

[(F2y)(8) = (F2w)(t)]| = [(F(Fy)(t) — (F(Fw))(?)]
= [(F(y))(#) = (F(w)(®)]

t
< [T = Ao, + 6 = fs.wn+ B)leds
t
< L KL[| (51, + 6s) — (wiy + &) lc]ds
t
SKLJ\ms—wa“
0
t
< KLJO lyr — wille(—r,s,x)ds

gKLj sup [Jy1(7) — wi(7)|1ds

0 7e[—r,s]

gKLJ sup [|Fy(r) — Fu(r)|]ds

0 Te[—r,s]

t
gKLf sup (K Lly —w|p7)ds

0 7e[—r,s]

t KLt)?
< (KL)? [ 1y = wlasds < EL Dy —wl
O .

Continuing in this way, we get,

[(E"y)(#) = (Fw)(®)] <

(KLT)"
Iy —wlp < =Ly - wls.

(KLt)"
nl
For n large enough, (KfL!T)n < 1. Thus there exists a positive integer n such
that F™ is a contraction in B. By virtue of Lemma 2.4, the operator F' has

a unique fixed point ¢ in B. Then & = § + ¢ is a solution of the Cauchy
problem (1)—(2). This completes the proof. m

3.2. Continuous dependence on initial data

THEOREM 3.2.1. Suppose that the functions f and g satisfy the hypotheses
(H1) and (H2). Then for each ¢1,¢2 € C and for the corresponding mild
solutions x1,x2 of the problems

(11) 2 (t) = Aix(t) + f(t,x), tel0,T],
(12) o(t) + (g(ty, ..., m,))(t) = di(t), —r<t<0, (1=1,2),
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the inequality

(13) |z — @25 < Ke"™  [|p1 — ol ¢ + Gl — 22| 5]
18 true.
Additionally, if G < ﬁ then
KeTKL
14 — < - — .
(14) le1 =225 < 5 —ORTKE 1 — d2llc

Proof was given in paper [1], so we omit details here.
REMARK. If G = 0, inequality (13) is reduced to classical inequality
|21 — z2|lp < Ke™™ | ¢1 — 2],

which is the characteristic for the continuous dependence of the mild solu-
tion of the semilinear functional differential equation with classical initial
condition.

4. Second order nonlocal differential system

4.1. Existence and uniqueness

THEOREM 4.1.1. Suppose that the hypotheses (H1) and (Hz) are satisfied.
Then the second order differential problem (3)—(5) has a unique mild solution
x on [—r,T)].

Proof. Let z(¢) be a mild solution of the problem (3)—-(5). Then it satisfies
the equivalent integral equation

(15) z(t) = C()p(0) = C)(g(wey, - -, 21,))(0) + S(H)n
JSt—s (s,zs)ds, tel0,T],

(16) 2(t) + (9(xe, - 2,))(t) = ¢(t),  —r <t <0,
(17) 2'(0) =ne X.

Now, we rewrite solution of initial value problem (3)—(5) as follows: For
¢peC’, deﬁneggEBby
d)(t)_(g(xt17"‘7$tp))(t)7 if —TStSO,
CO[(0) = (9(ty, -, 24,))(0)], H0<E<T.
If y € B and z(t) = y(t) + ¢(t), t € [—r, T], then it is easy to see that y
satisfies

(19) y(t)=0; —r<t<0 and

(18)  6(1) = {
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@) ) = SOn+ | Se—s (s +d)as ceT)

if and only if z(t) satisfies the equations (15)—(17).
We define the operator F' : B — B, by
0, if —r<t<o,
S(t)n—i—s(t) S(t—s)f (s,y5+$s) ds, if t € [0,T].

From the definition of an operator F' defined by the equation (21), it is
to be noted that the equations (19)—(20) can be written as

(21) (F@)@)=:{

y=Fy.
Now, we show that F™ is a contraction on B for some positive integer n. Let
y,w € B. Using hypotheses (H;) and (Hs), we get

[(Fy)(t) — (Pw)(®)] < |5ty — S(t)n]
+LW&—MW@m+&%¢@m+&Wﬁ

t R ~

SLMM@ﬁ¢J4%+%m@
t

< ML s — Wslod

< Ly walods

t
SMLfy—wm@
0

< ML|y — w|st.

By similar calculations as in the Section 3, we get

MLt
(20— Py < Ly ),
Continuing in this way, we get
MLt)" MLT
I e) — ()] < P gy gy < Dy

(MLT)

For n large enough, < 1. Thus there exists a positive integer n such
that F™ is a Contractlon in B. By virtue of Lemma 2.4, the operator F' has
a unique fixed point ¢ in B. Then = ¢ + qﬁ is a solution of second order
differential problem (3)—(5). This completes the proof. =

4.2. Continuous dependence on initial data

THEOREM 4.2.1. Suppose that the functions f and g satisfies the hypothe-
ses (Hy) and (Ha).Then for each ¢1,¢2 € C and for the corresponding mild
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solutions x1,x2 of the problems

(22) a”(t) = Apx(t) + f(t,z1), te€[0,T],

(23) z(t) + (g(zty, -y m,))(E) = ¢i(t), —r<t<0, (i=12),
(24) 70)=neX, (i=1,2),

the inequality

(25)  |z1 = x2|B < [M]d1 = dallc + MGlz1 — xo] 5 + Nm — nafJe"™

18 true.
Additionally if G < W then

MeTNL NeTNL

(26) [z1 — 2B < WH% — ¢2fc + WHW — 2.

Proof. Let ¢;(: = 1,2) be arbitrary functions in C' and let z;(: = 1,2) be
the mild solutions of the problem (22)—(24).
Then for t € [—r,0]

(27)  @1(t) — 22(t)
= 01(t) = (9(@1ty5 -+, 210,))(8) — D2(t) + (9(@2ty, - - -, w21, ) (F)
T]

and for t e

[0,
(28)  w1(t) — 22(t)
= C(t)[¢1(0) — ¢2(0) — (g(z1ty5 - - - 11,))(0) + (9(w2t1 5 - - - s T2t,)) (0)]

S —m) + j S(t — 5)(f(5,15) — F(s,722))ds.

From (28) and hypothesises (H1) and (Hz), we get, for 7 € [0, ¢],
|z1(7) = z2(7)| = [CO)[¢1 = P2lc + GIC )] x1 — 2|5
+1S@Mm = me2l + LT [S(t = $)[1f (s, 215) = f(s,24)[ds
< M| = oo + MGl — 22 + N|m — ne|

;
L NL f 215 — w25 ds,
0

(29)  sup |z1(7) — 22(7)]|
T€[0,t]

< M|¢1 — d2lc + MGlz1 — 22| + N|m — n2|

t
+ NLf lz1 = x2le(-rs,x)ds, 0<T<t<T.
0
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Simultaneously, by equation (27) and hypothesis (Hs), we get

30)  Ja1(t) = z2(t)]| < [é1 — 2lc + Gz — 22]B, for te[-r0].
Since M > 1, inequalities (29) and (30) imply

(B1) o1 — 22l o(=rg,x) < M|p1 — d2]c + MGllz1 — 22| + N|m — n2

t
# VL [ o = mslepands, 1€ [-n.T]
0

Now, applying Grownwall’s inequality to the above inequality (31), we get
(32) |21 —22|B < [M]¢1 — ¢2llo + MGlz1 — 2|5 + N|m —nafJe"™E.
Hence the inequality (25) holds. Finally inequality (26) is a consequence of
the inequality (32). Hence the proof is complete. =

REMARK. If G = 0, inequality (25) is reduced to classical inequality

|21 — 22|lp < [M|¢1 — palc + N|m — na[le™™E,

which is the characteristic for the continuous dependence of the mild solution
of the second order semilinear functional differential evolution equation with
classical initial condition.

5. Applications

5.1. First order nonlocal differential system. To illustrate the appli-
cation of our result proved in Section 3, consider the following semilinear
partial functional differential problem of the form

(33) —w(u,t) = aa;w(u,t) + H (t,w(u,t —7r))), 0<u<m tel0,T]

(34) (Ot)=( t)=0, 0<t<T,
(35) w(u,t) +2 (usti + 1) = p(u,t), 0<u<m —r<t<O0,

where 0 < t; <o <t, <T, the function H : [0,T], xR — R is continuous.
We assume that the function H satisfy the following condition:
For every t € [0,T] and v,y € R, there exists a constant [ > 1 such that

[H(t,v) = H(t,y)| < U(Jo —yl)

Let us take X = L2?[0,7]. Define the operator 4; : X — X by Ajz = 2"
with domain D(A;) = {z€ X : z, z are absolutely continuous, z' € X and
2(0) = z(m) = 0}. Then the operator A; can be written as

o0
Z (2, 2n)2n, z€ D(A1),
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where z, (u) = (1/2/7) sinnu, n = 1,2, .. is the orthogonal set of eigenvectors
of A; and A; is the infinitesimal generator of an analytic semigroup 7'(t),
t > 0 and is given by

ee}
T(t)z = Z exp(—n’t)(z, 20) 20, z€ X.
n=1
Now, for the analytic semigroup T'(¢) being compact, there exists constant
K such that
|T(t)| < K, foreach te[0,T].
Define the function f: [0,7] x C — X, as follows

for t € [0,T], € C and 0 < u < 7. With these choices of the functions,

the equations (33)—(35) can be formulated as an abstract integro-differential
equation in Banach space X:

2(1) = Ava(t) + f(t,:ct>, te 0,17,

J}(t)—l- (g($t17"‘7‘rtp))(t) = ¢(t)a te [—7’,0].
Since all the hypotheses of the Theorem 3.1.1. are satisfied, Theorem 3.1.1.
can be applied to guarantee the existence of mild solution w(u,t) = x(t)u,
t € [0,T],ue€ [0,7], of the semilinear partial differential problem (33)—(35).

5.2. Second order nonlocal differential system. To illustrate the ap-
plication of our result proved in Section 4, consider the following semilinear
partial functional integro-differential problem of the form

02 02

_ 9 _ <u<
(36) 6)25210(u,t) au2w(u,t) + H (t,w(u,t —r)), 0<u<mtel0,T],

(37) w(0,t) =w(m,t) =0, 0<t<T,

p
(38) w(u,t) + Y wlu,t; +t) = ¢(u,t), 0<u<m, —r<t<0,

(39) %w(u,O) =n(u), 0<u<m,

where 0 < t; <ty <t, <T, the function H : [0,7] x R — R is continuous.
We assume that the function H satisfies the following condition:
For every t € [0, T] and v,y € R, there exists an [ > 1 such that

|H(t,v) — H(t,y)| < U(Jv—yl).

Let us take X = L2[0, 7]. Define the operator Ay : X — X by Asz = 2y,
with domain D(As) = {z € X : 2z, z, are absolutely continuous, z,, € X
and z(0) = z(m) = 0}. Then the operator Az is the infinitesimal generator
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of a strongly continuous cosine family {C(t)};er on X. Moreover, As has
a discrete spectrum, the eigenvalues are —n?, n € IN, with corresponding
eigenvectors z, (u) = (1/2/m)sin(nu). The set {z, : n € IN} is an orthonormal
basis of X and the following properties hold:

(a) If z € D(Ag) then Azz = —Y.° | n?(2, 2n)2n.
(b) For every z€ X, C(t)z = Y, cosnt(z, zn)2n.
(c) For every ze X, S(t)z = Y10, smnt (5 2 )z,.

n=1 n

Consequently, [|C(t)| = [S(¢)| <1 and S(t) is compact for ¢t € R.

Now, as in Section 5.1, the equations (36)-(39) can be formulated as
an abstract integro differential equations (3)-(5) in Banach space X. Since
all the hypotheses of Theorem 4.1.1. are satisfied, Theorem 4.1.1. can be
applied to guarantee the existence of mild solution w(u,t) = x(t)u, t € [0, 11,
u € [0, 7] of the semilinear partial differential problem (36)—(39).
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