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ON SOME QUALITATIVE PROPERTIES OF MILD
SOLUTIONS OF NONLOCAL SEMILINEAR FUNCTIONAL

DIFFERENTIAL EQUATIONS

Abstract. In the present paper, we investigate the qualitative properties such
as existence, uniqueness and continuous dependence on initial data of mild solutions of
first and second order nonlocal semilinear functional differential equations with delay in
Banach spaces. Our analysis is based on semigroup theory and modified version of Banach
contraction theorem.

1. Introduction
The problems of existence, uniqueness and other qualitative properties

of solutions for semilinear differential equations in Banach spaces has been
studied extensively in the literature for last many years, see [1]–[4], [7]–[12],
[18]. On the other hand, as nonlocal condition is more precise to describe
natural phenomena than classical initial condition, the Cauchy problem with
nonlocal condition also received much attention in recent years, see [1]–[3],
[8], [10]. These type of problems were first studied by L. Byszewski. Also,
the problems of qualitative properties of solutions of second order functional
differential equations have been studied by many authors, see [5]–[7], [9],
[12], [14]–[16]. It is advantageous to treat second order abstract differential
equations directly rather than to convert into first order differential system.
For direct applications of second order differential system, one may refer
Fitzgibbon [6].

In the present paper, we consider semilinear functional differential prob-
lem of first order of the type:

x1ptq “ A1xptq ` fpt, xtq, t P r0, T s,(1)
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xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,(2)
and second order differential system of the type:

x2ptq “ A2xptq ` fpt, xtq, t P r0, T s,(3)
xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,(4)
x1p0q “ η P X,(5)

where 0 ă t1 ă t2 ă ¨ ¨ ¨ ă tp ≤ T , p P N ; A1 is the infinitesimal generator of
a strongly continuous semigroup of bounded linear operators T ptq, t ≥ 0 on
X; A2 is the infinitesimal generator of a strongly continuous cosine family
of bounded linear operators tCptqutPR on X; f , g, φ are given functions
satisfying some assumptions and xtpθq “ xpt` θq, for θ P r´r, 0s and t P
r0, T s. Recently, L. Byszewski and H. Akca [1] studied existence, uniqueness
and continuous dependence of a mild solution on initial data of problem
(1)–(2) by Banach contraction theorem. The objective of this paper is to
improve their results. We are achieving the same results with less restrictions
by using modified version of Banach contraction principle. Also we obtain
existence and uniqueness of a mild solution on initial data of second order
differential system (3)–(5), using the theory of strongly continuous cosine
family of operators.

The paper is organized as follows: Section 2 presents preliminaries and
hypothesises. In Sections 3 and 4, we prove existence, uniqueness and con-
tinuous dependence on initial data of mild solutions of first order and second
order differential system, respectively. Finally in Section 5, we give applica-
tions based on our results.

2. Preliminaries and hypotheses
Let X be a Banach space with the norm } ¨ }. Let C “ Cpr´r, 0s, Xq, 0 ă

r ă 8 be the Banach space of all continuous functions ψ : r´r, 0s Ñ X
endowed with supremum norm

}ψ}C “ supt}ψptq} : ´r ≤ t ≤ 0u.

Let B “ Cpr´r, T s, Xq, T ą 0 be the Banach space of all continuous functions
x : r´r, T s Ñ X with the supremum norm }x}B “ supt}xptq} : ´r ≤ t ≤ T u.
For any x P B and t P r0, T s, we denote xt the element of C given by
xtpθq “ xpt` θq, for θ P r´r, 0s and φ is a given element of C.
Definition 2.1. A function x P B satisfying the equations:

xptq “ T ptqφp0q´T ptqpgpxt1 , . . . , xtpqqp0q`

ż t

0
T pt´sqfps, xsqds, t P r0, T s,

xptq`pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,

is said to be the mild solution of the initial value problem (1)–(2).
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Definition 2.2. A one parameter family tCptq : t P Ru of bounded linear
operators in the Banach space X is called strongly continuous cosine family
if and only if

(a) Cp0q “ I is the identity operator,
(b) Cpt` sq ` Cpt´ sq “ 2CptqCpsq @t, s P R,
(c) the map t ÞÑ Cptqpxq is strongly continuous for each x P X.

The associated sine function is the family tSptqutPR of operators de-
fined by Sptqx “

şt
0Cpsqxds, for x P X, t P R. The infinitesimal gen-

erator A2 : X Ñ X of a cosine family tCptq : t P Ru is defined by
A2x “

d2

dt2
Cptqx|t“0, x P DpA2q, whereDpA2q “ tx P X : Cp.qx P C2pR, Xqu.

For more information on strongly continuous cosine and sine families, we re-
fer the reader to [[5], [15]–[17]].

In this paper, we assume that there exist positive constants K ≥ 1,M ≥
1 and N such that }T ptq} ≤ K,}Cptq} ≤ M and }Sptq} ≤ N , for every
t P r0, T s.

Definition 2.3. A function x : r´r, T s Ñ X is called a mild solution of
the system (3)–(5), if it satisfies the following equations

xptq “ Cptqrφp0q ´ pgpxt1 , . . . , xtpqqp0qs ` Sptqη

`

ż t

0
Spt´ sqfps, xsqds, t P r0, T s,

xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,

x1p0q “ η P X.

Our results are based on the modified version of Banach contraction princi-
ple.

Lemma 2.4. [[13], p. 196] Let X be a Banach space. Let D be an operator
which maps the elements of X into itself for which Dr is a contraction, where
r is a positive integer. Then D has a unique fixed point.

We list the following hypotheses for our convenience.

(H1) Let f : r0, T s ˆ C Ñ X be such that for every w P B and t P r0, T s,
fp., wtq P B and there exists a constant L ą 0 such that

}fpt, ψq ´ fpt, φq} ≤ Lp}ψ ´ φ}Cq, φ, ψ P C.

(H2) Let g : Cp Ñ C be such that exists a constant G ≥ 0 satisfying

}pgpxt1 , xt2 , . . . , xtpqqptq ´ pgpyt1 , yt2 , . . . , ytpqqptq} ≤ G}x´ y}B,
t P r´r, 0s.
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3. First order nonlocal differential system

3.1. Existence and uniqueness

Theorem 3.1.1. Suppose that the hypotheses pH1q and pH2q are satis-
fied. Then the initial-value problem (1)–(2) has a unique mild solution x on
r´r, T s.

Proof. Let xptq be a mild solution of the problem (1)–(2). Then it satisfies
the equivalent integral equation

xptq “ T ptqφp0q ´ T ptqpgpxt1 , . . . , xtpqqp0q

`

ż t

0
T pt´ sqfps, xsqds, t P r0, T s,

(6)

xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0.(7)

Now, we rewrite solution of initial value problem (1)–(2) as follows: For
φ P C, define pφ P B by

pφptq “

#

φptq ´ pgpxt1 , . . . , xtpqqptq, if ´r ≤ t ≤ 0,

T ptqrφp0q ´ pgpxt1 , . . . , xtpqqp0qs, if 0 ≤ t ≤ T .

If y P B and xptq “ yptq ` pφptq, t P r´r, T s, then it is easy to see that y
satisfies

yptq “ 0; ´r ≤ t ≤ 0 and(8)

yptq “

ż t

0
T pt´ sqf

´

s, ys ` pφs

¯

ds, t P r0, T s,(9)

if and only if xptq satisfies the equations (6)–(7).
We define the operator F : B Ñ B, by

(10) pFyqptq “

#

0, if ´r ≤ t ≤ 0,
şt
0 T pt´ sqf

´

s, ys ` pφs

¯

ds, if t P r0, T s.

From the definition of an operator F defined by the equation (10), it is
to be noted that the equations (8)–(9) can be written as

y “ Fy.

Now, we show that Fn is a contraction on B for some positive integer n. Let
y, w P B and using hypotheses pH1q and pH2q, we get

}pFyqptq ´ pFwqptq} ≤
ż t

0
}T pt´ sq}}fps, ys ` pφsq ´ fps, ws ` pφsq}ds

≤
ż t

0
KL}pys ` pφsq ´ pws ` pφsq}Cds
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≤ KL
ż t

0
}ys ´ ws}Cds ≤ KL

ż t

0
}y ´ w}Bds

≤ KL}y ´ w}Bt,

}pF 2yqptq ´ pF 2wqptq} “ }pF pFyqqptq ´ pF pFwqqptq}

“ }pF py1qqptq ´ pF pw1qqptq}

≤
ż t

0
}T pt´ sq}}fps, y1s `

pφsq ´ fps, w1s `
pφsq}Cds

≤
ż t

0
KLr}py1s `

pφsq ´ pw1s `
pφsq}Csds

≤ KL
ż t

0
}y1s ´ w1s}Cds

≤ KL
ż t

0
}y1 ´ w1}Cpr´r,ss,Xqds

≤ KL
ż t

0
sup

τPr´r,ss
r}y1pτq ´ w1pτq}sds

≤ KL
ż t

0
sup

τPr´r,ss
r}Fypτq ´ Fwpτq}sds

≤ KL
ż t

0
sup

τPr´r,ss
pKL}y ´ w}Bτqds

≤ pKLq2
ż t

0
}y ´ w}Bsds ≤

pKLtq2

2!
}y ´ w}B.

Continuing in this way, we get,

}pFnyqptq ´ pFnwqptq} ≤ pKLtq
n

n!
}y ´ w}B ≤

pKLT qn

n!
}y ´ w}B.

For n large enough, pKLT q
n

n! ă 1. Thus there exists a positive integer n such
that Fn is a contraction in B. By virtue of Lemma 2.4, the operator F has
a unique fixed point ỹ in B. Then x̃ “ ỹ ` pφ is a solution of the Cauchy
problem (1)–(2). This completes the proof.

3.2. Continuous dependence on initial data

Theorem 3.2.1. Suppose that the functions f and g satisfy the hypotheses
pH1q and pH2q. Then for each φ1, φ2 P C and for the corresponding mild
solutions x1, x2 of the problems

x1ptq “ A1xptq ` fpt, xtq, t P r0, T s,(11)
xptq ` pgpxt1 , . . . , xtpqqptq “ φiptq, ´r ≤ t ≤ 0, pi “ 1, 2q,(12)
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the inequality

}x1 ´ x2}B ≤ KeTKLr}φ1 ´ φ2}C `G}x1 ´ x2}Bs(13)

is true.
Additionally, if G ă 1

KeTKL then

}x1 ´ x2}B ≤
KeTKL

1´GKeTKL
}φ1 ´ φ2}C .(14)

Proof was given in paper [1], so we omit details here.

Remark. If G “ 0, inequality (13) is reduced to classical inequality

}x1 ´ x2}B ≤ KeTKL}φ1 ´ φ2}C ,

which is the characteristic for the continuous dependence of the mild solu-
tion of the semilinear functional differential equation with classical initial
condition.

4. Second order nonlocal differential system

4.1. Existence and uniqueness

Theorem 4.1.1. Suppose that the hypotheses (H1) and (H2) are satisfied.
Then the second order differential problem (3)–(5) has a unique mild solution
x on r´r, T s.

Proof. Let xptq be a mild solution of the problem (3)–(5). Then it satisfies
the equivalent integral equation

xptq “ Cptqφp0q ´ Cptqpgpxt1 , . . . , xtpqqp0q ` Sptqη(15)

`

ż t

0
Spt´ sqfps, xsqds, t P r0, T s,

xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, ´r ≤ t ≤ 0,(16)
x1p0q “ η P X.(17)

Now, we rewrite solution of initial value problem (3)–(5) as follows: For
φ P C, define pφ P B by

(18) pφptq “

#

φptq ´ pgpxt1 , . . . , xtpqqptq, if ´r ≤ t ≤ 0,

Cptqrφp0q ´ pgpxt1 , . . . , xtpqqp0qs, if 0 ≤ t ≤ T .

If y P B and xptq “ yptq ` pφptq, t P r´r, T s, then it is easy to see that y
satisfies

yptq “ 0; ´r ≤ t ≤ 0 and(19)
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yptq “ Sptqη `

ż t

0
Spt´ sqf

´

s, ys ` pφs

¯

ds, t P r0, T s,(20)

if and only if xptq satisfies the equations (15)–(17).
We define the operator F : B Ñ B, by

(21) pFyqptq “

#

0, if ´r ≤ t ≤ 0,

Sptqη `
şt
0 Spt´ sqf

´

s, ys ` pφs

¯

ds, if t P r0, T s.

From the definition of an operator F defined by the equation (21), it is
to be noted that the equations (19)–(20) can be written as

y “ Fy.

Now, we show that Fn is a contraction on B for some positive integer n. Let
y, w P B. Using hypotheses pH1q and pH2q, we get

}pFyqptq ´ pFwqptq} ≤ }Sptqη ´ Sptqη}

`

ż t

0
}Spt´ sq}}fps, ys ` pφsq ´ fps, ws ` pφsq}ds

≤
ż t

0
MLr}pys ` pφsq ´ pws ` pφsq}sds

≤ML

ż t

0
}ys ´ ws}Cds

≤ML

ż t

0
}y ´ w}Bds

≤ML}y ´ w}Bt.

By similar calculations as in the Section 3, we get

}pF 2yqptq ´ pF 2wqptq} ≤ pMLtq2

2!
}y ´ w}B.

Continuing in this way, we get

}pFnyqptq ´ pFnwqptq} ≤ pMLtqn

n!
}y ´ w}B ≤

pMLT qn

n!
}y ´ w}B.

For n large enough, pMLT qn

n! ă 1. Thus there exists a positive integer n such
that Fn is a contraction in B. By virtue of Lemma 2.4, the operator F has
a unique fixed point ỹ in B. Then x̃ “ ỹ ` pφ is a solution of second order
differential problem (3)–(5). This completes the proof.

4.2. Continuous dependence on initial data

Theorem 4.2.1. Suppose that the functions f and g satisfies the hypothe-
ses pH1q and pH2q.Then for each φ1, φ2 P C and for the corresponding mild
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solutions x1, x2 of the problems

x2ptq “ A2xptq ` fpt, xtq, t P r0, T s,(22)
xptq ` pgpxt1 , . . . , xtpqqptq “ φiptq, ´r ≤ t ≤ 0, pi “ 1, 2q,(23)
x1p0q “ ηi P X, pi “ 1, 2q,(24)

the inequality

}x1 ´ x2}B ≤ rM}φ1 ´ φ2}C `MG}x1 ´ x2}B `N}η1 ´ η2}se
TNL(25)

is true.
Additionally if G ă 1

MeTNL then

}x1 ´ x2}B ≤
MeTNL

1´GMeTNL
}φ1 ´ φ2}C `

NeTNL

1´GMeTNL
}η1 ´ η2}.(26)

Proof. Let φipi “ 1, 2q be arbitrary functions in C and let xipi “ 1, 2q be
the mild solutions of the problem (22)–(24).

Then for t P r´r, 0s

(27) x1ptq ´ x2ptq

“ φ1ptq ´ pgpx1t1 , . . . , x1tpqqptq ´ φ2ptq ` pgpx2t1 , . . . , x2tpqqptq

and for t P r0, T s

(28) x1ptq ´ x2ptq

“ Cptqrφ1p0q ´ φ2p0q ´ pgpx1t1 , . . . , x1tpqqp0q ` pgpx2t1 , . . . , x2tpqqp0qs

` Sptqpη1 ´ η2q `

ż t

0
Spt´ sqpfps, x1sq ´ fps, x2sqqds.

From (28) and hypothesises pH1q and pH2q, we get, for τ P r0, ts,

}x1pτq ´ x2pτq} “ }Cptq}}φ1 ´ φ2}C `G}Cptq}}x1 ´ x2}B

` }Sptq}}η1 ´ η2} `

ż τ

0
}Spt´ sq}}fps, x1sq ´ fps, x2sq}ds

≤M}φ1 ´ φ2}C `MG}x1 ´ x2}B `N}η1 ´ η2}

`NL

ż τ

0
}x1s ´ x2s}Cds,

(29) sup
τPr0,ts

}x1pτq ´ x2pτq}

≤M}φ1 ´ φ2}C `MG}x1 ´ x2}B `N}η1 ´ η2}

`NL

ż t

0
}x1 ´ x2}Cpr´r,ss,Xqds, 0 ≤ τ ≤ t ≤ T.
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Simultaneously, by equation (27) and hypothesis pH2q, we get

}x1ptq ´ x2ptq} ≤ }φ1 ´ φ2}C `G}x1 ´ x2}B, for t P r´r, 0s.(30)

Since M ≥ 1, inequalities (29) and (30) imply

}x1 ´ x2}Cpr´r,ts,Xq ≤M}φ1 ´ φ2}C `MG}x1 ´ x2}B `N}η1 ´ η2}(31)

`NL

ż t

0
}x1 ´ x2}Cpr´r,ss,Xqds, t P r´r, T s.

Now, applying Grownwall’s inequality to the above inequality (31), we get

}x1 ´ x2}B ≤ rM}φ1 ´ φ2}C `MG}x1 ´ x2}B `N}η1 ´ η2}se
TNL.(32)

Hence the inequality (25) holds. Finally inequality (26) is a consequence of
the inequality (32). Hence the proof is complete.

Remark. If G “ 0, inequality (25) is reduced to classical inequality

}x1 ´ x2}B ≤ rM}φ1 ´ φ2}C `N}η1 ´ η2}seTNL,
which is the characteristic for the continuous dependence of the mild solution
of the second order semilinear functional differential evolution equation with
classical initial condition.

5. Applications

5.1. First order nonlocal differential system. To illustrate the appli-
cation of our result proved in Section 3, consider the following semilinear
partial functional differential problem of the form

B

Bt
wpu, tq “

B2

Bu2
wpu, tq `H pt, wpu, t´ rqqq , 0 ≤ u ≤ π, t P r0, T s(33)

wp0, tq “ wpπ, tq “ 0, 0 ≤ t ≤ T,(34)

wpu, tq `

p
ÿ

i“1

wpu, ti ` tq “ φpu, tq, 0 ≤ u ≤ π, ´r ≤ t ≤ 0,(35)

where 0 ă t1 ≤ t2 ≤ tp ≤ T , the function H : r0, T s,ˆR Ñ R is continuous.
We assume that the function H satisfy the following condition:
For every t P r0, T s and v, y P R, there exists a constant l ą 1 such that

|Hpt, vq ´Hpt, yq| ≤ lp|v ´ y|q.

Let us take X “ L2r0, πs. Define the operator A1 : X Ñ X by A1z “ z
2

with domain DpA1q “ tz P X : z, z
1 are absolutely continuous, z2

P X and
zp0q “ zpπq “ 0u. Then the operator A1 can be written as

A1z “
8
ÿ

n“1

´n2pz, znqzn, z P DpA1q,
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where znpuq “ p
a

2{πq sinnu, n “ 1, 2, .. is the orthogonal set of eigenvectors
of A1 and A1 is the infinitesimal generator of an analytic semigroup T ptq,
t ≥ 0 and is given by

T ptqz “
8
ÿ

n“1

expp´n2tqpz, znqzn, z P X.

Now, for the analytic semigroup T ptq being compact, there exists constant
K such that

|T ptq| ≤ K, for each t P r0, T s.

Define the function f : r0, T s ˆ C Ñ X, as follows

fpt, ψqpuq “ Hpt, ψp´rquq,

for t P r0, T s, ψ P C and 0 ≤ u ≤ π. With these choices of the functions,
the equations (33)–(35) can be formulated as an abstract integro-differential
equation in Banach space X:

x1ptq “ A1xptq ` f
´

t, xt

¯

, t P r0, T s,

xptq ` pgpxt1 , . . . , xtpqqptq “ φptq, t P r´r, 0s.

Since all the hypotheses of the Theorem 3.1.1. are satisfied, Theorem 3.1.1.
can be applied to guarantee the existence of mild solution wpu, tq “ xptqu,
t P r0, T s, u P r0, πs, of the semilinear partial differential problem (33)–(35).

5.2. Second order nonlocal differential system. To illustrate the ap-
plication of our result proved in Section 4, consider the following semilinear
partial functional integro-differential problem of the form

B2

Bt2
wpu, tq “

B2

Bu2
wpu, tq `H pt, wpu, t´ rqq , 0 ≤ u ≤ π, t P r0, T s,(36)

wp0, tq “ wpπ, tq “ 0, 0 ≤ t ≤ T,(37)

wpu, tq `

p
ÿ

i“1

wpu, ti ` tq “ φpu, tq, 0 ≤ u ≤ π, ´r ≤ t ≤ 0,(38)

B

Bt
wpu, 0q “ ηpuq, 0 ≤ u ≤ π,(39)

where 0 ă t1 ≤ t2 ≤ tp ≤ T , the function H : r0, T s ˆ R Ñ R is continuous.
We assume that the function H satisfies the following condition:
For every t P r0, T s and v, y P R, there exists an l ą 1 such that

|Hpt, vq ´Hpt, yq| ≤ lp|v ´ y|q.
Let us take X “ L2r0, πs. Define the operator A2 : X Ñ X by A2z “ zuu

with domain DpA2q “ tz P X : z, zu are absolutely continuous, zuu P X
and zp0q “ zpπq “ 0u. Then the operator A2 is the infinitesimal generator
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of a strongly continuous cosine family tCptqutPR on X. Moreover, A2 has
a discrete spectrum, the eigenvalues are ´n2, n P N, with corresponding
eigenvectors znpuq “ p

a

2{πqsinpnuq. The set tzn : n P Nu is an orthonormal
basis of X and the following properties hold:

(a) If z P DpA2q then A2z “ ´
ř8
n“1 n

2pz, znqzn.
(b) For every z P X, Cptqz “

ř8
n“1 cosntpz, znqzn.

(c) For every z P X, Sptqz “
ř8
n“1

sinnt
n pz, znqzn.

Consequently, }Cptq} “ }Sptq} ≤ 1 and Sptq is compact for t P R.
Now, as in Section 5.1, the equations (36)–(39) can be formulated as

an abstract integro differential equations (3)–(5) in Banach space X. Since
all the hypotheses of Theorem 4.1.1. are satisfied, Theorem 4.1.1. can be
applied to guarantee the existence of mild solution wpu, tq “ xptqu, t P r0, T s,
u P r0, πs of the semilinear partial differential problem (36)–(39).
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