DE

G

DE GRUYTER
OPEN

DEMONSTRATIO MATHEMATICA
Vol. XLVII No 2 2014

Safeer Hussain Khan
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ITERATIONS

Abstract. In this paper, we obtain a couple of weak convergence results for nonself
nearly asymptotically nonexpansive mappings. Our first result is for the Banach spaces
satisfying Opial condition and the second for those whose dual satisfies the Kadec-Klee

property.

1. Introduction

Throughout this paper, N denotes the set of all positive integers. Let F
be a real Banach space and C' a nonempty subset of . Let T : C — C
be a mapping then F(T') denotes the set of fixed points of T, I denotes
the identity mapping. A self mapping T : C' — C is called asymptotically
nonexpansive if for a sequence {k,} < [1,00) with lim,_ k, = 1, we have
Tz — T"y| < kyllx — y| for all z,y € C and n € N. Also T is called
uniformly L-Lipschitzian if for some L > 0, |[T"z — T"y|| < L|jx — y|| for all
neNand all z,y e C.

Fix a sequence {a,} < [0,00) with lim, o a, = 0, then according to
Agarwal et al. [I], T is said to be nearly Lipschitzian with respect to {a,}
if for each n € N, there exist constants k,, > 0, such that |[T"z — T"y| <
kn(|x —y| + ay) for all z,y € C. The infimum of constants k,, for which the
above inequality holds is denoted by n(7™) and is called nearly Lipschitz
constant.

A nearly Lipschitzian mapping 7" with sequence {a,,n(T")} is said to
be nearly asymptotically nonexpansive if n(7™) > 1 for all n € N and
lim,, o, 7(T™) = 1, and nearly uniformly k-Lipschitzian if n(7T") < k for
all n e N.
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A subset C of F is called a retract of F if there exists a continuous map
P : E — (C such that Px = x for all x € C. Every closed convex subset of
a uniformly convex Banach space is a retract. A map P : E — FE is said to
be a retraction if P2 = P. It follows that if P is a retraction then Py =y
for all y in the range of P.

Chidume et al. [2] defined nonself asymptotically nonexpansive mappings
as follows: Let P : E — C be a nonexpansive retraction of E into C'. A
nonself mapping T : C — FE is called asymptotically nonexpansive if for
a sequence {k,} < [1,00) with lim, .0k, = 1, we have |T(PT)" 'z —
T(PT)" 'y| < kp|x—y]| for all z,y € C and n € N. Also T is called uniformly
k-Lipschitzian if for some k > 0, |T(PT)" 1z — T(PT)" Yy| < k|z — y| for
allne N and all z,y e C.

In the light of above, we can define the following.

Fix a sequence {a,} < [0,00) with lim,_, a, = 0, then a nonself map-
ping T : C — FE is said to be nearly Lipschitzian with respect to {a,} if for
each n € N, there exist constants k, > 0, such that

|T(PT)" 2 — T(PT)" 'y < kn(lz — yll + an),

for all z,y € C. The infimum of constants k,, for which the above inequality
holds, is denoted by n(T(PT)"!) and is called nearly Lipschitz constant.

For n = 1, the above definition gives |T(PT)'"lz — T(PT)'"1y| <
ki(|z — y| + a1), where we have to take a; as zero sequence. Thus in this
case we have |T(PT)' "'z — T(PT)'~Yy|| < k1|z — y].

A nearly Lipschitzian mapping T with sequence {a,,n(T(PT)""1)} is
said to be nearly asymptotically nonexpansive if n(T(PT)""!) > 1 for all
n e N and lim,, o n(T(PT)" 1) = 1.

Recently, Agarwal et al. [I] introduced the following iteration process for
nearly asymptotically nonexpansive self mappings:

r1 =x€C,
(1'1) Tp4+1 = (1 - an)TnIn + Ty,
Yn = (1 - 671) Ty + BpnT"xy, neN,

where {a,} and {3,} in (0,1).

Chidume et al. [2] studied the following iteration process for nonself
asymptotically nonexpansive mappings:

1 =x€C,
(1.2) - -
Tpi1 =P (anT(PT) Tn + (1 — ap) :L‘n) , neN.
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Incorporating the above two, we get the following:

r1=x€C,
(1'3) Tny1 =P ((1 - an) T(PT)nilxn =+ OénT(PT)nilyn) )
Yn = P ((1 = Bp) xn + BT (PT)" 'z,) ,n e N.

We intend to prove some results using this process for nearly asymptoti-
cally nonexpansive nonself mappings. For this we need the following lemmas.

LEMMA 1. [8] Suppose that E is a uniformly convex Banach space and
0<p<t,<qg<1l forallneN. Also suppose that {x,} and {y,} are two
sequences of E  such that limsup,,_,., |zn]| < 7, imsup,,_, |[yn| < 7 and
limy o0 [[tnzyn, + (1 — t)yn| =7 hold for some r > 0. Then limy o ||Trn — yn|

= 0.

LEMMA 2. [6] If {ryn}, {tn} and {s,} are sequences of nonnegative real num-
bers such that rp11 < (1 + ty) rp + Sp, Zle t, < o0 and Zle Sy, < o0 then
lim r,, exists.

Recall that a Banach space E is said to satisfy the Kadec-Klee property
if for every sequence {z,} in E converging weakly to x together with |z,
converging strongly to ||z| imply {z,} converges strongly to x. Uniformly
convex Banach spaces and Banach spaces of finite dimension are some of the
examples of reflexive Banach spaces which satisfy the Kadec-Klee property.
Let wy({zn}) denote the set of all weak subsequential limits of a bounded
sequence {x,} in E. Then the followings can be found in Falset et al. [3].

LEMMA 3. [3] Let E be a uniformly convex Banach space such that its
dual E* satisfies the Kadec-Klee property. Assume that {x,} is a bounded
sequence such that limy, o [tz + (1 — t)p1 — pa| exists for all t € [0,1] and
for all p1, p2 € wy({zn}). Then wy({zn}) is a singleton.

LEMMA 4. [3| Let C be a convexr subset of a uniformly convexr Banach
space. Then there is a strictly increasing and continuous convex function
g : [0,00) — [0,00) with g(0) = 0 such that for every Lipschitzian map
U : C — C with Lipschitz constant L > 1, the following inequality holds:

|U(tz + (1= t)y) = (tUz + (1 = )Uy| < Lg~"(Jo —y| - L' [Uz — Uy])
for all z,y e C and t € [0,1].

2. Main result

LEMMA 5. Let E be a uniformly conver Banach space and let C be its
closed and convex subset. Let P : E — C be a nonexpansive retraction of
E into C and T : C — E be a nearly asymptotically nonexpansive non-
self mapping with a sequence {ann(T(PT)" 1)} such that >, | ap, < ©
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and Yo7 (n(T(PT)"')—1) < oo. Define a sequence {z,} in C as in
(L.3), where {an},{Bn} are in [e,1 —¢] for all n € N and for some ¢ in
(0,1). If F(T) # @, and q € F(T) then (i) limp—o ||z, — q| exists and (i7)
limy o0 ||2n, — Tzp | = 0.

Proof. Let g be a fixed point of T'. For the sake of simplicity, set
Apz =P ((1—Bn)x + B,T(PT)" ')

and
Spx = P[(1 — an)T(PT)" 'z + a, T(PT)" ' A, x].

Then vy, = Apz, and z,.1 = Spz,. Moreover, it is clear that ¢ is a fixed
point of S,, for all n. Let 1 = sup,,cy n(T(PT)"1).
Consider

| Anz = Anyl| =

H P[(1 = By)x + B, T(PT)" 'z]
—P [(1 — Bn)y + BnT(PTylily]
(1= Bn) (@ —y) + B [T(PT)" 'z = T(PT)"y]|
(1= Bn) |z =yl + Ban(T(PT)" ) (|& — y| + an)
(1= Bu)n(T(PT)" ) |z —y|
(2.1) +Bun(T(PT)" ") (| — y| + an)

= (1= Bun(T(PT)" ) |z —y||

+Bun(T(PT)" Y|z — y| + Buann (T(PT)" )
<0 (T(PT)"") |z =yl + Buann (T(PT)" ).

<
<
<

Choosing ¢ = z, and y = ¢, we get
(2.2) lyn — all <0 (T(PT)"7") |2n — q|| + Buann (T(PT)"1).
Next consider,
P[(1 — a,)T(PT)" ‘2 + 0, T(PT)" ' Ap2]—
Pl(1 - an) (PT)" 'y + a T(PT)" ' Any)]

[(1 = o) T(PT)" 'z + o, T(PT)" " Ay

—[(1 - an) (PT)" 'y + an T(PT)" ! Any)] H

<n(T(PT)" (1~ an) (Jz = y| + an)
+ann(T(PT)"™) (| Anz — Apyl + an)

= n(T(PT)" H[(1 = )|z —y| + (L — an)ay
+ay, [|[Anz — Apy| + anay].

IS — Snyl| =
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Now using , we get
|Snz = Sny| < n(T(PT)" H[(1 - az)]z —y|
+ay + ap{(1 = B)n(T(PT)"™) |z — ]
+Bun(T(PT)" ) (= y| + an)}]
< n(T(PT)" )1 — an)n(T(PT)"Hx — y| + an
+ap{(1 = Bu)n(T(PT)" ) |z — y]
+ B (T(PT)" 1) (& =y + an)}]
< n(T(PT)" ) [(T(PT)" )|z —y|
+an (L4 anBun(T(PT)" )]
<n(T(PT)" H(T(PT)" )|z —y]
+ (L+n(T(PT)" ) ay)]
n—1\2
= ((T(PT)" 1) |z —y|
n(T(PT)"™ ) (1 +n(T(PT)""") an)
< (TP )" & =yl + 9 (1 +n) an
= cnllz — y| + bn,
where ¢, = (n(T(PT)"_l))2 and b, = n(n + 1)a,. Clearly, >, (¢, — 1)
<o and X2 by < 0.
Choosing x = x,, and y = ¢ in the calculations done above, we get
|zn+1 = gll = [Snzn — 4l
< Cn”£n - QH + bn
Applying Lemma limy, o0 ||y, — p| exists for all p e F (T'). This proves

(7). Now we prove (i7). Let lim,,_,o ||z, — p| = ¢. Then ¢ > 0 otherwise there
is nothing to prove.

Now (12.2)) implies that

(2.3) limsup |y, —q|| < c.
n—a0
Also
|T(PT)* 0 — q < p(T(PT)" ™) (|20 — al + an)
forallm =1, 2,..., so
(2.4) limsup |T(PT)" 'z, —q| < c.
n—o0
Next,

IT(PT)" yn — g < (T(PT)" ) (Jyn — gl + an)
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gives by virtue of (2.3 that
limsup |T(PT)" 'y, —q|| < c.
n—00

Moreover, ¢ = limy, o |Zn+1 — ¢|| means that
c= lingo 1P ((1 = an) T(PT)" 2y, + 0 T(PT)" ty,) — Pq
< lim (1= @) (T(PT)" 20— 4) + o (T(PT)" g0 = )|
< lim [(1 — ap) limsup || (T(PT)" 'z, — q)|

+o limsup,, ., [(T(PT)" 'y, — q) H]

n—o n—o0

< nlglgo [(1 = an) c+ anc]
=c.
Thus
(25)  lim (1 —an) (T(PT)" " 2n — q) + an (T(PT)" "'y —q) | = c.
Applying Lemma
(2.6) lim |T(PT)" 'z, — T(PT)" 'y,| = 0.

n—0o0

Now
lens1 = all = |P (1 = an) T(PT)" 2 + anT(PT)" yn) — Py
<[ (1 —an) T(PT)n_lxn + an (T(PT)n_l?Jn) —4q||
<|T(PT)" tayn — g + an |T(PT)" 'y — T(PT)" 2y
yields that
¢ < liminf HT(PT)”_lxn —q

n—aoo
so that by (2.4), we get
(2.7) lim [T(PT)" 2y —q| = c.
Next,
|T(PT)" 2y, — g < |T(PT)" 2, — T(PT)" | + |T(PT)" 'y — q|
<|TPT)* 'an — T(PT)"
+0(T(PT)"™) (Jlyn — gl + an) -
Taking lim inf on both sides, we get
(2.8) ¢ <lim ioIolf lyn — ql|-

By (2.3 and (2.8)), we obtain
(2.9) lim |y, —¢q| = ¢
n—0oo
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On the lines similar to (2.5)), we can prove that lim, o | (1 — 8y) (xn, — ¢) +
Bn (T(PT)"_lxn — q) | =ec.
Again by Lemma [T} we get

(2.10) Jim | T(PT)" "y — 2| = 0.
Now
[yn — anll = | P [BaT(PT)" an + (1= Bn)an] — Pan|
HB" (Pr)" 'z (1 = Bn)xn — xn“
= B, |T(PT)"! n—an.

Hence by ,
(2.11) lim Jy, — 2, = 0.
Also note that
|Zpi1 — zn| = [P (1 — o) T(PT)" 2 + anT(PT)" 'y) — Pay|
< |1 = an) T(PT)" 2y + 0 T(PT)" 1y
< TP an — an| + 0w [T(PT)" 'y —T(PT) L2

— 0 as n — o0,

— 2

so that
(2.12) |Zn+1 = ynl < llZns1 — znl + [yn — 24
— 0 asn — oo.
Furthermore, from
|2ns1 = T(PT)" | < lzns1 — znl + |20 — T(PT)" 'ay|
+ |T(PT)" 2 — T(PT)"™ g,
we obtain
(2.13) Jim |y = T(PT)" '] = 0.

Finally, we make use of the fact that every nearly asymptotically nonex-
pansive mapping is nearly k-Lipschitzian combined with (2.10), (2.12) and

to reach at
Hxn — Tay| < |2 — T(PT)" | + |T(PT)" 2 — T(PT)" |
+ || T(PT)" Y1 — Ty
= |lzn — T(PT)" an| + |T(PT)" '@, — T(PT)"  yni|
+|T(PT)H(PT)" Y1 — T(PT) |
< |an — T(PT)" an| + |T(PT)" 2 — T(PT)™ 1|
+k1 H(PT)"*lyn_l — an
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< |en —T(PT)" 1an +(T(PT)" ™) (|2n — Yn1] + an)
+ky | PT(PT)™ ?yp—1 — au|
= |zn = T(PT)" | + (T (PT)" ™) (|20 = yn-1] + an)
+k1 | PT(PT)" *yn—1 — Pay|
< |zn = T(PT)" | + (T (PT)" ™) (|20 — yn-1] + an)
+ky | T(PT)" yn_1 — 24|
so that
(2.14) 11121010 |€n — Ty =0. m
LEMMA 6. Under the conditions of Lemma and for any p1, pe € F (T),
limy, o0 [tz + (1 — t)p1 — p2| exists for all t € [0, 1].

Proof. By Lemma |5, lim,,_, |z, — p| exists for all p e F (T') and therefore
{x,} is bounded. Thus there exists a real number r > 0 such that {x,} <
D = B,(0) nC,sothat D is a closed convex nonempty subset of C. Put

un(t) = [tz + (1 = t)p1 — p2f ,
for all ¢ € [0,1]. Then lim, o un(0) = |p1 —p2| and lim,_o un(l) =
lim,, o0 |y — p2| exist. Let t € (0,1).
Define S, : D — D by:
Spx = P[(1 — o) T(PT)" 2 + a, T(PT)" ' Anz],
Anz = P ((1=Bn)z + B, T(PT)" ')
Then it follows that S,x, = zp+1, Spp = p for all p € F(T) and, as
shown before, |Spz — Spy|| < ep|z — y|| + by, for all z,y € D.
Set
Rym = Sn+mflsn+mf2---sn, m > 1

)

and
Vnm = | Rom(tzn + (1 —)p1 — (tRymTn + (1 —t)p1)| -
Then Ry, @y = Tnym and Ry, ,p = p for all pe F (T') . Also
HRmmCC - Rn,my” < HS?"H—m—lSn+m—2~'SnCC - Sn-&-m—lSn-&-m—Q-"SnyH
< Cntm—1 |Sntm—2---Sn® — Spim—2---Sny|| + bptm—1
< Cntm—1Cn+m—2 | Sn+m—3---SnT — Sntm—3...Sny|
+bn+m—2 + bprm—1

n+m—1 n+m—1

< H ale=sl+ 3 b
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Applying Lemma [d] with = x,, y = p1,U = Ry, and using the facts
that >;° | (¢, — 1) < o0 and lim,,_,o |2, — p|| exists for all p € F, we obtain
Unm — 0 as n — o0 and for all m > 1.

Finally, from the inequality

Unim(t) = [tZnsm + (1 = t)p1 — p2|
= [[tRnmxn + (1 — t)p1 — p2
< Un,m + HRn,m(txn + (1 - t)pl) - P2H
< Upm + [tzn + (1 —t)p1 — p2f
n+m—1

SUn,m‘i' 1_[ k?un(t)a

j=n
it follows that

lim sup uy, (t) < limsup vy, 4, + liminf w, (t)
n—>00 n,M—>00 n—a

= hr{rLl%f un(t).

That is,

lim sup uy, (t) < liminf w,(t).
n—0o0 n—0on

Hence lim,,—,o [txy, + (1 — t)p1 — po| exists for all ¢t € [0,1]. =

Recall that a Banach space E satisfies Opial condition [5] if for
any sequence {x,} in E,z, — =z implies that limsup,_,. |z, —z| <
limsup,,_,, ||zn, — y| for all y € E with y # z. Examples of Banach spaces
satisfying this condition are Hilbert spaces and all spaces IP(1 < p < o),
whereas LP[0, 27r] with 1 < p # 2 fail to satisfy Opial’s condition.

We now give our weak convergence theorems. Our first theorem deals
with the spaces satisfying Opial condition.

THEOREM 1. Let E be a uniformly convexr Banach space satisfying the
Opial’s condition and C,T and {x,} be as taken in Lemmal5l If F(T) # ¢,
then {x,} converges weakly to a fized point of T.

Proof. Let z* € F(T). Then as proved in Lemma5] limy, o |z, —2*| exists.
Now we prove that {z,} has a unique weak subsequential limit in F(7). To
prove this, let z; and 23 be weak limits of the subsequences {z,,} and {z,}
of {z,}, respectively. By Lemma [5 lim,,_,o |2y, — Ty, = 0 and I — T is
demiclosed with respect to zero, therefore we obtain Tz; = z;. Similarly,
Tzs = zo Next, we prove the uniqueness. For this suppose that z; # 29,
then by the Opial’s condition
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lim |z, — 21| = lim |2, — 21|
n—0oo Tn;—00

A

lim [, — 2|
n; —00

lim ||x, — 29|
n—00

i [, — 2
< lim |z, — 21|
n;—0

= lim |z, — 21|
n—00

This is a contradiction. Hence {x,} converges weakly to a point in
F(T). =

Let us note at this point that there exist uniformly convex Banach spaces
which do not satisfy the Opial condition but their duals do have the KK-
property.
EXAMPLE 1. (Example 3.1, [3]) Let us take X; = R? with the norm denoted
by || = A/|lz1]* + |22|* and Xo = L,[0,1] with 1 < p < 0 and p # 2. The
Cartesian product of X; and X, furnished with the {?>-norm is uniformly

convex, it does not satisfy the Opial condition but its dual does have the
KK-property.

Now we prove a weak convergence theorem for the spaces whose dual
have KK-property.

THEOREM 2. Under the conditions of Lemmalp| with an additional assump-
tion that dual E* of E satisfies Kadec-Klee property and I —T is demiclosed
at 0, {x,} converges weakly to a fized point of T.

Proof. By the boundedness of {z,} and reflexivity of F, we have a subse-
quence {xn,} of {x,} that converges weakly to some p in C. By Lemma
we have lim; o |y, — Ty,|| = 0. Now applying demiclosedness of I —T
at 0, we have p € F' (T'). To prove that {x,} converges weakly to p, suppose
that {x,, } is another subsequence of {z,} that converges weakly to some ¢
in C. Then p,q € Wn F(T) where W is the weak limit set of {z,}. Since
limy, o0 [[tzn + (1 — t)p — | exists for all ¢ € [0,1] by Lemma [6] therefore
p = ¢ by Lemma [3| Consequently, {z,} converges weakly to p € F(T) and
this completes the proof. m
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