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ON A SYSTEM OF RATIONAL DIFFERENCE EQUATION

Abstract. In this paper, we study local asymptotic stability, global character and
periodic nature of solutions of the system of rational difference equations given by x,+1 =
bfﬁ;ﬂ, Ynt1l = ef}’;n, n =0,1,..., where the parameters a, b, ¢, d, e, f € (0,00), and
with initial conditions zg, yo € (0,00). Some numerical examples are given to illustrate

our results.

1. Introduction and preliminaries

The theory of discrete dynamical systems and difference equations de-
veloped greatly during the last twenty five years of the twentieth century.
Applications of difference equations also experienced enormous growth in
many areas. Many applications of discrete dynamical systems and difference
equations have appeared recently in the areas of biology, economics, physics,
resource management, and others. The theory of difference equations oc-
cupies a central position in applicable Analysis. There is no doubt that
the theory of difference equations will continue to play an important role
in mathematics as a whole. Nonlinear difference equations, of order greater
than one, are of paramount importance in applications. Such equations also
appear naturally as discrete analogues and as numerical solutions of differen-
tial and delay differential equations which model various diverse phenomena
in biology, ecology, physiology, physics, engineering and economics. Recently,
there has been great interest in studying difference equation systems. One
of the reasons for this is a necessity for some techniques which can be used
in investigating equations arising in mathematical models describing real
life situations in population biology, economic, probability theory, genetics,
psychology, and so forth. There are many papers related to the difference
equations system, for example, the following ones.
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C. Cinar [I] investigated the periodicity of the positive solutions of the
system of rational difference equations:

1 Yn
xn+1 = ] yn—i-l = -
Yn Tn—1Yn—1
S. Stevi¢ [2] studied the system of two nonlinear difference equation:
Unp, Wn,
14w, Intl =7 + 8y,
where u,, v,, w,, S, are some sequences x, or y,, with real initial values
g and yg.
S. Stevi¢ [3] studied the system of three nonlinear difference equations:
a1Tp—2 o a2Yn—2
b1YnZn—12Zn—2 +c1’ Yt = b22nTn—1Yn—2 + C2’
45%n—2 ,m=0,1,...,
b3TnYn—12n—2 + C3
where the parameters a;, b;, ¢;, @ € {1,2,3}, and initial values x_;, y_;, z—j,
j €{0,1,2} are real numbers.
Ignacio Bajo and Eduardo Liz [4] investigated the global behavior of
difference equation:

Tp+1 =

Tn+l1 =

Zn+1 =

Tn—1

—— n=0,1,...
a+ brprn_1’ Ty

Tn+1 =

for all values of real parameters a, b and any initial condition (zg,z_1) € R2.

S. Kalabusi¢, M. R. S. Kulenovi¢ and E. Pilav [5] investigated the global
dynamics of the following systems of difference equations:

ay + Bray, B 2Yn
Ay +yn T Ay ¥ Bowy, + Y’
where the parameters oy, £1, A1, 72, Az, By are positive numbers, and the
initial conditions x¢ and yg are arbitrary nonnegative numbers.
Abdullah Selguk Kurbanli [6] investigated the behavior of solutions of
the system of rational difference equations:

Tn+1 =

Tn—1 Yn—1 1
s Yn+1 = 7 An+l = T n:O717"'7
YnTp—1 — 1 TnYn—1— 1 Ynzn
where xg, _1, Yo, y—1, 20, 2—1 are real numbers such that yoxr_; # 1,
xoy—1 # 1 and yozo # 0.

A.S. Kurbanli, C. Cinar, I. Yal¢inkaya [7] studied the behavior of positive
solutions of the system of rational difference equations:
Tn—1 Yn—1

— =y Yn+1 = > n:O717"'7
YnTpn—1+1 " TpYn—1 +1

Tp+1 =

Tp+l =

where yo, y_1, zo, £_1 € [0,00).
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E. M. Elabbasy, H. El-Metwally and E. M. Elsayed [§] investigated the
periodic solutions of particular cases of the following general system of dif-
ference equations:

Tyl = a1 + a2yn Ynp1 = b1zn—1 + bazp
aszzp + (141‘71_12“7 b3wnYn + baxnYn—1 ’
ClZn—1 + C22p

)
C3Tn—1Yn—1 + C4Tp—1Yn + C5TplYn

Zn+1 =

where the initial conditions x_1, xo, y—1, %o, 2—1 and zg are arbitrary
nonzero real numbers and a;, b; and ¢; , for ¢ = 1, 2, 3, 4 and j =
1, 2, 3, 4, 5 are non-negative real numbers.

To be motivated by the above studies, our aim in this paper is to investi-
gate the solutions, stability character and asymptotic behavior of the system
of difference equations:
ayYn dyn

G = n=o01,...,
b+ cyn Y+l e+ fxn,

(1) Tp+1 =
where the parameters a, b, ¢, d, e, f € (0,00), and with initial conditions
Zo, Yo € (0,00)

We review some results which will be useful in our investigation.

2. Linearized stability

Let F and G are continuously differentiable real-valued functions. Con-
sider the system of difference equations:

(2> Tn+l = F(xnyyn)v Yn+1 = G(xnvyn)7 n = O? 17 ey

with xg, yo € (0,00). Let (Z,7) be an equilibrium point of system , then
linearized system about the equilibrium point (Z,7) has the form:

(3) (anrl) _A (xn> ’
Yn+1 Yn

OF (= &\ 2F (% &

where A = gé (Uf’ Zi) 22 (af’ ?{) . The characteristic equation of system (|3|)
% (@,9) (&9

is given by:

(4) det(A — \I) = 0.

DEFINITION 1. A point (Z,7) is called an equilibrium point of the system
@) if
T=F279), §=G(,7).
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DEFINITION 2. Let (Z,9) be an equilibrium point of the system . Then

(i) An equilibrium point (Z,y) is said to be stable if for any € > 0 there is
0 > 0 such that for initial point (¢, yo) for which

” (ja g) - ($ano)H < 67
the iterates (zn, yn) of (o, yo) satisty |(Z,9) — (@n, yn)| < € for alln > 0
(where | - || is Euclidean norm in R?).
(ii) An equilibrium point (Z,9) is said to be unstable if it is not stable.
(iii) An equilibrium point (Z, ) is said to be asymptotically stable if there
exists 7 > 0 such that (z,,y,) — (Z,7) as n — oo for all (zg,yp) that
satisfies:
1(Z,9) = (@nyn)| <7
(iv) An equilibrium point (Z,7) is called a global attractor if (z,,yn) —
(Z,9) as n — 0.
(v) An equilibrium point (Z, ) is called asymptotic global attractor if it is
a global attractor and stable.

DEFINITION 3. A solution {(zy,y,)} of system ({2)) is bounded and persists
if there exist §; > 0 and do > 0 such that x, > é; and y,, < d5 for all n > 0.

THEOREM 1. If both roots of characteristic equation have absolute value
less than one, then the equilibrium (Z,y) of system is locally asymptoti-
cally stable. Moreover, if at least one root of equation has absolute value
greater than one, then (Z,7) is unstable. The equilibrium point (Z,7) of sys-
tem (2) is a saddle point if equation has roots both inside and outside the
unit disk.

3. Main results

In this section, we investigate the dynamical properties of system
under the conditions that all parameters in the system are positive and
the initial conditions are nonnegative real numbers.

Let F(z,y) = 5154, G(z,y) = efi’% and (Z,y) be an equilibrium point
of system . Then F(Z,9) = Z and G(Z,y) = y which implies that

- j . dj —e  b(d—

T = bfég and § = e+?”5:' Hence, O = (0,0) and E = (%,%)

be two equilibrium points of system . Moreover, (%—i(x, Y), %—5(@@) =
— oG oG _ —df d

(07 Gre T bfcy> and (%(xvy%@(%y)) = ((Hfﬁ)% e+f;£)’

THEOREM 2. The following statements are true:

(i) The equilibrium point O is locally asymptotically stable if d < e.
(ii) The equilibrium point O is unstable if d > e.
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(iii) Assume that e < d, then the equilibrium point E is locally asymptotically
stable if:
(1) A < 0.5 such that A is real valued,
(2) and 0.5 + A| < 1 such that A is compler valued, where A =

d2—2cde—adf +aef
0.25 + € Cdea ael

Proof. (i) The linearized equation of system (/1)) about the equilibrium O is

g o) -G D0

The roots of characteristic equation of the system about O are given by
A =0<1and A\ = ¢ < 1. Hence, proof of (i) follows from Theorem .
The proof of (ii) is similar and is omitted.
(iii) The linearized equation of system (1)) about the equilibrium E is

; PTAN 0 % ,
( ) B bf(e—=d) 1 ’
Ynt1 cd(e—d)+adf Yn

The roots of characteristic equation of the system @ about E are given by
M =05—Aand Ay = 0.5+ A, where A = \/0.25 4 o2=2cde—adftae] o

Q| e

Theorem [l F is locally asymptotically stable if [A\;| <1 an((lidf|/\2| <1,1ie.,
(7) 05— Al <1,

and

(8) 0.5+ A < 1.

Since [A1| < |A2, so it is sufficient to prove that |A2| < 1. Now there are two
cases:

Case(1) If A is real valued then A > 0, therefore is satisfied only if
A < 0.5.

Case(2) If A is an imaginary number then F is asymptotically stable if
‘0.5 + A‘ <1l =

THEOREM 3. Let a < b and d < e, then the equilibrium point O s globally
asymptotically stable.

Proof. From Theorem [2] the equilibrium point O is locally asymptotically
stable. Let {(xn,yn)} be a solution of system with initial conditions
20,90 € (0,00) and a < b, d < e . It suffices to prove that:

lim x, =0, lim y, = 0.
n—o0 n—ao0

Since
ayn a

< —Yn-
b+ cyn by"

Tntl =
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It follows that:

< — < — < | = i < = < | = ’ < | - !
1 byOa 2 byl b Yo, T3 byQ b Yo, s 4n b Yo

Similarly,

_ dyn _ d
Yn+1 = e—l—fxn eyn-

It follows that:

d d d\ > d d\? d\"
N <-Y, 2<-n<\|—-) %, y3<-"Y2<\{—] Y, - - Yn<|—-] Y.
e e & e e (&

Hence,
lim z, =0, lim y, =0. =m
n—o0 n—ao
THEOREM 4. Assume that f = 0 and xg,yo € (0,00) in system . Then
the following hold true:
(i) [f% <1 then x, — 0 and y, — 0 as n — 0.
(il) If ¢ > 1 then z, — 2 and y, — o0 as n — o0.
Proof. Let f = 0 then system becomes:
alYn d
ma Yn+1 = gyw
Solution of system @D is given by:

a(2)"Lyq (d)
T a1 s YUn =1\ — Yo-

bty e

(9) Tp41 =

It is easy to see that:
If g < 1 then x, — 0 and y, — 0 as n — 00. Moreover,

ifg>1thenxn—>%andyn—>ooasn—>oo. "
THEOREM 5. The system has no prime period-two solutions.

Proof. System can be reduced to the following second-order difference

equation:
dyn (b + cyn—1)

10 Yn+1 = .

( ) " 6(() + cyn—l) + afyn—l
Now it is sufficient to prove that the equation has no prime period-two
solutions. Assume that this is not true for equation , that is, that

P:a:p,q,- -5 (p# q)
is a prime period-two solution of equation . Then one has:
dq(b + cp) dp(b + cq)

- e(b+cp) +afp’ 1= e(b+cq) +afq
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This implies that
p(e(b+cp) +afp) = dg(b+ cp), q(e(b+cq) +afq) = dp(b+ cq).
By subtraction, we obtain
(p— @)lbe +bd + (c+ af)(p + q)] = 0,

and this implies that p = ¢, which is a contradiction. =

THEOREM 6. Assume that xg =yo=h andd =a, e =0, f = c, then the
a™(a—b)h
a—b)+c(an—b")

solution of system 18 Ty, = Yn = B ,n=0,1,....

Proof. Let d = a, e = b, f = ¢ then system is given by:

aYn aYn
Tp+1 = m, Yn+1 = b+CSL‘n7 77,:0,1,....
For x¢g = yop = h, one has:
ah ah
Ty = m, Y1 = ma
B a’h B a’h
TR et T v clat b
a’h a’h
BB (@ +ab+00n BT B+ c(a® + ab+ bR
For any n = k € N, suppose that:
akn
k= = (@t a2 4 -+ )
Then from z,,1 = bi@(’:;n and y,11 = bi?:gn’ one has:
ak-i—lh

Tyl = = :
N R P s SR 1} A
REMARK 1. To find the general solution of system is an open problem.

4. Examples

In order to verify our theoretical results and to support our theoretical
discussions, we consider in this section several interesting numerical exam-
ples. These examples represent different types of qualitative behavior of
solutions to the system of nonlinear difference equations . We consider
some numerical examples to discuss their stability points with the plots.

EXAMPLE 1. Let a = 035, b = 2, ¢ = 0.3, d = 0.4, e = 0.25, f =
0.6, zo0 = 0.1, yo = 1 in system . In this case e < d and A =

\/0.25 4 edi=2ede—adftacl _ () 91128856368212861. Moreover, |0.5 + A| =

if
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[ i)
1.5+
10+
0.5k
I i)
-[’...-._.ln...|||..||||.|.||||.
10 20 30 40 A0

. 0.35 0.4
Fig. 1. Plot of system z,4+1 = 2+O‘§‘;n7 Ynt1 = Wg%zn

0.5428101483418092 < 1 and (%,%) = (0.25,1.81818) is an equi-
librium point of system . Figure shows that the equilibrium point E

is locally asymptotically stable.

EXAMPLE 2. Let a = 0.5, b = 0.03, ¢ = 0.2, d = 0.5, e = 0.1, f =
0.2, zo0 = 0.1, y9 = 04 in system . In this case e < d and
A = \/0.25—1— cd?—2cde—adf+aef _ ()3 Noreover, A = 0.3 € (0,0.5) and

adf
%, %) = (2,0.6) is an equilibrium point of system . Figure 1'
shows that the equilibrium point E is locally asymptotically stable.

anf

[ )
15}
10f

L i)

0w w w1
0.5y 0.5yn

Fig. 2. Plot of system x,4+1 = 003105y Yn+l = Gito%m,
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EXAMPLE 3. Let a = 0.85, b = 0.03, ¢ = 0.2, d = 045, e = 0.05, f =
0.09, zg = 0.01, yo = 0.004 in system . In this case e < d but A =

\/0.25 + ebzedecadfracl _ (539136 > 0.5. Hence, (ii) of Theoremshows
that the equilibrium point E is unstable. Figure shows the unstability

of .

as b

[ ¥
a0 [
15F
wlk

[ k)
5k

| an 0 40 a0
0.85yn 0.45yp

Flg. 3. Plot Of SyStem Tn4+1 = m, Yn+1 = m

EXAMPLE 4. Let a = 0.47, b = 1.63, ¢ = 1.52, d = 0.54, e = 0.55, f =
0.8, g = 0.001, yo = 0.002 in system . In this case d < e. Hence, O is a
stable equilibrium point. Figure shows the stability of O.

0.00020
0.00015
0.00010

0.00005

11] 100 150 00 250 300

0.47yn 0.54yn

Fig. 4. Plot of system x,+1 = TesTTesy Yntl = 5Bstoba,
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EXAMPLE 5. Let a = 1, b = 2, ¢ = 3, d = 4, e = 399, f =
6, g = 0.001, yo = 0.002 in system . In this case e < d and A =
\/0.25  eb=2edecadfracl — () 497506. Moreover, A = 0.497506 € (0,0.5)

and (d% M) — (000166667, 0.00335008) is an equilibrium point of

’af+ce—cd
system . Figure shows that the equilibrium point F is locally asymp-
totically stable.

[ ¥t
00030
00025
0.0020
[ k)
oonls
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L 1
1000 2000 2000 4000 5000

: — _Yn _ 4yn
Fig. 5. Plot of system zp41 = 513570 Yntl = 3a576mn

EXAMPLE 6. Let a = 0.5, b = 1.1, ¢ = 13, d = 0.018, e = 0.0001, f =
14, z9 = 0.001, yo = 0.002 in system . In this case e < d and A

\/0.25 f eszedeoadiracl _ () 8434371759895752.. Moreover, [0.5 + A

i)

i)

200 400

00

0.018yy,

. _ 0.5yn —
Fig. 6. Plot of system xp41 = o135, Yntl = Goc0itiies
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0.9805030697765661 < 1 and (% %) = (0.00127857, 0.00290958))

is an equilibrium point of system . Figure @ shows that the equilibrium
point E is locally asymptotically stable. In this case the parametric plot
of the system x,1 = Mof—fg%, Yn+l = % with initial conditions

zo = 0.001, yo = 0.002 is shown in Figure (7).

! 0.0012 00014 00016 00012

0.018yy,

: . _ 0.5yn _ _ 0.018yn
Fig. 7. Parametric plot of system zp4+1 = Tit+139,° Ynt1 = 50001+ 147,

References
[1] C. Cinar, On the positive solutions of the difference equation system Tp41 = y%;
Yn+1 = —22— Appl. Math. Comput. 158 (2004), 303-305.

Tn—1Yn—1

[2] S. Stevié, On some solvable systems of difference equations, Appl. Math. Comput. 218
(2012), 5010-5018.

[3] S. Stevié, On a third-order system of difference equations Appl. Math. Comput. 218
(2012), 7649-7654.

[4] 1. Bajo, E. Liz, Global behaviour of a second-order nonlinear difference equation, J.
Difference Equ. Appl. 17(10) (2011), 1471-1486.

[5] S. Kalabusi¢, M. R. S. Kulenovi¢, E. Pilav, Dynamics of a two-dimensional system of
rational difference equations of Leslie-Gower type, Adv. Differential Equations (2011).
doi:10.1186/1687-1847-2011-29

[6] A. S. Kurbanli, On the behavior of solutions of the system of rational difference
equations Tn41 = %, Yntl = %, Znt1 = ﬁ, Discrete Dyn. Nat. Soc.
2011, ID: 932362, 12 pages.

[7] A.S. Kurbanli, C. Qinar, I. Yal¢inkaya, On the behavior of positive solutions of the
system of rational difference equations rny+1 = ﬁ, Yntl = %, Math.
Comput. Modelling 53 (2011), 1261-1267.

[8] E. M. Elabbasy, H. El-Metwally, E. M. Elsayed, On the solutions of a class of difference
equations systems, Demonstratio Math. 41(1) (2008), 109-122.



On a system of rational difference equation 335

[9] N. Touafek, E. M. Elsayed, On the solutions of systems of rational difference equations,
Math. Comput. Modelling 55 (2012), 1987-1997.
[10] N. Touafek, E. M. Elsayed, On the periodicity of some systems of nonlinear difference
equations, Bull. Math. Soc. Sci. Math. Roumanie 2 (2012), 217-224.

Q. Din

DEPARTMENT OF MATHEMATICS

THE UNIVERSITY OF AZAD JAMMU AND KASHMIR MUZAFFARABAD
PAKISTAN

E-mail: qamardindin@yahoo.com

Received April 3, 2012.
Communicated by A. Fryszkowsksi.



