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ON TOTALLY CONTACT UMBILICAL CONTACT
CR-LIGHTLIKE SUBMANIFOLDS OF INDEFINITE
SASAKIAN MANIFOLDS

Abstract. After brief introduction, we prove that a totally contact umbilical CR-
lightlike submanifold is totally contact geodesic. We obtain a necessary and sufficient
condition for a C'R-lightlike submanifold to be an anti-invariant submanifold. Finally, we
characterize a contact CR-lightlike submanifold of indefinite Sasakian manifold to be a
contact CR-lightlike product.

1. Introduction

Cauchy-Riemann (CR)-submanifolds of Kaehlerian manifolds with Rie-
mannian metric were introduced by Bejancu [2] and further studied by [3]-[6]
and many more. Then contact CR-~submanifolds of Sasakian manifolds with
definite metric were introduced and studied by Yano and Kon [13, 14]|. Re-
cently, Duggal and Sahin [8] introduced the theory of contact CR-lightlike
submanifolds of indefinite Sasakian manifolds. Since significant applications
of the contact geometry (Maclane [11], Nazaikinskii et al. [12], Arnol’d [I])
and very limited information available on its lightlike case, motivated us to
extend this theory.

2. Lightlike submanifolds

We recall notations and fundamental equations for lightlike submanifolds,
which are due to the book [7] by Duggal and Bejancu.

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of
constant index ¢ such that m,n > 1,1 < ¢ <m+n—1and (M,g) be an
m-dimensional submanifold of M and g be the induced metric of g on M. If
g is degenerate on the tangent bundle T'M of M then M is called a lightlike
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submanifold of M. For a degenerate metric g on M,
(2.1) TM*' = U{ue T,M : G(u,v) =0, Yve T,M, z e M}

is a degenerate n-dimensional subspace of T, M. Thus both T, M and T,,M 1
are degenerate orthogonal subspaces but no longer complementary. In this
case, there exists a subspace Rad T, M = T, M ~ T, M+ which is known as
radical (null) subspace. If the mapping

(2.2) RadTM : x € M — RadT,M,

defines a smooth distribution on M of rank r > 0 then the submanifold M
of M is called an r-lightlike submanifold, and RadT M is called the radical
distribution on M.

Let S(T'M) be a screen distribution which is a semi-Riemannian comple-
mentary distribution of Rad(T'M) in T M, that is

(2.3) TM = RadTMLS(TM),

and S(TM*') is a complementary vector subbundle to RadTM in TM*.
Let tr(T'M) and ltr(TM) be complementary (but not orthogonal) vector
bundles to TM in TM |y and to RadTM in S(TM+)+, respectively. Then,
we have

(2.4) tr(TM) = ltr(TM)LS(TM?),
(2.5) TM|y =TM @tr(TM)
= (Rad TM @ Itr(TM))LS(TM)LS(TM?1).

Let u be a local coordinate neighborhood of M and consider the local
quasi-orthonormal fields of frames of M along M, on w as {{1, ..., &, Wiy,
ce s Wy N1y oo o Ny X1y -y X}, where {&9, ..., &}, {Ny, ..., N} are lo-
cal lightlike bases of I'(RadTM|,), I'(itr(T'M)|,) and {Wyiq,..., Wy},
{X;41,-..,Xm} are local orthonormal bases of I'(S(TM%)|,) and
I'(S(T'M)|y), respectively. For this quasi-orthonormal fields of frames, we
have

THEOREM 2.1. [7] Let (M,g,S(TM),S(TM™)) be an r-lightlike subman-

ifold of a semi-Riemannian manifold (M,g). Then there exists a comple-
mentary vector bundle ltr(TM) of RadTM in S(TM*Y)* and a basis of
L(Itr(TM)|y) consisting of smooth section {N;} of S(TM*)*|,, where u is
a coordinate neighborhood of M, such that

(2.6) g(Ni, &) = 6ij,  g(Ni, N;) =0,

where {&1,...,&} is a lightlike basis of T'(Rad(TM)).

Let V be the Levi-Civita connection on M. Then according to the
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decomposition , the Gauss and Weingarten formulas are given by

(2.7) VxY =VxY +h(X,Y),VX,Y e I(TM),

(2.8) VxU = —AyX + VU VX e T(TM),U e I(tr(TM)),

where {VxY, Ay X} and {h(X,Y), VxU} belong to T'(T M) and T'(tr(TM)),
respectively. Here V is a torsion-free linear connection on M, h is a symmet-

ric bilinear form on I'(T'M), called as the second fundamental form. Ay is
a linear operator on M, called as shape operator.

According to (2.4), considering the projection morphisms L and S of
tr(TM) on ltr(TM) and S(T M), respectively, (2.7) and (2.8) become

(2.9) VxY = VxY +hl(X,Y) + h*(X,Y),
(2.10) VxU = —AyX + DU + DU,
where, we put h/(X,Y) = L(h(X,Y)),h*(X,Y) = S(h(X,Y)),D,LU =
L(VxU), DXU = S(VxU).
As h! and h* are T'(itr(TM))-valued and T'(S(TM™))-valued, respec-

tively, therefore they are called the lightlike second fundamental form and
the screen second fundamental form on M. In particular,

(2.11) VxN = —AyX + V4N + D*(X, N),

(2.12) VxW = —AwX + V5 W + DY(X, W),

where X € I'(TM), N e T'(itr(TM)) and W e T'(S(TM™)).
Using ([2.4)—(2.5) and 7, we obtain

(2.13) g(h*(X,Y),W) + g(Y, D'(X, W)) = g(Aw X, Y),
(2.14) g (X,Y),8) + g(V, I (X, €)) + g(V, Vx€) = 0,
(2.15) G(ANX,N") + g(N, Ay X) =0,
(2.16) G(ANX,PY) = g(N,VxPY),

for any & € T'(RadT M), W € T'(S(TM™)) and N, N’ € T'(itr(TM)). P is a
projection of TM on S(TM).
Now, we consider the decomposition (2.3), we can write

(2.17) VxPY = V%PY + h*(X, PY),
(2.18) Vxé = —AIX + V¥,

for any X,Y € I'(TM) and ¢ € T'(RadTM), where {V%PY, Af X} and
{h*(X, PY),Vi¢} belong to I'(S(TM)) and T'(RadTM), respectively.
Here V* and V%! are linear connections on S(T'M) and Rad T'M, respec-



On totally contact umbilical contact C R-lightlike submanifolds 173

tively. By using (2.9)—(2.10)) and (2.17)—(2.18)), we obtain
(2.19) g(h'(X, PY),€) = g(A{X, PY),

An odd-dimensional semi-Riemannian manifold (M, §) is called a contact
metric manifold [10], if there are a (1, 1) tensor field ¢, a vector field V and
a one form 7 satisfying

(2.21) 9(¢X,9Y) = g(X,Y) —en(X)n(Y),  g(V.V)=¢,
(2.22) P*X = —X +n(X)V,
(2.23) g X, V)=en(X), e=+l1.

It follows that ¢V =0, no¢ =0, n(V) = ¢, where V is called characteristic
vector field and (¢, V,7,g) is called contact metric structure of M and M is
called contact manifold.

If dn(X,Y) = g(¢X,Y) then M is said to have contact metric structure
(¢,V.n,9). If Ny +dn®V = 0, where Ny is the Nijenhuis tensor field then
M is called an indefinite Sasakian manifold, for which we have

(2.24) VxV = ¢X,
(2.25) (Vx@)Y = —g(X,Y)V + en(Y)X.

3. Contact C'R-lightlike submanifolds

DEFINITION 3.1. [8] Let (M, g, S(TM),S(TM*')) be a lightlike subman-
ifold, tangent to the structure vector field V, immersed in an indefinite
Sasakian manifold (M,g). Then M is said to be a contact CR-lightlike
submanifold of M if the following conditions are satisfied:

(A) Rad T M is a distribution on M such that Rad TM n ¢(Rad T M) = {0}.

(B) There exist vector bundles Dy and D’ over M such that

(3.1) S(TM) = {¢(RadTM)® D'} LDy L{V},

(32) ¢Dg = Do,  ¢(D') = L1 Litr(TM),

where Dy is non degenerate and L; is a vector subbundle of S(TM™).
Therefore

(3.3) TM =D®{V}®D', D=RadTMLp(RadTM)LD,.

A contact CR-lightlike submanifold is proper if Dy # {0} and Ly # {0}. If

Dy = {0} then M is said to be anti-invariant lightlike submanifold.

EXAMPLE 3.1. [8] Let M be a lightlike hypersurface of M. For & €
I'(RadTM), we have g(¢&,&) = 0, this implies ¢§ € T'(T'M) and we have
a rank-1 distribution ¢(TM=*) on M such that ¢(TM*) n TM+ = {0}.
This implies that ¢(T'M*) is a vector subbundle of S(T'M). Since for any
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N e T(itr(TM)), g(¢N,€&) = —g(N,¢€) = 0 and g(¢N, N) = 0, therefore
#N e T'(S(TM)). Taking D' = ¢(tr(TM)), we obtain S(TM) = {$(TM)®
D'} 1Dy, where Dy is a non degenerate distribution and ¢(D’) = tr(TM).
Hence, M is a contact C R-lightlike hypersurface.

Denote the orthogonal complement subbundle to L; in S(TM1') by Lll,
therefore

(3.4) ¢X = fX +wX, VXeDl(TM),
where fX € I'(D), wX € I'(L; Litr(T'M)) and
(3.5) oW = BW + CW, YW e I(S(TM?1),

where BW e I'(¢L1) c T'(D'), CW e T'(Ly).
Using (2.9)), (2.10)), (3.4) and (3.5) in (2.25)) and then comparing tangen-

tial and transversal components, we have
(3.6) (Vx/f)Y = Apy X+B(h*(X,Y)+o(h'(X,Y))—g(X,Y)V+en(Y)X,

and

(3.7) (Viw)Y = C(h*(X,Y)) — h(X, fY),
where

(3.8) (Vx )Y =Vx[fY — fVxY.
(3.9) (Viw)Y = ViwY —wVxY.

DEFINITION 3.2. If the second fundamental form h of a submanifold, tan-
gent to structure vector field V', of an indefinite Sasakian manifold M is of
the form

(3.10) A(X,Y) = {g(X,Y) = n(X)n(Y)}a + n(X)h(Y, V) +n(Y)h(X, V),

for any X,Y € T'(T'M), where « is a vector field transversal to M, then M
is called totally contact umbilical and totally contact geodesic if a = 0.
For a totaly contact umbilical M, we have

(3.11) WX, Y) = {g(X,Y) = n(X)n(Y)}y
+n(X)RHY, V) + ()R (X, V),
(3.12) P (X,Y) = {g(X,Y) = n(X)n(Y)}as

+0(X)R*(Y, V) +n(Y)h*(X, V).
THEOREM 3.1. Let M be a totally contact umbilical proper contact CR-

lightlike submanifold of an indefinite Sasakian manifold M and screen distri-

bution be totally geodesic in M. Then Vx¢X = ¢Vx X, for any X € T'(Dy).
Proof. From (3.7) and (3.9), we have ViwY — wVxY = C(h%(X,Y)) —
h(X, fY). Let X € I'(Dp) then ¢X = fX and wX = 0 therefore ViwX —
wVxX = C(h¥(X,X)) — h(X, fX) becomes —wVxX = C(h*(X, X)) —
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h(X,$X). Since M is totally contact umbilical then using (3.10)), we have
—wVxX = C(h*(X, X)) — {9(X,pX)}a, or wVxX + C(h*(X,X)) = 0.

Hence
(3.13) VxX el'(D), hr*X,X)eI'(L).

Since D=Rad TM L ¢(Rad T M) LDy therefore Vx X € Dy, Vx X eRad(TM)
or VxX € ¢(Rad(TM)). Let N € Rad(T'M) therefore using and
2.20), we have g(VxX,N) = —g(X,VxN) = g(h*(X,X),N). Also using
2.21)) and (2.25)), we have g(Vx X, dN)=—g(X,pVxN)=g(h*(¢X, X), N).
Since screen distribution is totally geodesic in M therefore Vx X € Dy.

Let X,Y € I'(Dg) then g(Vx¢X,Y) = g(VxoX,Y) = g(¢VxX —
(X, X)V + en(X)X,Y) = g(¢VxX,Y), by using and n(X) = 0.
Using and , we have

9(VxoX,Y) = =g(Vx X, 0Y) = —g(Vx X, 9Y) = g(¢Vx X,Y)

then non degeneracy of Dy, gives the result. m

LEMMA 3.1. [8] Let M be a totally contact umbilical proper contact CR-
lightlike submanifold of an indefinite Sasakian manifold M. Then a; = 0.

THEOREM 3.2. Let M be a totally contact umbilical proper contact CR-
lightlike submanifold of an indefinite Sasakian manifold M and screen dis-
tribution be totally geodesic in M. Then M is a totally contact geodesic.

Proof. For W e I'(S(TM*')) and X € I'(Dy), using (2.25), (3.13) and

Theorem 3.1, we have
(3.14) g(¢VxX,oW) = g(VxoX + g(X, X)V,oW) = g(Vx X, ¢W)

(
(VxoX + h*(X, $X), BW + CW)
(
(

Il
QI

VxoX, oW) + g(h*(X, 9X), CW)
g(@Vx X, oW) + g(X, ¢ X)g(as, CW)
=g(VxX,W)=0.

But, using (2.21)), (3.12)) and (3.13)), we have
(3.15) g(oVxX,oW) = g(Vx X, W) = g(VxX, W) + g(h*(X, X), W)
= g(h*(X, X), W) = g(X, X)g(as, W),
therefore from ([3.14)) and (3.15]), we have g(X, X)g(as, W) = 0 then non de-

generacy of Dy and S(T M) implies that ay = 0. Using this with Lemma 3.1,
we get the result. m

THEOREM 3.3. [8] Let M be a contact CR-lightlike submanifold of an in-
definite Sasakian manifold M. Then D @ {V'} is integrable if and only if
h(X,9Y) = h(¢X,Y), for any X, Y e (D ®{V}).

I
Q|




176 M. Gogna, R. Kumar, R. K. Nagaich

THEOREM 3.4. Let M be a contact CR-lightlike submanifold of an indefinite
Sasakian manifold M. Then D' is integrable if and only if ApzW = Ayw Z,
for any W, Z e T(D’).

Proof. From and , for W, Z e T'(D'), we have — fV ;W = A,wZ+
Bh¥(Z, W)+ ¢h'(Z,W)—g(Z,W)V. Then we obtain —f[Z, W| = Ayw Z —
AwzW , which completes the proof. =

LEMMA 3.2. For Y e I'(D’) and Z € T'(D), we have
9(VxY,Z) = g(fAwy X, Z).

Proof. Using (3.6)), we have Vx fY — fVxY = A,y X + B(h*(X,Y)) +
(W (X, Y)) — g(X,Y)V + en(Y)X. Let Y € I(D') then ¢Y = wY, fY = 0,
therefore we have fVxY = —A,y X—B(h*(X,Y))—¢(h(X,Y))+g(X,Y)V.
Let Z € T'(D) then ¢Z € D, therefore g(fVxY,¢Z) = —g(Awy X, 0Z) —
g(B(h*(X,Y)),02)—g(¢(h'(X,Y),02Z)+9(X,Y)g(V, $Z) = —g(Auwy X, $2).
Using (2.21)), we get g(VxY,Z) — en(VxY)n(Z) = —g(Awy X, ¢Z), this
implies g(VxY,Z) = g(fAwy X, Z). Hence the result follows. =

Next, for any A € I'(¢tr(T'M)), we put
(3.16) O = P+ F),

where PX and F')\ are tangential and transversal components of ¢\, respec-

tively. Using (2.22)), we get

(3.17) fP=—-I—-Pw+nQV,
(3.18) wf + Fw =0,
(3.19) F?= T —wP,
(3.20) fP + PF =0.

Clearly, if M is tangent to structure vector field V', then it is a C R-submani-
fold if and only if one of the following conditions is satisfied [9]:

(3.21) (i) wF =0, (i) Fw=0, (i) fP=0, (iv)PF=0.

THEOREM 3.5. Let M be a contact CR-lightlike submanifold of an indef-
wnite Sasakian manifold M. Then f is parallel if and only if M is an anti-
mvariant submanifold.

Proof. Put Y = V in (B.6). We get (Vxf)V = AyvX + P(h(X,V)) —
g(X, V)V + en(V)X, since ¢V = 0 hence wV = 0 = fV. Therefore
(Vxf)V = X —en(X)V + P(h(X,V)). Let f be parallel then we have
X —en(X)V + P(h(X,V)) = 0, applying f to this equation then using
, we get fX = 0, hence M is an anti-invariant submanifold. Converse
is trivial from . .
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THEOREM 3.6. Let M be a contact CR-lightlike submanifold of an indefi-
nite Sasakian manifold M. Then D@®{V'} defines totally geodesic foliation in
M if and only if K{(X,¢Y) = 0, Bh*(X,¢Y) = 0, for any X,Y e D@ {V}.

Proof. Clearly D@ {V} defines a totally geodesic foliation in M if and only
f VxY eT(D®{V}), forany X, Y € D®{V}. Since D' = ¢(Ly Litr(TM)),
therefore VxY e I'(D @ {V'}) if and only if

(3.22) g(VXY, gﬁWz) =0, i€ {1, .. .,8},
and
(323) g(vaa d)gj) = 07 ] € {17 s ,T},

where {Ny, No, ..., N,} is a basis of I'(ltr(T'M)) with respect to the basis
{&1,&, ..., & of I(Rad(T'M)) and {W, Wa, ..., Ws}isabasisof I'(Ly). Us-
ing ([2.9), (2.21), and (2.25), we have g(VxY,¢W;) = —g(Vx oY, W;)
= _g(h’s(Xv ¢Y)a Wz) N g_](VXY, (bfj) = _g(hl(X7 ¢Y)7£J)
Hence the assertion follows. m

THEOREM 3.7. [5] A CR-submanifold of a Kaehler manifold M is a CR-
product if and only if P is parallel, that is, VP = 0, where JX = PX + FX.

Now, we give the characterization of contact C'R-lightlike product of an
indefinite Sasakian manifold.

DEFINITION 3.3. A contact C'R-lightlike submanifold M of an indefinite
Sasakian manifold M is called contact C R-lightlike product if both the dis-
tributions D @ {V'} and D’ define totally geodesic foliation in M.

THEOREM 3.8. Let M be a contact CR-lightlike submanifold of an indef-
inite Sasakian manifold M. If f is parallel, that is, Vf = 0 then M is a
contact C R-lightlike product.

Proof. Let X,Y € I'(D’) then (Vx f)Y = 0 implies that Vyx fY — fVxY
= 0. Since Y € I'(D’), therefore fY = 0, hence fVxY =0, VX,Y € I'(D’),
this implies that the distribution D’ defines a totally geodesic foliation in M.

Let X,Y € D@®{V}, then wY = 0 and using (3.6)), we obtain (Vx f)Y =
B(R*(X,Y)) + ¢(h{(X,Y)) — g(X,Y)V + en(Y)X. Taking into account
that f is parallel, we get B(h*(X,Y)) + ¢(hL(X,Y)) — g(X,Y)V + en(Y) X
= 0. Comparing the transversal components, we get B(h*(X,Y)) = 0 and
h'(X,Y) = 0. Hence, the distribution D @ {V'} defines a totally geodesic
foliation in M. Consequently, M is a contact C R-lightlike product of an
indefinite Sasakian manifold.
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