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WHEN CLOSED MAPS ARE PROPER OR CONTINUOUS

It is frequently of intersst in applications to know that
a given proper map is closed, or that a closed map is proper.
It 18 known (see [1], [5]) that if B and F are Hausdorff spa-
ces, F a First countable space or a locally compact space and
f:8 —» F is continuous and oroper, then f is closed. Also it
is known (see [1]) that if & and F are Hausdorff spaces,

f:E & F is closed and for severy ye F, f'1(y) is compaoct,
then f is proper. We shall use this theorem to find conditions
for a closed map to become a proper map.

%e shall also find conditions for a closed map f:8 -+ P,
where E is of the second Baire category, to become continucns
on B, with the poesible exception of a set of the first Baire
category in E.

Throughout this paper, & and F will be Hausdorff spaces.
Theorea 1. Let E be a normal space such that
svery sequentially compact set from B is compact, F be a first
sountable space or a locally compact space, £:E -» F closed
suoch that for every xe¢ 3, V.e V(f(x)) and Qe Vi(x), £(Q)nV ¢

# {f(x)}. Then f is proper.

Proof. Supposs that there exists y ¢ F such that
f"(y) is not compact, Then we can f}nd x; such that x; # xg
for 1 # j, f(xi) =33 1eN, and {xi}ieN = . We take Vne'V(y),
Vn+1c Vn a countable base of y if F is a first countable spa-
cae and Vn = W, where We V(y) ia relatively compact if F is
a locally compact space, Choose Q; € V(x;) such that airmaj =f

- 229 -



2 Ms Cristea

ror 1 # j. Denote K = {x_} . Let H = Pr ifj Q;. Since K is
=1
closed, H is closed and KnH = ¢4, we can find U, V open such

that K cU, H cV and UnV = ¢, Then for every sequence
I,cUNnQp, {yn}lneN #. We can find z,¢ UnQ, such that
flz)evy,, tleg) # I(zj) tor 1 # § and f(2,) # y for neVN,
Denote A = {z tneN and'remark that A is closed. If F is a
first countable space, f(z ) -» y, herce y¢ f(A) \ £(a), If F

is locally coapact, then f(zn)e W, hence we can find ze¢ W
and znk a subsequence of z, such that f(z ) =+ z and

f(z ) ¥ 2 for every ke N, If we denote B = { nk} o’ then B
is closed and z ef(B)\ f(B). We obtained a contradiction,
hence £ is a proper map, g.e.d.

Corollary T Let E be a metric space, F a first
countable space, or s locally compact space, f:E —»F a closed,
continuous map such that for every open set Qc B, card f£(Q)> 2
Then f is proper.

Corollary 2. Let E be a locally connectsd,
metric space, F a first countable regular space or a locally
compact space, f:E — F closed such that f carries connected
sets into connected sets and such that for every open set
G cEB, cardf(Q)> 2. Then f is proper.

Proof. Let xe 5, G eV(x) connected and Ve V(f(x)).
Then either f£{G) cV or £(Q) nPFrV # ¢#.

Corollary 3. Let E and F be n dimensional
manifolds, E a mstric space, f:E —» F continuous, closed,
open or light. Then f is proper.

Theorem 2, Let BE bs a metrisable, connected,
infini.e dimensional Frechet manifold, f:5 —» F continuous
and closed. Then f is either a proper map or is the constant
map.

Proof. Supposs thaet f is not constant and let ye F
and 4 = f'1(y) ¥ ¥. Since E is connected, FraA # ¢. Then Fra
is compact, since, by the same argument as in Theorem 1, we
cannot find x ¢ Frd, x; # x; for 1 # 3 and { }neN g, If
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intA = ¢, it results that f'1(y) is compact, If inta # ¢,

we ses that E \FrA is nowhere disconnecting (see [4]), hence
B \ FrA is connected and IntFrA = ¢, Then f is constant on

E \ FrA, hence on B, which represents a eontradiction, and the
theorem is proved.

Theorem 3., Let ny2 and £:R% —» R be continuous
and closed. Then either f is s proper map, or there exists
r> 0 such that £ s constant on CB{(0,r).

Proof, Let yeR" and A = f'1(y)l ¢#. Then FriA is com-
pact, hence thers exists r>0 such that PrAcB(0,r). If AcB(O,r),
then A is compact. If not, there exists z ¢ IntAnCB(0,r).

Let be cB(0U,r). We can join z and b by an arc in ¢B(0,r) and
since Fra cB(0,r), it results that be inta, hence A > cB(u,r).

Theorenm 4, Let B be of the second Baire category,
F a reguler space with a countable bgse B, £f:5§ -+ F such that
for every S, ¢ B, f'1(§i) is c¢losed. Then f is continuous on B
with the possible exception of a set of the first Baire cate-
gory in B,

Proof. LetH = Pre”'(5). Since £7'(5,) s closed,
intH, = #. Let H = \J H,. Let now x e E\H be fixed and m,neN

— i=1 -1, =
such that S, <5  and Sm,SneV(f(x)). Since x ¢ intf 1(Sm), we

oan find Ue V(x) such that £(U)c §mc;sn. and since S; 1s a
base, f 13 continuous at x.

Corollary 4. Let B be of the second Baire oca~
tegory, F a locally compact space with a countable base and
f:E —» P proper, Then f is continuous on B with the possible
exception of a set of the first Baire category in E.

Corollary Se Let E be of the second Baire ca-
tegory and a first oountable space, F a locally compaot space
with a countable base and f:E —» F., Suppose that £ sasisfies
one of the following conditions:

a) The graph of £ is closed,

b) f carries compact sets into closed sets and f'1(y) is
closed for avery y ¢ F.

¢) £ carries compact sets into closed sets and for every
xe E, Qe V(x) and Ve V(f(x]}), Vn£(Q) # {£(x)}.

- 231 -



M, Cristesa

Then f is continuous on £ with the possible exception of
a set of the first Baire ocategory in 5.

Proof. Let S1 be a baae in F such that Si is com~
pact for every ieN and x e £ (Si) such that x, —» x. We
shall prove that f'1(§i) ig closed for every i¢ N, In the

firset case, f(x ) e§i, hence we can find ye:{f(xn)}nen, hence
y = £f(x) and x¢ f‘1(8 )o In the second case, suppose that
£(x ) # £(x,) for p # je Then either f£(x) = f(x ) for some
keN, or f£(x)e {f(x )} ye Indeed, {xn}nwu{x} is compact,
hence {f(x )}nGN {f(x)f is closed. Since there exists
{f(x )}neN' and we can suppose that y # f(x,) for every
ne:N, it results that y = f(x), hence xe¢ £~ 1(Si). Suppose now
that f(xp) = f(x‘1 =g for p # j. Since f'1(z) is closed, it

results that xe¢ f"(z)c f-1(§1)‘ For the third case suppose
that f(xp) = f(xj) = 3 ¢ £f(x) for p ¢ J. We can find z, e Vixy)

such that z  —» x and f(z ) # f(z ) for p # § and f£(z ) c S,

for every ne N, As before, we find that ,f(x) e {f(z )}neN’
tmmexef1WN.
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