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WHEN CLOSED MAPS ARE PROPER OR CONTINUOUS 

I t i s f r e q u e n t l y of i n t e r e s t i n a p p l i c a t i o n s t o know t h a t 
a g i v e n p r o p e r map i s c l o s e d , or t h a t a c l o s e d map i s p r o p e r . 
I t i s known ( s ee [ l ] , [5]) t h a t i f B and F a r e H a u s d o r f f s p a -
o e s , F a f i r s t c o u n t a b l e space or a l o c a l l y compact space and 
f : E F i s c o n t i n u o u s and p r o p e r , t h e n f i s c l o s e d . Also i t 
i s known ( s e e [1]) t h a t i f a and F a r e H a u s d o r f f s p a c e s , 
f : E —• F i s c l o s e d and f o r every j e P , f ~ ^ ( y ) i s compaot , 
t h e n f i s p r o p e r . We s h a l l use t h i s t heo rem t o f i n d c o n d i t i o n s 
f o r a c l o s e d map t o become a p rope r map. 

W'e s h a l l a l s o f i n d c o n d i t i o n s f o r a c l o s e d map f - * • F , 
where S i s of the second B a i r e c a t e g o r y , t o become c o n t i n u o u s 
on B, w i t h t he p o s s i b l e e x c e p t i o n of a s e t of t h e f i r s t B a i r e 
c a t e g o r y i n B. 

Throughout t h i s p a p e r , a and F w i l l be H a u s d o r f f s p a c e s . 
T h e o r e m 1. Let S be a normal space such t h a t 

«very s e q u e n t i a l l y compact s e t f rom B i s compac t , F be a f i r s t 
c o u n t a b l e space or a l o c a l l y compact s p a c e , f s B F c l o s e d 
such t h a t f o r every x e 3 , V . e V ( f ( x ) ) and Q e V ( x ) , f ( Q ) n V ^ 
t { f ( x ) } . Then f i s p r o p e r . 

P r o o f * Suppose t h a t t h e r e e x i s t s y £ F such t h a t 
f ~ 1 ( y ) i s not compact . Than we oan f i n d x i such t h a t x̂ , t x^ 
f o r i 4 3 , f ( x ± ) - y ; i e N, and { a t j i e j , - 0 . We t a k e V n c V ( y ) , 
Vfl+.j c VQ a c o u n t a b l e base of y i f F i s a f i r s t c o u n t a b l e s p a -
oe and Vn = W, where WeV(y) i s r e l a t i v e l y compact i f F i s 
a l o c a l l y compact s p a c e . Choose Q., e V ( x . ) such t h a t Q, n Q. * 0 
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ror i t j . Denote K = { * n } n e N « let H « Pr U Q^ Since K i s 
i «1 

closed, H is closed and KnH = 0v we can find U, V open such 
that Kcu, H cV and UnV = 0. Then for every sequenoe 
y n e U n Q n » {yn}'neN " ^ We c a n f i n d 2 a e U n Q a 8 U 0 b t h a t 

f ( z n ) e vQ, X(zt) i i ( z j ) ror i + j and f (z Q ) t y for n e N. 
Denote A = |zn }n eu and remark that A is closed. I f F i s a 
f i r s t countable space, f U n ) --»• y , henoe y e f (A ) \ f ( A ) . I f P 
is locally compact, then f ( z n ) e W, hence we can find ze W 
and z„ a subsequence of z„ such that f ( z „ ) —• z and 

nk n k f 1 
f ( z_ ) 4 z for every k e N. I f we denote B = Jz„ L , then B 

k I kj kcN 
is closed and z e f (B ) \ f (B ) . We obtained a contradiction, 
hence f is a proper map, q.e.d. 

C o r o l l a r y 1. Let E be a metric space, P a f i r s t 
countable space, or a locally compact space, fsB — F a closed, 
continuous map such that for every open set Q c E, card f (Q)5 2. 
Then f i s proper. 

C o r o l l a r y 2. Let E be a local ly connected, 
metric space, P a f i r s t countable regular space or a local ly 
compact space, f:E F closed 6uch that f carries connected 
sets into connected sets and such that for every open set 
Q cE, cardf(Q) £ 2. Then f i s proper. 

P r o o f . Let x e a, Q e V(x) connected and V e V ( f ( x ) ) . 
Then either f (Q) cV or f (Q) n PrV i 0. 

C o r o l l a r y 3. Let E and P be n dimensional 
manifolds., E a metric space, fsE — P continuous, closed, 
open or l ight . Then f i s proper. 

T h e o r e m 2. Let E be a metrisable, connected, 
in f in i . e dimensional Frechet manifold, f:E — F continuous 
and closed. Then f is either a proper map or is the constant 
map. 

P r o o f . Suppose that f i s not constant and let y e P 
and A « f " 1 ( y ) 4 0. Since E is connected, PrA 4 tf. Then PrA 
is compact, since, by the same argument as in Theorem 1, we 
cannot find xQ e PrA, 4 x^ for i / j and {xn }n eu = i f 
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intA = 0, it results that f~1(y) is compact. If intA t 0, 
we see that E \ FrA is nowhere disconnecting (see [4]), hence 
B \ PrA is connected and IntFrA = 0. Then f is constant on 
E \ FrA, hence on B, which represents a contradiction, and the 
theorem is proved* 

T h e o r e m 3. Let n ^ 2 and f : f l n — R n be continuous 
and closed. Then either f is a proper map, or there exists 
r > 0 such that f s constant on CB{0,r). 

P r o o f . Let yeRn and A « f ~ 1 ( y M 0. Then FrA is com-
paot, hence there exists r>0 suoh that FrAcB(0,r). If AcB(0,r)t 
then A is compact. If not, there exists z eIntAnCB(0,r). 
Let be CB(0,r). We can join z and b by an arc in CB(0,r) and 
since FrA cB(0,r), it results that be intA, hence A d cB(0,r). 

T h e o r e m 4. Let B be of the second Baire category, 
F a regular space with a countable base B, f:B F such that 
for every S ^ B, f"1(S^) is closed. Then f is continuous on B 
with the possible exception of a set of the first Baire cate-
gory in B. 

P r o o f . Le£ H^ » F r f 1 ^ ) . Since f " 1 ^ ) is closed, 
int^ = 0. Let H - LJ H^. Let now x c E \ H be fixed and m,neN 

- i=1 _ 
suoh that S^cSJJ and S m,S n e V(f(x)). Since x c intf (Sm), we 
oan find U e V(x) such that f ( U ) c S B c S , and since E^ is a 
base, f is continuous at x. 

C o r o l l a r y 4* Lot E be of the seoond Baire ca-
tegory, F a locally compact space with a countable base and 
f:S F proper. Then f is continuous on B with the possible 
exoeption of a set of the first Baire category in B. 

C o r o l l a r y 5. Let B be of the second Bait* ca-
tegory and a first countable space, F a locally compact spaoa 
with a countable base and f:B F. Suppose that f satisfies 
one of the following conditionss 

a) The graph of f is closed, 
b) f carries compact sets into closed sets and f~1(y) is 

closed for every y e F. 
o) f carries compact sets into closed sets and for every 

xe B, QE V(X) and VE V(f{x)), Vnf(Q) / {f(x)}. 
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Ihen f is continuous on a with the possible exception of 
a eet of the f i r s t Baire oategory in E. 

P r o o f . Let S^ be a base in F such that S^ is coo-
pact for every i e N and xQ e f " 1 ^ ) each that xQ —• x. We 
shal l prove that f ' ^ j S ^ ) i s closed for every i e N. In the 
f i r s t case, f ( * n ) e Sj_f henoe we can find y e j f ( * n ) } n e j j « hence 
y • f ( x ) and xe f ~ 1 ( S^ ) . In the second case, suppose that 
f ( x p ) i f ( * j ) f o r P J ¿» T h a D either f ( x ) = f (x f c ) for some 
keH , or f ( x ) e { f ( * n ) } ' n eH* I n d e 6 d » { x n } n e » u { * } i s c o m P a o t » 
henoe { f ( * n ) } n e u u { f ( x ) } olosed. Since there exists 

y e { : f ( * n ) } n e | } i *e can suppose that y 4 f ( x n ) f o r every 
s e l l , i t results that y • f ( x ) , henoe xe f ^ S ^ ) . Suppose now 
that f (Xp) « f ( x j ) = z for p / j . Since f " 1 ( z ) i s closed, i t 

results that i t f " (s For the third case suppose 
that f (Xp) » f ( x j ) - z 4 f ( x ) fo r p t j. We can find z^t V(xQ ) 
such that x and f ( e p ) 4 f ( z f o r p j and f ( z n ) e ^ 

for every n e N. As before, we find tha t^ f f x j e { f ( z n ) } n e i i > 
hence x e f " 1 ! ^ ) , 
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