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TOPOLOGIES RELATED TO SETS HAVING THE BAIRE PROPERTY

S. Schainberg :: [7| hae :-retructsd thres topologies for
the reals such that the Boral set:r gersrated by these topolo-
gles are exsctly the Lobesgue meszauratls ssts., Hore we shall
do %he ssme for sets having the Baire proep: . i;. Cur general
conmstruction of @ topology will Ba bassd upon a luwer densifty
hevipg sons additlonaml pruperties, this will s the content of
tha firmt sart In v second part we shzll gice thrse exam~
ples of lowsr donsiity isading to ithrse differsr® $opologies
which can be considered as catsgory aanslcgues of topologies
deeeribed in [7]. It sheald be mentioned that Scheinberg did
not use ire laugungs of lower density, but bie results can be
sasgily teenslaxsd, We shell ewxamipne baslic properties of all
thras toponlogies, suemas of them, which depand only on the fact
tnat the $:pvlogy la described by lower density, are presented
in part 55 ths rasi dapending on the form of the lower den=-
sity - in purx 2,

In the sequsl R will denote the real line, B - the family
of suvsets of R having the Balre propsrty, J - the G6-ideal of
sets o thoe first cutegory, N ~ the set of natural numbers,

We shall say that sets A,B ¢ B are equivalent {A~B) if and
only if AAB ¢ J, Bxcept where a topology J is specifically
mentioned, all topological notions are with respect to the na-
tural topology on R, So if 7 is some topology, then the nota-
tions J-opsn, J -Borel, J-Int, 3-C1 and so on are self explain-
ing., Recall that G is reguler open if and only if G =Int(Cl G),
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2 B. Lazarow, R.,A. Johnson, W. Wilczyriski

1. We shall ssy (after {2] and [4]) that an operation
o :® + 28 is a lower density if and only if it fulfils the
following conditions:

1. for each Ae¢ B, d(4)~ 4,

2. if 4~B, then d(4) = §(B),

3. ¥(g) = ¢, O(R) = R,

4., ®(AnB) = O(A) nO(B).
Observe that by virtue of 1.we have ®(A)e B for 4¢P, so0 in
fact & : B +»PH. also in virtue of 4. if A,BeB and AcB
then $({4)c d(B). Moreover P(P(4a)} = $(4) for 4¢P by virtue
of 1. and 2,

Suppose that § fulfils the following additional condition:

5. if A = (GAP), where G is regular open and PeJ, then

GCQ(A) CCl(G).

From 5. it immediately follows that if for some Ae B,
®(4) is nonempty, then it is of the second category. An ope-
ration ¢ fulfilling 1. - 5. will be called & category lower
density.

Let 7 = {®(A) - P : AcB, PeJ}. (Compare [2], chapter V
and [4], chapter 22).

Theorsm 1.1 J is a topology on the real line
strictly stronger than the natural topology JTcB.

Proof, To prove the fact that J is a topology
YJcB it is sufficient to show that {As t 8eS}cT and A =
= U Age Y. If M denotes the Beire kernel of A, for each s¢S

geS
there is Ns~¢ such that A c M uNg. Hence @(AS) cd(dl) so that

Mcac kJS Q(As) cd(M). By 1, M~O(M) and AeB. Since, for
8¢

each se§, 4 ¢ ®(ag) we know that 4 = US Age US @(AB)C
8¢ se

c ¢(4a). Therefore A& = ®(a) \(®(A) \A), ®(A) \ Aed and AeT.

To prove that J is stronger than the natural topology take
an open set G and observe that G = Int(Cl(G)) \ (Int{C1l(G))\G),
Int(C1(G)) \GeJ and Int(Cl{G)) is regular open. Then by 5.,
Gec Int{C1{G))c &(G),d(G) = Int(Cl{G))e T (since CL{(G) - GeJ)
and

- 180 =



A

Topologies related to sets

G =d(G)~(2(G)=G) = ¢(G)~((2(G)-Int(C1(G))) u (Int(C1(G))=G)).

Hence G is of the required form and GeJ . The set of irratio-
nals obviously belongs to topology T, so J 1is strictly stron-
ger than the natural topology.

Theorem 1.2 3’={Ae§5:Ac<I)(A)}.

Proof, The proof is essentially ths same as the
proof of Remark 2 in [5].

Here 18 another description of J: We shall say that 4 is
a T-neighbourhood of x if and only 1f x¢ 4 and there exists
a set BeB such that Bc A and xe §(B) (we do not assume that
AcB). .

Theorem 1.3, Ae¢7 1f and only if A is a T-neigh-
bourhood of each of its points,

Proof. If A¢T, then from Theorem 1.2 it immedia~
tely follows that A is a J-pneighbourhood of esach of its points.
Suppose now that A is a J=-neighbourhood of each of its points.
It suffioces to prove that A has the Bairasa property, since then
obviously Ac®(A). Let P and G be sets having the Baire pro-
perty and such that FcAcG and if P,,P,c 3, P,cA - F,

P2<:G - A, then P1.P2€ J (such sets always exlst; see for
example [11]). We show that G =~ FeJ. Take 5 = (G - F)nd(G ~F),
Then (E) = &(G ~ F) n O(P(G - F)) = G ~ F) by 1., 2. and 4.,
80 Ec O(B). For each x,¢ A, we have A is a J-~neighbourhood

of x, and there exists a set B c4A, BcB such that x,¢ 2(B).
Because EnBcEnAc(G - F)nA = A -~ F, we have EnB is of

the first category. Hence, ®(E)n &(B) = ®(EnB) = ¥, so that
x,¢ ¢(E). Hence, $(B)n 4 = ¢, so that BnA = §. Then EcG - 4,
so that E is of the first caetegory (end hence empty). Hence,

G -~ FeJ and & has the Baire property.

Theoren 1ede The T~Borel sets are precicely the
sets having the Baire property.

Proof, Since each J-open set has the Baire property,
all the JT-Borel sets have the Balre property. Conversely, if A
has the Baire property, then A= (G-P1)uP2, where G is open,
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Py,P, ¢ 1, Observe that P, is T-closed, since R-P,=&(R)- Pye’
by 3. Simultaneously, A= (Gn(R-P1))uP2.= (Gn(®(R) - By)) uB,
again by 3., so 4 is the union of a J-open and a JT-closed set,
hence it is JT-Borel,

Theorem 1.5 Eaoch J-Borel set is a T'Fﬁﬁ set.
There exists a set BeR which is not a J-G5 set.

Proof., If Aef, then 4 = EuP, where E is a G§ set
and PeJ . Hence § is Fgge Boacause T is sironger than the na-
tural topology, B is also a ‘T'Fﬁb‘ set and P is J-closed, so
it is also T~Fgge This ends the proof of the first part,

Now let B be an arbitrary countable dense set. Supposse

that there exists a sequence {Un}neN of J-open sets such that

B=[) Un‘ Then for each ne N we have U, = Q(An) - P, where
n=1
A, is a set having the Baire property and P e J. Sinpce

(I)(An) >B for each n, then from 5. it follows that Q(An) is
a residual set 'on the real line. But then ﬂ (®(a, - P,)) 18

n=1
still residual, since B is not -~ a contradiction.

So B is not T~Gg.

Reocall that ir the measure case (see again [7]) each Le~
besgue measurable set is "J-Gg".

Theorem 1.6 J is not regular,

Proof. Let Q be the set of all rational numbers,
Then 4 = ¢ - {O} is T-closed, Bvery J-neighbourhood of 4 is
residual, so O and A cannot be separated.

Theorean 1‘.7. A set AcR is J-nowhere dense
(T~ of the first category) if and only if 4e¢J . Every J-nowhere
dense set is J-closed,.

Proof, See the proof of th. 22.6 in [4]. (Compare
also [11]).

Theorenm 1.8. A set A cR has T-property of Baire
if and only if AeB.

Proof. See the proof of th. 22.7 in [4]. (Compare
again [11]).

PTheorem 1.9, 4 set GeB is J-regular open if
and only if G = ®(4) for some AecH.

- 182 -



Topologies related to sets 5

Proof. See the proof of th. 22,8 in [4].

Theorenm 1.10. 4 set AcR is T-closed and J-dis-
crete (i.e. & snbspace topology in 4 is discrete) if and only
if 4eJ.

Proof. If AedJ, then A is T-closed. If B c4A, then
BeJ so that B is also T=closed., In other words, svery subset
of 4 is JT-closed. BEquivalently, A is J~closed and J-disorete.

Now suppose that A cR is J-closed and J-discrete. That is,
suppose that every subset of A is JT-closed. From thse assump-
tion it follows that R - 4 is T-open, so by virtue of Theo-
rem 1.2 R -~ Ac®H(R - &), Let B = R = §(R - A), Clearly BcaA,
We shall show that B = ¢, Assume otherwise that B # ¢ and
choose X, € B and let C = B = {xo}. Then C ~B, so that $(R~-C) =
= §{R -~ B) = R - B, the last equality follows from the defi-
nition of B, But C cA, hence C is T~closed, so R -~ C is J-open
and R = Ccd(R - C) = R - B, Hence BcC which gives a contra-
diction., Therefore B = ¢ and ®(R - A) = R, Then R -~ A~d(R-4)=
= R, so that AeJ,

Theorem 1.1, AcR is a regular subspace of
(R,T) if and only if A is of the first category.

Proof. Suppose that A is of the first category.
Then A is a J-disorete subspace, so all separation axioms asre
fulfilled.

Suppose now A is not of the first category. We shall show
that A is not a regular subspace of (R,Y). From the fact that
A¢J it follows that there exists an interval (a,b) such that
for each subinterval (c¢,d) the intersection An{c,d) is not
of the first category. Take X, A and a countfable set Cc4
such that C1l(C} >(a,b), where (a,b) is the interval described

above, and x,#C. Cis J=closed in R, 80 in A too. Let Ux
0
€ Uxo and C cUc.

Then U, = A nﬁi and Uy = Arwﬁc, where ﬁxo'ﬁc eJ. From the

and UC be sets which are J~open in A where X,

) ~
fact that C1(C)> (a,b) and from 5. it follows that Uo is re-

sldual in (a,b). Also there exists (c¢,d)c (a,b) in which ﬁx
)
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is residual. Then Uzon Uo = Ar\Uxoerc 5{c,d)n 4 nUxon Uc ¥,
beocause 51 n ﬁc is residual in (o0,d) and An(c,d) is not of

the first gategory. Hence A is not regular,

Theorem 1,12, AcR is a normal subspace of (R,7)
if and only if A 18 of the first category.

Proof. Obviously follows from Theorem 1.11.

Comparing this result with [8] and [9] we see that the
behaviour of our topology is different from that of the den=-
slty topology, which is even completely regular and possesses
a much wider variety of normal subspaces. Our topology, as it
is stronger than the natural topology, 18 obviously Hausdorff,

Now let us turn for the moment to rsal functions whioh
sransform (R,7) into R equipped with the natural topology.

Theorem 1,13, 4 function £ : R —+» R has the Baire
property if and only if there exists a set Pe¢J suoch that £
is contipnuous with respect to J on R - P,

Proof. See [2], Proposition 1, seotion 1, chap-
texr V,

2. Now we shall present three different category lower
densities,

If AcB, then (see for example [4], th. 4.6) there exists
exactly one representation of A in the form 4 = G AP, where G
is regular open and P is of the first category. Put @1(A) = G,

Theorem 2.1. ¢1 is a category lower density.

Proof. 1. and 3. are straightforward, 2. follows
from the uniqueness of representation mentioned above, 4. is
8 consequence of the fact that the intersection of tw6 regu-
lar open sets is a regular open set (compare for sxample [4]
th. 4.7) and 5. is obviously fulfilled,

The topology generated by ¢1 will be labelled J,.

Theorsm 2.2, 7= {G =P : G 1s open and Pe3d}.

Proof, LetJ*={G-~-P:Gis open and PeJ}.
Obviously I1c T*, since each regular open set is open. Let

now B eJ*} i.e¢ B = A - P, where A is open and Pe¢J. Then
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Topologies related to sets 7

B = Int(Cl 4) - ((Int(Cl &) - &) uP) = §,(4) - ((@,(A) ~4) uR).
Here ®.(A) - A €3 from 1., s0 ($,(A) - A)uPe] and B is of
the required form. The equality is proved.

The topology 7T* is called a Hashimoto topology (see [1]).

Theorem 2.3. The topology 71 is connected.

Proof. IfAlis 71-open and 11-closed! then, accord=
ing to theorem 2.2, 4 = G = P1 = F(JPZ. where G 1s open, F is
closed and. P,,P, ¢ 3. We can (and shall) assume that P,cG.
Hence G = FUP,uUPF, and G ~ FcP,u P, Since G ~ F is open and
P, uP, 18 of the first category, we have G -~ F = ¢, so GcPF,
But from the equslity G - P1 = F uP2 it follows that G >P, sO
fipnally G = F, Since the natural topology is connected, we
have either G = F = § or G = P = R, In the first case A =

=0 - Py = #, in the second case A = RuP, =« R, 80 Iy is

oohnected.
Theorem 2,4, A set AcR is 11-rogular open if

and only if A 1s regular open.

Proof. This is an immnediate conaequehoe of Theo=-
rem 1.9 and the defipition of @y

Theoram 2.5 A funotion £ : R—+»R 18 71-oonti-
nuous 1f and only if it 1s continuous.

Proof, See [10], th, 34.1.

Observe that Theorem 2,3 1s a consegquence of Theorem 2.5,
but we have given a complete proof because of its simplioity,
To describe the next category lower density, whioch was
presented for the first time in [5] and [6] let us introduce
the foliowing denotations and definitions: If A cR and X, ¢R,

then x *A = {xoox t X€ A} and A - x = {x-xo P Xe A}, where

X, will mean the characteristic function of the set A, We shall
say that O is an J-density point of a set A¢B if and only if
the sequencs {x(n-A)n[-1,1]}ncN converges to 1 with respect

to the 6-ideal J (it means that for every increasing sequende
{nm} eN of natural numbers there exists a subsequencs

{nmpT such that {x(nm -A)n[-1,1]}peN converges to 1 except

P
oh a set belonging to J. Further, x, is an J-density point of

peN
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heB Af and only if O is an J-density point of the set 4 - x
If x, is an J-density point of K - A we say that x  is an
J~dispersion point of A, Let @2(A) = {xe R : x is an J-density
point of A} for AeB.

Theorem 2.6 @2 is a category lower density.

Proof., See [5] Theorem 2 for 1.-4. The condition 5.
follows from the definition of §,.

The topology generated by ¢2 will be called the J-denaity
topology and labelled J, (in [5] and [6] - Iy).

Theorem 2.7 The topology 32 is conn<c¢ted.

Proof. Ses [5], Corollary 2.

Theoreua 2.8 If a set AcR is Tz-regular open,

o]

then A€ FSE‘

Proof. From 1.9 it follows that A = @2(A). We shall
prove that for each Ae®, ¢2(A) € Fgso Since & = FAP, where F
is closed and Ped, we have §,(4) = d,(F). In [3] it is prov-
ed that xe @2(F) if and only if for each ne N there exist
pelN and ke N such that for each he (0, %) and for each
i e{1,...,n} there exist two natural numbers jr,jle {1,...,k}
such that the intervals

(i=1)ek + j -1 {(i-1)ek + j
dsr(x)={x+ n-kr 'h,x+———n—.k——;‘£°hCF
4
and
] (1-1)ek + 3 (1-1)ek + ;-1
djl(x) = [1 ~ W—l' h, x - K 1 e hlcPF,
Let

o

. _ .
An,k,h,i,j = {x dj(x)c F},

Aaih,i,g = 10 dj(ale Pl

+ -
For each n,k,h,i and J both sets An,k,h,i,j and An,k,h,i,j are

closed, since F is closed. But

oo oo oo n k
0@ =) U U (1 (1 U g 01,50 45,k,m,1,5,]

ne1 k=1 pei he(o,%) i=1 jo=1
31‘1
- 186 =~



Topologies related to sets 9

and
@(F) € F65-

Theorem 2.9, Ifa function £ : R —» R is J,-con-
tinuous, then f is Baire one and has the Darboux property.

Proof. See [5], Theorem 8,

Now, we pi'oceed to the third category lower density. Let f
be the collection of all sets ‘Ae® such that 0 is an J-density
point of 4., A is a filter in the family B. LExtend 4 to an
ultrafilter U in B, Then U has the -following properties:

(0) deU.
(1) if A eB, then either A or 1 - A belongs tol,
(2) if A and B belong tolU, then AnBel,
(3) 4if AeW and Be®B and Bo A, then Bel,
(4) if AeB and)0 is an J-density point of A, then AclU;

if 0 is an J-dispersion point of A, then A¢lU.
(5} 4if AeB and 4 meets every member of U, then Ael.
(6) 4if AeU and B~ 4, then Bel.,
{0} - (4) are obvious. (5) follows from the fact that if
A¢U, then by (1) R - AelU, but A cannot meet R - 4, To prove
(6) suppose thet B¢, Then R - Bel by (1) and 4n (R - Blel
by (2}, But An(R -~ B)eJ, s0 0 is an J~dispersion point of
An(R - BY and An(R - B)eU by (4) ~ a contradiction.

Let us call U = 'U.o. Then ux is obtained by translation
of U, to x (u, = U +x-{A+x : Ac‘uo}). Let QB(A) =

{xeR : Aeu }for AeR.

Theorem 2,10, (I>3 is a category lower density,

Proof. 1. and 5. If AeB, then there exist regu~
lar open set G and P,,P,eJ such that 4 = (G -P )uP2. Ob~
serve first that G CQ (A). Indeed, if xe¢ G, then GelU, so0
from (6), Ace u, and x eq>3(A). Now we shall prove that
<I>3(A) ccl(a), Indeed, if x ¢ C1(G), then there exists €> 0
such that (x ~€, X + €)nd = (x -~ €, x +. e)anej and
(x - €, x + e)nA¢u by (4). Henoce x¢ 0y (4). So Dy(4) ~ G~ 4.

2. If xed (A), then Aecu_ by deflnition. Hence Bel, by
(6), so xe @ (B) and <I> (4) c <I> {(B). The inverse 1nclusion can
be proved in the same way.
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3. Obvious.

4, Suppose that x e 9;(AnB), Then AnBel_. By (3) Ael,
and Bel,, so x¢ QSB(A) 093(13). Suppose now that xe<I>3(A)n¢3'(B).
ﬂmnAeuxamiBeux,hmmeAnBeUxby(2)amixe@ﬂAnBL
Observe also that $,(4 uB) = @B(A)u $.(B), Indeed, froam 4.
it follows that ®3(A)c @B(ALJB) and 03(B)c ®3(AtJB), hence
@B(A)LJQB(B)<:®3(AtJB), Suppose now that xe @B(AxJB). Then by

the definition AuBelU_ . IfT R - Acll and R - Bel_ , then
%o *o %o
R~ (AuB) = (R~ 4)n(R - B)eU, - a contradiction. Hence
*o
A e‘U or Beux » which means that x ¢ 03(5) UQB(B). So <I>3
)

is a lifting. For the comments concerning the existence of
Borel lifting sese [2], p.131.

We have defined ux as uo + X. But in the above proof we
have never used this property. Sc¢ it is also possible to con-
struct an ultrafilter separately for each x and to obtain
another lower density which is not invariant with respect to
translations., I% is worth mantioning that sll lower densities
¢1, 62, 03 are invariant, i.s. @1(A + X) = @i(A) + X,

Let 73 be a topology determined by the lower density ¢3.

Theorem 2.11. 73 is totally disconnected.

Proof. ©Prom (5) it follows that if x is & 33-c1uster
point of Ae¢B, then er’B-Int({x} uvA), Therefore TB—closure of
any 73-open set is agsin 73-open.

Theorenm 2.12. If £ is a function having the
Baire property then there is a unique function f such that
f=7% J-a.e. (it 28 {x 1 B(x) # £(x)}eJ) and T 1s continu-
puous as a funotion from (R, 73) to R equipped with a natural
topologye.

Proof., Unigqueness. Since 33 consista of sets
heving the Baire property, every ocontinuscus function from
(R, T } to (R,natural) has the .Baire property. Let g and h be
two euch functions. If g - h =0 J-s.e., theng - h = 0,
since the complement of the set of the first category is every-
where 73-dense.
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Topologles related to sets 11

BExistence. From the fact that 9, is a lifting
it follows immediately that <I>3(R\A) = R\<I>3(A) for each
AeB, i
Now, let f(x) = sup {r : x¢®3([f"1((-oo,r))])} for each
xe R, where f is a function having the Balre property and [A4]
denotes the element B/3J corresponding to A eB. It is easy to
show that

N (meyz)) = () UL (- 8]
b of
s-r::;ional

and

(e )) = R\ y([£71( (- ,8])])
s<r
s=rational
Then, by the firat observation (-~ o , o)) e 'IB and
f((-r, =)) € 3'3 for each reR, Since f"‘“((-«. o)) \f"1((-eo,r))e3

and f"'1((-oo o)\ 5'1((—w sO))eJ thus £ and £ differ only
on a set belonging to 3J.
Theorem 2,13, 3'15.3'2;13.

Proof. Since for eamch Ae%R, ¢(A)C<I>(A)C¢3(A),
then from theorem 1.2 it follows immediately that T,¢7, CT
To show that T ¥ T observe that if the sequence of intervals
{(a )} eN is auch that {b } tends decreasingly to 0,

nineN

a <b,.q <8, for each nc¢¥ and 0 is an J-density point of

n+1

the set 4 = (=~ O]uU (bn+1,a } (for the existence of such
n=1
a sequence see [6], Theorem 1), then AeT, -~ T,. Then T, # ’J’

because 3'2 is connected while 7., is totally disconnec‘ced.

FoD. Tall has proved (see [8], Theorem 3.11) that there is
no regular topology 7 on the real line such that (a) the alge-
bra of J-regular open sets is isomorphic to the reduced Borsl
algebra of euolidean Borel sets modulo first category sets,
and (b) if G is open and PeJ, then G - Pc T, The three topo-
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12 B. fLazarow, R.A. Johnson, W, Wilogydski

logies of this paper are not regular (th., 1.6), indeed, the
only regular subspaces are the first category subspaces

{th, 1.11), nevertheless the three topologies satisfy ocondi=-
tions (a) snd (D),
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