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TOPOLOGIES RELATED TO SETS HAVING THE BAIRE PROPERTY 

S4 Scheinberg ¿1, [71 hae i.̂ '-ce tructsd thras topo log ie s f o r 
the r e a l s auch that the Borel set;* gererated by these t opo lo -
g i e s are exact ly the Lsbeegue ma »¡surafel.*» Be t s , Here we s h a l l 
d j tha same f o r s e t s having the Bairs pro>v Our genera l 
cons t ruct ion of a topology w i l l ba bas«il upon a lower dens i ty 
having s o s j o additional, p r o p e r t i e s , t h i s - * i l l V/s tha content of 
tha f i r s t part In i<< aocond part we s h a l l g i ?9 three exam-
ples of lower cans i ty leading to t i irs? d i f f e r e c i t o p o l o g i e s 
which can be considered as category analogues of t o p o l o g i e s 
d p . E s c r i b s d in [?]» I t should be mentioned that Scheinberg did 
not- use tue languor.- of lower d e n s i t y , b u t h ie r e s u l t s can be 
a a e i i y trp.na.la"'^ci > We s h « l l a 7: amine bas ic p r op e r t i e s of a l l 
thre« top x-.ogiea, noma of t h e « , which depend only on the f a c t 
that the topology J.a described by lower d e n s i t y , are presented 
i u part t the r ^ s i depending on the form of the lower den-
s i t y - in parx 2, 

In the sequel R w i l l denote the r e a l l i n e , 33- the family 
of s u b s e t s of R having the Baire property, 3 - the 6 - i d e a l of 
s e t s of the f i r s t ca tegory , N - tha s e t of na tura l numbers. 
Ve s h a l l say that s e t » A,B e JJ are equivalent (A~B) i f and 
only i f AAB e d . Except where a topology J i s s p e c i f i c a l l y 
mentioned, a l l t o p o l o g i c a l notions are with re spec t to the na-
t u r a l topology on R. So i f 7 i s some topology, then the nota-
t i o n s T-open, 7 - S o r e l , T - I n t , J-Cl and so on are s e l f e x p l a i n -
ing . R e c a l l that 6 i s r e g u l a r open i f and only i f G « I n t ( C l G). 
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1. We shall say (a f ter [2] and [4J) that an operation 
$ : fl -> 28 i s a lower density i f and only i f i t f u l f i l s the 
following conditions: 

1. for each A e ft , $(A) ~ A, 
2. i f A~B, then $>(A) = $(B), 
3. $(0) = 0, » (R ) = R, 
4. $(A nB) = $(A) n$(B) . 

Observe that by virtue of 1.we have $(A)e f t f o r Aeft , so in 
fact $ : ft . Also in virtue of 4. i f A,B eft and A c B 
then $ (A ) c$ (B ) . Moreover $($(A) ) = $(A) for A e 51 by virtue 
of 1. and 2. 

Suppose that $ f u l f i l s the following additional condition: 
5. i f A = (GAP) , where G is regular open and PeO , then 

G c $(A) c C1(G). 

Prom 5. i t immediately follows that i f for some A eft, 
$(A) is nonempty, then i t is of the second category. An ope-
ration $ f u l f i l l i n g 1 . - 5 . w i l l be called a category lower 
density. 

Let 7 = ($>(A) - P : A eft, P e d } . (Compare [2] , chapter V 
and [4], chapter 22). 

T h e o r e m 1.1. J is a topology on the real line 
str ic t ly stronger than the natural topology Tcft . 

P r o o f . To prove the fact that J is a topology 
l e f t i t is suff ic ient to show that (a s S s e S } c T and A = 

= LJ ADe J . I f M denotes the Baire kernel of A, for each s eS 
seS 8 

there is N ~ 0 such that A 0 c | u L , Hence $(A„) c$(M) so that S B 8 8 

McAc U $(AS) c $(M). By 1., M~$(M) and A eft. Since, for 
seS . . . . 

each s e S, A c$ (A„ ) we know that A = U A c ^J $(A_)c 
8 8 seS 8 seS 8 

c $(A). Therefore A = 3>( A) \ ( $ (A ) \A ) , $(A) \ Ae 3 and AeT . 
To prove that T is stronger than the natural topology take 

an open set G and observe that G • Int (Cl (G) ) \ ( Int (Cl (G) ) \ G), 
Int (Cl (G) ) \ G e 3 and Int (Cl (G) ) i s regular open. Then by 5., 
Gc Int (Cl (G) )c $(G),$(G) - Int (Cl (G) ) e 3 (since C1(G) - G e 3 ) 
and 
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G *$(G)-($(G)-G) = $ ( G ) - ( ( $ ( G ) - I n t ( C l ( G ) ) ) u ( In t (C1(G)) - G ) ) . 

Hence G i s of the requ i red form and G e J . The se t of i r r a t i o -
na l s obviously belongs to topology T , so J i s s t r i c t l y s t r o n -
ger than the n a t u r a l topology. 

T h e o r e m 1 .2 . J = { A e j J : A c $ ( A ) } . 
P r o o f . The proof i s e s s e n t i a l l y the same as the 

proof of Remark 2 i n [5] . 
Here i s another d e s c r i p t i o n of 'J : We s h a l l say t h a t A i s 

a I -neighbourhood of x i f and only i f x e A and t h e r e e x i s t s 
a s e t Be!B such t h a t Be A and z c $(B) (we do not assume t h a t 
A e ß ) . 

T h e o r e m 1 .3 . A e J i f and only i f A i s a J - n e i g h -
bourhood of each of i t s p o i n t s . 

P r o o f . I f Ac J , then from Theorem 1.2 i t immedia-
t e l y fo l lows t h a t A i s a 7-neighbourhood of each of i t s p o i n t s . 
Suppose now t h a t A i s a 7-neighbourhood of each of i t s p o i n t s . 
I t s u f f i o e s to prove t h a t A has the Baire p roper ty , s ince then 
obviously A c $(A). Let F and G be s e t s having the Baire pro-
perty and suoh t h a t F c A c G and i f P ^ P g c f l , P1 c A - P, 
P2 cG - A, then P 1 , P 2 c 3 (such s e t s always e x i s t ; see f o r 
example [ l l ] ) . We show tha t G - F e D . Take £ = (G - F)^$>(G~F). 
Then $(E) $(G - F ) n $ ( $ ( G - F)) = 3(G - F) by 1 . , 2. and 4 . , 
so E c $ ( E ) . For each xQe A, we have A i s a T-neighbourhood 
of x„ and t h e r e e x i s t s a s e t B e A, Bef l such t h a t x e $(B) . 0 * 0 
Because E n B c E n A c ( G - F) n A «= A - F, we have En B i s of 
the f i r s t ca tegory . Hence, $ ( E ) n $ ( B ) * $ (EnB) = 0, so t h a t 
x 0 t $ (E) . Henoe, $(E) n A = 0 , so t ha t E n A = 0 . Then E c G - A, 
so t h a t E i s of the f i r s t category (and hence empty). Hence, 
G - F c 3 and A has the Baire p rope r ty . 

T h e o r e m 1 .4 . The T-Borel s e t s are p rec i se ly the 
s e t s having the Baire p rope r ty . 

P r o o f . Since each J -open se t has the Baire p rope r ty , 
a l l the 7-Bore l s e t s have the Baire p rope r ty . Conversely, i f A 
has the Baire p roper ty , then A - (G - P 1 ) u P 2 , where G i s open, 
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P., ,P2 e 3. Observe that P2 i s 7-closed, since R - P2 = $(R) - P2 e 7 
by 3. Simultaneously, A = (Gn(R - P^))oP2_ = (On($(R) - P.,)) u P2 

again by 3-,. so A i s the union of aT-open and a J-cloaed set , 
hence i t i s 7-Borel . 

T h e o r e m 1.5. Bach 7-Borel set i s a T-Fg^ set . 
There ex ists a set Be f i which i s not a 7-Gg set . 

P r o o f . I f A e 51, then A = E u P, where B is a Gg set 
and P e 3 . Hence E i s Fjjg. Because J i s stronger than the na-
tural topology, B i s also a Bet and P i s 7-closed, so 
i t i s also 7-Pgg. This ends the proof of the f i r s t part. 

Now l e t B be an arbitrary countable dense set . Suppose 
that there ex is ts a sequenoe {U n } n £ f l of 7-open sets such that 

B = O U . Then f o r each ne N we have U_ = $(A_) - P„, where 
n=1 n n n 

An i s a set having the Baire property and PQe 3. Since 
$(A_) sB fo r each n, then from 5. i t fo l lows that $(A_) i s n oo o 

a residual eet 'on the rea l l i ne . But then f~l ($(An - P n ) ) i s 
n=1 

s t i l l residual , since B is not - a contradiction. 
So B is not 7-G^. 
Recall that in the measure case (see again [7]) each Le-

besgue measurable set i s "T-Gg". 
T h e o r e m 1.6. 7 i s not regular. 
P r o o f . Let Q be the set of a l l rat ional numbers. 

Then A = Q - { o } i s 7-closed. Every J-neighbourhood of A i s 
residual , so 0 and A cannot be separated. 

T h e o r e m 1.7. A set A c R i s 7-nowhere dense 
(J- of the f i r s t category) i f and only i f A e 3 . Every J-nowhere 
dense set i s T-closed. 

P r o o f . See the proof of th. 22.6 in [4 ] . (Compare 
also [11 ] ) . 

T h e o r e m 1.8. A set A cR has 7-property of Baire 
i f and only i f Ae5i. 

P r o o f . See the proof of th. 22.7 in [4]. (Compare 
again [11 ] ) . 

T h e o r e m 1.9. A set Ge95 is 7-regular open i f 
and only i f G = $(A) f o r some Ae53. 
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P r o o f . See the proof of th. 22.8 in [4]. 
T h e o r e m 1.10» A set AcR is T-closed and J-dis-

crete ( i . e . a subspace topology in A is discrete} i f and only 
i f Ae3 . 

P r o o f . I f A e 3 » then A is T-closed. I f Be A, then 
B e ] BO that B is also T-closed. In other words, every subset 
of A is T-closed. Eq uivalently, A is T-closed and T-disorete. 

How suppose that A cR is T-closed and T-discrete. That i s , 
suppose that every subset of A is T-closed. Prom the assump-
tion i t follows that R - A is T-open, so by virtue of Theo-
rem 1.2 R - A c $(R - A). Let B = R - $(R - A). Clearly B c A. 
We shall show that B = 0. Assume otherwise that B / 0 and 
choose XQ £ B and let C = B - Then C ~B, so that $(R-CJ * 
= $(R - B) = R - B, the last equality follows from the d e f i -
nition of B. But C cA, hence C is T-closed, so R - C is T-open 
and R - Cc$(R - C) = R - B. Hence BcG which gives a contra-
diction. Therefore B = 0 and - A) = R. Then R - A~$(R-A) = 
= R, so that A e 

T h e o r e m 1.11. AcR is a regular subspace of 
(R,T) i f and only i f A is of the f i r s t category. 

P r o o f . Suppose that A is of the f i r s t category. 
Then A is a T-disorete subspace, so a l l separation axioms a^e 
f u l f i l l e d . 

Suppose now A is not of the f i r s t category. We shall show 
that A is not a regular subspace of (R,T). Prom the fact that 
A i 3 i t follows that there exists an interval (a,b) such that 
for each subinterval (c,d) the intersection An (c ,d ) is not 
of the f i r s t category. Take xQe A and a countable set C cA 
such that Cl(Cj ^ (a ,b ) , where (a,b) is the interval described 
above, and C. C is T-closed in R, so in A too. Let Û  

o 
and Uc be sets which are T-open in A where xQ e Ux and C cDj,, 

~ ~ ~ ,s> 0 

Then U = A n U_ and Û  = AnU,,, where U„ ,Un e J, Prom the xQ xQ o o xQ o 
fact that C1(C)^ (a,b) and from 5. i t follows that U„ i s r e -
sidual in (a ,b ) . Also there exists ( c ,d ) c (a,b) in which U 

xo 
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i e WB idua l . Then Ux n UQ - A n U^ n Uc :> (c,d) n A n U x n lL i 0, 
0 0 0 

beo«ub« U n Uc I s r e s idua l in ( c , d ) and An (o ,d| i s not of 
o 

the f i r s t oategory. Henoe A i s not r egu l a r . 
T h e o r e m 1.12. A c R i s a normal subspace of (R,7) 

i f and only i f A i s of the f i r s t category. 
P r o o f . Obviously fo l lows from Theorem 1.11. 
Comparing this r e su l t with [ s ] and [9] we see that the 

behaviour of our topology i s d i f f e r en t from that of the den-
s i ty topology, which i s even completely regu lar and possesses 
a much wider variety of normal subspaces. Our topology, as i t 
i s stronger than the natural topology, i s obviously Hausdorf f . 

Now let us turn f o r the moment to r e a l functions whioh 
transform (R,7) into R equipped with the natural topology. 

T h e o r e m 1.13. A function f s R -*• R has the Baire 
property i f and only i f there ex is ts a set P e 3 such that f 
i s continuous with respect to J on R - P. 

P r o o f . See [ 2 ] , Proposit ion 1, seotion 1, chap-
ter V. 

2. Now we sha l l present three d i f f e r en t category lower 
dens i t i es . 

I f A e f t , then (see f o r example [ 4 ] , th. 4.6) there ex i s t s 
exactly one representation of A in the form A = G A P , where G 
i s regu lar open and P i s of the f i r s t category. Put $.j(A) « G. 

T h e o r e m 2 .1 . ^ i s a category lower density. 
P r o o f . 1. and 3 . are stra ight forward, 2. f o l l ows 

from the uniqueness of representation mentioned above, 4. i s 
a consequence of the f ac t that the intersect ion of two r egu -
l a r open sets i s a regu la r open set (compare f o r example [4] 
th. 4 .7 ) and 5. i s obviously f u l f i l l e d . 

The topology generated by ^ w i l l be l abe l l ed 
T h e 0 r e m 2.2. = {g - P : G i s open and P e a } . 

P r o o f . Let J * = {G - P : G i s open and P O } . 
Obviously c 7*, since each regu lar open set i s open. Let 

now B t J* j i . e . B = A - P, where A i s op&n and P e O . Then 
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B = Int(Cl A) - ((Int(Cl A) - i ) u P ) - ®1(A) - ((«,( .4) - A) u?)« 
Here $1{A) - A e 3 from 1. , so (A) - A) u P e 3 and B i s of 
the required form. The equality i s proved. 

The topology 7* i s oalled a Hashimoto topology (see [ l ] ) . 
T h e o r e m 2.3. The topology 71 i s conneoted. 
P r o o f . If A i s 7.,-open and 7^-olosed, then* accord-

ing to theorem 2.2, A = G - P1 » F u i 2 , vhere G i s open, P i s 
closed and. P^.PgeCJ, We can (and sha l l ) assume that P̂  c G. 
Hence G « F u P1 u P2 and G - i cp^u P2 . Since G - P i s open and 
P.j u?2 i B o f t h a f i r s t category, we have G - F « 0, so G cp. 
But from the equality 0 - P1 • P uP2 i t follows that G :>P, so 
f i na l l y G • P, Sinoe the natural topology i s connected, we 
have either G « P » 0 or G - P - R. In the f i r s t case A « 
- 0 - - 0, in the seoood ease A • R uP2 * B, so ^ Is 
oonnected. 

T h e o r e m 2*4. A set A cR i s -regular open i f 
and only i f A i s regular open. 

P r o o f . This i s an immediate consequence of Theo-
rem 1.9 and the definit ion of 

T h e o r e m 2.5. A funotion f t R -*• R i s J1»conti-
nuous i f and only i f i t i s continuous. 

P r o o f . See [lO], th. 34.1. 
Observe that Theorem 2.3 i s a consequence of Theorem 2.5, 

but we have given a complete proof because of i t s s impl ic i ty . 
To describe the next category lower density, whioh was 

presented for the f i r s t time in [5] and [6] le t us introduce 
the following denotations and def in i t ions : If AcR and xQ e R, 
then *0*A = { x 0 ** « xe a} and A - x0 » { * - * 0 s * e a}, where 
XA w i l l mean the character is t ic function of the set A. We shal l 
say that 0 i s an 3-density point of a set Ac® i f and only i f 
the sequence {jf(n. A)n [_•] f-j]}neu converges to 1 with respect 
to the ¿- ideal 3 ( i t means that for every increasing sequenoe 
{^ImeN o f n a t u r a l numbers there ex is ts a subsequence 
{nm J p e N s a o h t h a t {*(nm . A )n [ - 1 , 1 ] }pcN converges to 1 except 

P 
on a set belonging to 3 . Further, x i s an 3-density point of 
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Aeß i f and only i f 0 is an 3-density point of the set A - xQ. 
I f x is an 3-density point of S - A we say that xQ is an 
3-dispersion point of A . Let $ 2 ( A ) = { x e R : x is an 3-density 
point of A } for A cS>. 

T h e o r e m 2.6. $2 i s a category lower density. 
P r o o f . See [5] Theorem 2 for 1.-4. The condition 5. 

follows from the definit ion of $2. 
The topology generated by $2 be called the 3-density 

topology and labelled J2 ( in [5] and [6] - l j ) . 
T h e o r e m 2.7. The topology J2 i s connected. 
P r o o f . See [ 5 ] , Corollary 2. 
T h e o r e m 2.8. I f a set A c R is ^-regular open, 

then Ae Fgg. 
P r o o f . Prom 1.9 i t follows that A = $2 (A) . We shall 

prove that for each Ac®, $2 (A) e Fgg. Since A = F AP, where F 
is closed and P e 3 , we have $2(A) = $2 (F ) . In [3] i t is prov-
ed that x e ^ an<^ only i f for each ne N there exist 
p e K and kc N such that for each he (0, and for each 
i e { l , . . . , n } there exist two natural numbers dr»02e i 1 » » » * » ^ ) 
such that the intervals 

dî (x) = 
Jr 

and 

dT (x) 
J1 

x + 
( i -1 ) »k + 3P-1 

n»k h, x + 
( i -1 ) .k + j 

n*k 

( i -1)*k + J, ( i -1 )•k + 
- • h, x n*k n»k • h 

c p 

cP. 

Let 

A n,k ,h , i , j " { * 5 

For each n,k,h,i and j both sets At ,, k J * and A~ . . . A are 
closed, since F is closed. But 

• w - n u u n n u 
n=1 k=1 p-1 h i ( o , l ) i -1 Jp-1 r A 

Ji-1 
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and 
e F 6 5 . 

T h e o r e m 2.9. I f a function f : H —• H i s J2-con-
tinuous, then f i s Baire one and has the Darboux property. 

P r o o f . See [5 ] , Theorem 8. 
Mow, we proceed to the third category lower density. Let A 

be the co l lec t ion of a l l sets A e 55 such that U i s an ^-density 
point of A. A i s a f i l t e r in the family 3 . fixtend A to an 
u l t ra f i l t e ' r U in B. Then U has the • fo l lowing properties: 
(0) 
(1) i f A ef l , then either A or d - A belongs t o l l , 
(2) i f A and B belong t o l l , then AnBe l l . 
(3) i f A.eU and B e i and B a A, then Be U. 
(4) i f A e5i and0 is* an 3-density point of A, then AeU j 

i f 0 i s an J—dispersion point of A, then A^U. 
(5) i f A e £ and A meets every member of U, then AeU. 

.(6) i f A and B ~ A, then BeU. 
(0) - (4) are obvious. (5) fo l lows from the fact that i f 
A £ 11, then by (1) R - A eU, but A cannot meet R - A. To prove 
(6) suppose that B 111. Then R - B eU by (1 ) and A n (R - a) e U 
by ( 2 ) . But A n(R - B) e 3, so 0 i s an 3-dispersion point of 
A n (R - B)' and A n(R - B)e U by (4) - a contradiction. 

Let us ca l l U = 110. Then llx i s obtained by translat ion 
of HQ to x (Ux = U0 + x = {A + x : A e U j ) . Let A) = 
= { x e R : A e U x } f o r A e f i . 

T h e o r e m 2.10. i s a category lower density. 
P r o o f . 1. and 5. I f Ae33, then there exist regu-

lar open set G and P.j,P2e3 such that A = (G - P ^ u P g . Ob-
serve f i r s t that G c$^(A) . Indeed, i f x e G, then G e U j f so 
from (6 ) , A e Ux and x e $ ^ ( A ) . Now we shal l prove that 
$ 3 ( A ) c C l ( G ) . Indeed, i f x t fC l (G ) , then there exists t > 0 
such that (x - e, x + e ) n A = (x - e, x +. e) r> Pg e 3 and 
(x - £, x + e) n A *UX by ( 4 ) . Hence x i $3"(A). So i>3(A) ~ G ~ A. 

2. I f x e $ 3 ( A ) , then A e u x by de f in i t i on . Hence B e Ux by 
( 6 ) , so i e i 3 | B ) and ^ ( A j c ^ i B ) . T h e i n v e r s e inclusion can 
be proved in the same way. 
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3. Obvious. 
4. Suppos9 that x e ^ ( A n B ) . Then AnBeU, x . By (3) Ae"Ux 

and B e U x , so x c $^(4) n ^ ( B ) , Suppose now that x e A)n$j(B)• 
Then A € Ux and B « U X , hence A o B e Ux by (2) and x e $ j ( A n B ) . 
Observe also that ^ ( A u B ) = Indeed, from 4. 
i t fol lows that A) ^ ' ^ ( A u B) and fc^®) c ^ A u » h0nce 

c ^ ( A u B ) » Suppose now that x e ^ ( A u B ) , Then by 
the def init ion AuBeU . I f 8 - AeU and R - Bell , then 

xo 0 xo 
R - (A o B) = (R - A) n (R - B) eU - a contradiction. Hence 

0 
A € U or B eU , which means that x e $.,( A) u $ , (B ) . So 

*0 0 o J J J 

is a l i f t i n g . For the comments conoarning the existence of 
Borel l i f t i n g see [ 2 ] , p.131. 

We have defined U^ as 1lQ + x. But in the above proof we 
have never used this property. So i t is also possible to con-
struct an u l t r a f i l t e r separately for each x and to obtain 
another lower density which i s not invariant with respect to 
translations. I t i s worth mentioning that a l l lower densities 
ftj, $2» a r e invariant, i . e . A + x) = ^ ( A ) + x. 

Let be a topology determined by the lower density 
T h e o r e m 2.11. T^ i s total ly disconnected. 
P r o o f . Prom (5) i t follows that i f x i s a T^-clustar 

point of AeB , then x e J^ - I n t i f x } uA). Therefore O^-closure o f 

any T^-open set i s again J^-open. 
T h e o r e m 2.12. I f f i s a function having the 

Baire property then there i s a unique function f such that 
f = f 3 - a . e . ( i t i s {x j f ( x ) + f ( x ) } e 3 ) and f is continu-
nuous as a function from (R,7 j ) to R equipped with a natural 
topology. 

P r o o f . Uniqueness. Since consists af sets 
having the Baire property, every continuous function from 

to (R,natural) has the^a i r e property. Let g and h be 
two such functions. I f g - h • 0 3 - a . e . , then g - h m 0, 
since the complement of the set of the f i r s t category ia every-
where -dense. 
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E x i s t e n c e . From the fact that $3 i s a l i f t i n g 
i t fo l lows immediately that ^ ( R N A ) = R \ A) f o r each 
A e® . 

Now, l e t f ( x ) = sap { r : x t $ 3 ( [ f~1 ( ( , r ) ) ] ) } f o r each 
x e R, where f i s a function having the Baire property and [a] 
denotes the element 55/3 corresponding to A e IB. I t i s easy to 
show that 

, r ) ) . ( J S > 3 { [ f 1 i ( - ~ , s ) ) ] J 

s - ra t iona l 

and 

f - 1 ( ( r , + ~ J ) - \J R \ $ 3 ( [ f - 1 ( ( - « , 8 ] ) ] ) . 
s<r 

s - rat iona l 

Then, by the f i r s t observation f " 1 ( ( - < » , r ) ) c T j and 

f ( ( - r , « ) ) 6 ^ f o r each r e R. Since f " 1 ( ( - ~ , r ) ) \ f " 1 ( ( - ~ , r ) ) e 3 

and f " 1 ( ( - o o , r ) ) \ f ~ 1 ( ( - « , r ) ) thus f and f d i f f e r only 
on a set belonging to 

T h e o r e m 2.13. T1 £ 7 2 £ l y 

P r o o f . Since f o r eaoh Ae f l , $.,(A) c $ 2 ( a ) c $ 3 ( a ) , 
then from theorem 1.2 i t fo l lows immediately that c J2 cJ^« 
To show that i observe that i f the sequence of in terva ls 

{ ( a n ' V } n e N l s 8 U c h t h a t K 1 

n e N tends decreasingly to 0, 
aQ+1 < bQ+1 < an f o r eaoh n e N and 0 i s an 3-density point of oo the set A « ( - » . O l u l J ^b n+1»an' ^ foi :> t h e e x i s t e n c e o f such 

n=1 
a sequenoe see [ 6 ] , Theorem 1), then A e 7 2 - . Then J2 4 
because J2 i s connected while T3 i s t o ta l l y disconnected. 

F.D. Ta l l has proved (see [ 8 ] , Theorem 3.11) that there i s 
no regular topology J on the r ea l l ine such that (a ) the a lge-
bra of T-regular open sets i s isomorphic to the reduced Borel 
algebra of euolidean Borel sets modulo f i r s t category sets , 
and (b) i f G is open and Pe j , then G - P e T . The three topo-
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l o g i e s of t h i s paper are not r e g u l a r ( i n . 1 . 6 ) , i n d e e d , the 
only r e g u l a r subspaoes a re the f i r s t ca t egory subspaces 
( t h . 1 . 1 1 ) , n e v e r t h e l e s s the t h r e e t o p o l o g i e s s a t i s f y c o n d i -
t i o n s (a) and ( b ) . 
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