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SOME FIX-POINT THEOREMS 
FOR THE COMMUTATIVE ITERATION SEMIGROUPS 

Many resul ts concerning fixed point theorems of some f a -
milies of s e l f maps of a set X, are known. (Compare: [ l ] , 
p.139) for a semi-flow on a polyhedron; ( [ l ] , p.98-101) for 
some semigroups of continuous affine maps; see also [ l ] , 
p .109) . 

A various topological (or analytic) assumptions play an 
important role in the mentioned r e s u l t s . In par t i cular , tne 
continuity i s important. 

The purpose of this paper i s to prove some fixed point 
theorems for some commutative i t e r a t i o n semigroups without 
any assumptions refering to continuity. The commutative fami-
l i e s will be treated, too. We shall also give some examples. 

1. Preliminaries 
For an arbitrary set X 4 0 , le t X be the cardinal number 

of X and le t X* denote the set { f : f i s a map with domain X, 
whose range l i e s in x } . The set of a l l bijections of X wil l 
be denoted by Per X. 

Let ? c X X and ? 4 fi. The family i i s called commutative 
i f f oh = ho f for a l l f , h e J . A set A c x i s said to be 
i - invariant (strongly J - invar iant ) i f f(A) c a (f(A) = A) for 
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2 S. Siudut 

a l l f c 7 . A point xQ c X is cal led a f ixed point of i i f 
f ( x ) = x 0 f o r every f * ? 1 

Throughout t h i s paper R, Ql, Z , N w i l l denote the set of 
r e a l s , r a t i o n a l e , i n t e g e r s , posi t ive In tegers numbers, r e s -
pec t ive ly . 

The usual a lgebraic nota t ion 

uA » { ua i a e *}, A + B • {a + b t a e A, b e B'} , 

w i l l be used ( f o r u e R , AcR, B c R ) . 
I f m,n e N , then mln denotes tha t n i s divi tAble b j B . 

Let (P, + ) be the commutative semigroup and l e t n c M ( I t i s 
said to be n -d iv i s ib le i f f o r every p c P there e x i s t s t e P 
such tha t n*t = p, where n*p = t + . . . + t . Por any f t 

' ' v ' 

n n times 
we def ine the i t e r a t e s f by 

f ° - I , f n + 1 - f o f n , ( n e N u { 0 } ) , 

where I i s the i den t i t y map on X. A family {u^t t e p } of s e l f -
-mappings of a set X i s cal led an i t e r a t i o n semigroup, i f 
U t o U 8 - U t + S f o r a l l t , s e p. 

I f A c i t then f | A denotes the r e s t r i c t i o n of the func t ion 
f E I 1 to the set A. 

2. Auxiliary r e s u l t s 
The following lemma i s obvious. 
L e m m a 1. I f f e I 1 , A c ! and A i s f - i n v a r i a n t , then 

(1) A i s f k ~ i n v a r i a n t f o r a l l ICE Nu {o} and 
f k (A) i s f j - i n v a r i a n t f o r every k , j e N u {o}, 

(2) f k | A - ( i | A ) k f o r a l l ke N u{o}. 

L e m m a 2. I f I « n <>» , f 1 1 1 then 

(3) there e x i s t s kQ - min{k c N u { o } : f k ( l ) « f k + 1 ( l ) } , 

k ( i a-1 and the se t A • f °(X) i s s trongly f - i n v a r i a n t , 

1 ' I f i « { f } then the curly brackets w i l l be omitted. 
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Some f ix -po in t theoreme 3 

(4) f | A i s a b i j eo t i on , 

(5) there e x i s t s an 1Q> 1 Q In ! such tha t 

f l ° l A - ^ ' I A ^ 0 * IA* 

P r o o f * Fart (3) i s an immediate coneequenoe of the 
f i n i t n e e s of X. 

The d e f i n i t i o n of A implies (4) . Thus f | A i s a b i sec t ion . 
Whenoe B « j ^ U ^ J i s a c 7 c l i o subgroup of Per A and by 

Lagrange Theorem we obtain 

B|Per A i . e . B|AI. 

Let ub define 1Q - I . Then X01 All XI and so 1 Q | n ! . Moreover, 

( f | A ) 0 " The r e s t i s a oonsequenoe of Lemma 1, (2 ) . 
Making use of Lemma 2 we obtain the following lemma. 
L e m m a 3. I f i « n < « , f e l 1 and nn - nl then the 

n n 
set B « f °(X) i s strongly f - i n v a r i a n t and f ®|B » 

L e m m a 4. Let r e N , r ^ 2 and l e t the family 
{§1»•••»&T} c I 1 be commutative. Then 

r 
U) ' &2° ••• c n S j W » 

4-1 
P r o o f . Let i , j e { l , . . . , r } , and define the maps a , 

g i ; j and Gi by 

0 - g1 o . . . o g ^ 

«13 " 
i 4 i , 

and 
[ I . - J - i 

h • S i ! o g i 2 o . . . O g ^ , 

r e s p e c t i v e l y . Sinoe 6 - g^o G^, than we have Q(X) - g 1 (S i (Z))c 
r l * c g i(X) foar i e \ 1 . . , r } . These inolas ions y ie ld <KX)c O SifK) 

which implies inclusion ( i ) . 
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L e m m a 5. If X = n <«, , J c J / 0 and ? i s 
commutative, then there e x i s t s a f ixed point of the family 
( f n ! l 
L1 J f e ? ' 

P r o o f . If f s J , then by Lemma 3 the set B„ = f n ! ( X ) 
n' i s strongly f - i n v a r i a n t and f " k = I ' c , I t i s s u f f i c i e n t to 

^ I  af !  ! Jf 

snow that ' ' 3., 4 0 . But XX = nn < <» , then = r < oo and by 
f e 7 

Lemma 4 ( i ) we get 
r r 

n Bf = n Bf = n * * 
teZ j=1 j 3-1 

whence O 3 . / 0, The asser t ion i s proven, 
f e ? f 

3. Some f ixed point theorems 
We begin with the fol lowing statement. 
T h e o r e m 1. Let X be a non-empty s e t . Assume: 

(b) 9=cXX, 9 * 0 , 

(7) J V f e i : g o f = f o g , 

(8) there e x i s t s a unique f ixed point xQ of g . 
Then the point x 0 i s a f ixed point of 3 . 

P r o o f * Since [ g o f l l x j = (f o g) (xQ) for a l l f € J , 
then g ( f ( x 0 ) ) = f ( g (x Q ) ) = f ( x 0 ) and the a s se r t ion fol lows 
by the de f i n i t i on of x 0 . 

T h e o r e m 2„ Let X be a non-empty s e t , ne N . 
Assume: 
(9) 0 ^ ? c X* and ? i s commutative, 

(10) there i s g e J which has exact ly n f ixed points 
X.j , • • • »XQ* 

Then 
(11) there e x i s t s a f ixed point xQ of the family { f n ! } f e g : 

and xQe {x1 x j . 

P r o o f . Let S = { x 1 t . . . t x } and x e S. By the assump-
t ions g ( f ( x j ) = f ( g ( x ) ) = f ( x ) for a l l f e 5 . So, consequently, 
f ( x ) 6 S and f e S S , (f e J ) . Using Lemma 5 to the family 
{ f | s } f e y we have the a s se r t ion . 
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Some f lx -oo int theorems 

T h e o r e m 3„ Let (P, +) be a commutative semigroup 
and le t -|lj+> be a i t e r a t i o n semigroup of self-mappings of 

1 teP 
a non-empty set X. Let ne N. Assume, that 

(12) 3t e p : U+ has exactly n f ixed points j , , , . , , 3 t „ , o tQ i n 

(13) P i s n ! - d i v i s i b l e . 
Then 

(14) there e x i s t s a f ixed point x„ of the family i U+ | 
r , ^ 

and x Q e { x 1 , . . . , x n | . 
P r o o f . By Theorem 2, there e x i s t s an x Q e | x 1 , . . . , x n | 

which i s a f ixed point of U n ! t fo r every t e F. Fix a p e p . 
By (13) there e x i s t s s t e p , such that p = n ! t . Therefore 
Up(xQ) = = x o * P r o v 0s a s s e r t i o n . 

C o r o l l a r y 1. I f we replace the assumption (12) 
of Theorem 3 by 
(12 ' ) 3 t „ e P 3C c X : C = n<oo 

0 C ¿ 0 
and" C i s U+ - invar i an t , than the a s s e r t i o n (14) i s v a l i d . 

P r o o f . The map U+ I s a t i s f i e s the assumptions of 
V C 

Lemma 4, with X = C. Hence U n l t j = I | B , with B = U n ! t (C ; , 

Consequently, U , t has exactly B f ixed points . The corol lary 
o 

fo l lows from Theorem 3. 
The following corol lary can now be proven in the same way 

as the above one. 
C o r o l l a r y 2. I f we replace the assumption (10) 

of Theorem 2 by 

(10 ' ) 3 g e ? 3 C c X : C = n < o o 
C ji 0 

and C i s g - i n v a r i a n t , then the a s s e r t i o n (11) i s v a l i d . 

4» Remarks and examples 
E x a m p l e 1. Let B be a Hamel Oasis of the r e a l s 

containing the number 1, and UJ R Q. the group homomorphism 
that maps each r e a l x onto the c o e f f i c i e n t of 1 in i t s Hamel 
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b a s i s expansion. I n [2] Jürgen Weitkämper gave the fo l lowing 
i t e r a t i o n semigroup on Rt Ut (x) - ( t e R , x e R ) . He 
has proved t h a t 
(15) f o r x 4 0 the s e t { t > 0 : U t(x) - x } i s d i f f e r e n t from R + 

and dense i n R* (see [ 2 ] ) . 
Let us oonsider f o r every t c R the fo l lowing se t 

A(t) = {x : U t{x) - x}. 

By ( 1 5 ) | Theorem 3 and Corol la ry 1 we i n f e r t h a t : 
I f i ( t ) / 0 then A(t) i s i n f i n i t e 2 ' , 

i f C i s non-empty and U ^ - i n v a r i a n t , then C i s i n f i n i t e . 
Ve s h a l l give an example of the i t e r a t i o n semigroup 

and 

•fu+) for which 
1 J t>0 

A(t) - R f o r a l l t > 0 and H " 
t>0 

E x a m p l e 2 . Define the se t X and semigroup 

X - {u* £ + v i u,v > 0} 

U t(x) « x + t f o r x c l , t > 0 . 

I t i s easy t o v e r i f y , t h a t 

U t (x) » x i f f x «. £ • & + v f o r some k e N , v > 0 . 

Hence 

so A(t) - R 

or A(t) « R 
I t i s easy t o check, t h a t f o r each t c R e i t h e r A ( t ) > 0 
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Moreover, 

P j A(t ) x 0, because A(1)nA(V2) = 0. 
t>0 

B x a m p l e 3» Let us R —> Q, be the group homeomor-
phiem given in Example 1 and let neN, n j 2 . Define 

S = { ( x , y , z ) € R3.- x2+y2+z2 - 1} u ( { 2 , . . . , n } x { o } x { o } ) , 

1 = R * { o } * {o }„ 

let T be the roration.of S around the axis 1 by the 
angle Jr. Then, by Theorem 3» each semigroup {11+1 with 

v Jt>0 
u1 = T has a fixed point xQ and xQ€ { - 1 , 1 , 2 , . . . , n } x { o } x j o } . 
For example, let Û  be th9 rotation of S around the axis 1 
by the angle Jt • u( t ) » ( t > 0 ) . 

We observe that U1 = T and the sets 

{ t > 0 : U, • i } , { t > 0 : Ut i i } 

are dense in R+ . 
let S 3C + 0, ve SS and let C be f i n i t e and V-invariant. 

Under the above notations, by Theorem 2 and Corollary 2 we 
have 

B x a m p l e 4. Bach commutative family i cs^ for 
which T e 3- or V € ? has a fixed point. 

R e m a r k . The assumption that J is commutative 
cannot be omitted, i . e . Theorem 2 without i t does not hold. 
Similar remarks are valid for Corollaries and Theorem 3. For 
example, the group of a l l isometries of the plane hasn't any 
fixed points. 

B x a m p l e 5. Let X be a non-empty and f in i t e set. 
I f f e XX and f ° f = f then the constant semigroup { f } t ? Q has 
as much of fixed points as f . 
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