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VARIATION OF DARBOUX FUNCTIONS 

In t roduct ion 
In 1875 in paper [3] , the f i r s t example of a d i s c o n t i -

nuous Darboux funct ion was given. Since tha t t i n e , there have 
appeared many papers devoted to the study of the proper t ies of 
those func t ions . I t has turned out that the family of Darboux 
func t ions contains many other important c l a s ses of func t ions 
such as , f o r ins tance , de r iva t ives ( [ 3 ] ) , func t ions being 
approximate der iva t ives ( [ 5 ] ) , and even c e r t a i n subfamil ies 
of the c lasses of de r iva t ives and approximate de r iva t ives that 
oan take i n f i n i t e values ( [ 7 ] , [19]) . 

The proving of a number of i n t e r e s t i n g proper t ies f o r r e a l 
Darboux func t ions of a r e a l var iab le accounted f o r seeking 
a gene ra l i za t ion of the notion of a Darboux func t ion to the 
case of t ransformat ions defined and taking t h e i r values in 
more abs t rao t spaoes. I t should be s t ressed here t h a t , both 
in the case of r e a l func t ions of a r e a l var iab le and in mors 
general cases , there were a lso invest igated funct ions whose 
d e f i n i t i o n s were "close to the d e f i n i t i o n of a Darboux func -
t i o n " . Various genera l i za t ions of the notion of a Darboux func-
t ion to the case of t ransformat ions defined and taking t h e i r 
values in more abs t rac t spaces oan be found, among o the r s , 
in papers [ 2 ] , [4 ] , [S»j, [11], [ 13] and [14]. A l i s t and an 
ana lys i s of many such genera l i za t ions can be found in [6] . 

An e s s e n t i a l d i f f i c u l t y in f inding a genera l i za t ion pre-
serving the proper t ies of r e a l Darboux func t ions of a r e a l 
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variable aa accurately as possible is the fact that those 
functions possess a number of interesting properties of the 
topological nature ae we l l as man; interesting properties 
ooanected with measure theor;? ( c f . e . g . [20j and [ l ] ) . Ana-
lysing one cf the better known definitions of the Darboux pro-
perty, saying that a funotion f j H R is a Darboux function 
i f the image of any closed segment is connected, i t can be 
notioed without d i f f i cu l ty tha t , while g enera l i z ing tnis no-
tion, one should use the kind of sets whose topological na-
ture as well as properties connected with measure theory are 
close to the properties of a closed segment on the l ine . Aros 
seem to constitute such a family. In this oontext, throughout 
the paper, we shall adopt the following def init ion 

D e f i n i t i o n ( [ 15 ] , [ l 6 ] ) . We say that fsX Y 
where X, Y are any topological spaces is a Darboux transforma-
tion (or possesses the Darboux property) i f the image of any 
arc L c X i s a connected set. 

The main aim of papers [15] and [ l6] 'waa to show that the 
adoption of such a def init ion of a Darboux function allows one 
to obtain, f o r transformations defined and taking their values 
in more general s? paces, results analogous to those fo r a Dar-
boux function defined on the l ine . Whereas the present paper 
wears a somewhat di f ferent complexion. I ts aim was to demon-
strate that the adoption of the above def init ion creates new 
poss ib i l i t ies and problems which, many a time, have no analo-
gue in the case of rea l functions of a rea l variable. 

Throughout tha paper, we apply the c lass ica l symbols and 
notations» However, in order to avoid any ambiguities, we 
shall now present those symbols used in the paper whose mean-
ings are not explained in the main text. By the le t ter R we 
denote set of a l l r ea l numbers with the natural topology, 
whereas R stands f o r the plane (also with the natural topo-
l o g y ) . The symbol R stands fo r the extended set of rea l num-
bers i . e . R = R l ; { - o o ] u • [ + » } . The letter K denotes the set 
of positive i n t ege rs . The symbols ( a , b ) , ( a , b ] etc. . . . denote 
open intervals, those open at the endpoint a, etc. . . . in 

2 
the spaces R an 3 R . 
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Variation of Darboux functions 3 

Let f be a r ea l function. We adopt « f" 1 ((o,, + «. )) 
ond »"{f ) = f 1 ( ( - « , « ) J . 

The symbols ¥v A, A and lot A stand for tho boundary, the 
closure and the in ter ior of a sot A, respec t ive ly . The two-di-
mensional Lebesgue ma as ure of the oet k i.a denoted by ¡^(A), 

By an arc L we mean a subset of the topological space X 
which i s homeomorphic (as a subspace) with [0 ,1j c R. If 
h * — i s a homeomorphism, the a fc.(&) h(D are 
cal led endpoints of the arc The not&ti.oa I.(a»l>) i s under-
stand asi an arc with endpointe a and fc. "«at LcX be an arb i -
trary arc , and l e t o , d e i , Than there ex i s t s 
arc It' c h such that h ' = i ( c , d } . There tsro I»' will 1« donoiod 
by L^ (c, d ) . 

If (X,p) i s a metric space and A cZ, then by il ia A we 
denote the diameter of the set A, and by K(x,r) - tha open 
ba l l with the centime at x and the radius r . 

I t i s well known that i f f i s a continuous function on 
the interva l [ a ,b j and N̂  denotes the Eanach ind ica t r ix of the 
function f , then iL, i s a measurable function, and the va r i a -

fa 1 

t ion \ / i f ) of the function f on the in te rva l [ a , b ] i s equal 
a 

+ 00 
to j N f(y) dy ([10 , Theorem 3, p.254j)• T. Salat proved 

— oo 
([17, Theorem 4j) that th i s fact also takes place in the case 
of Darboax functions. 

In th i s paper we sha l l disouse, emong other things, the 
problems of the measurability of the Banach ind ica t r ix and the 

? p 
var ia t ion of Darboux functions mapping R into R . 

D e f i n i t i o n 1. By the Banach ind ica t r ix of 
a function f : E —• Y with respect to a set DcB we mean a 
function H® : Y --•* R defined in the following manner: K^(p) 
i s equal Co the number of points of a set f ( p) nD when th is 
set i s f i n i t e , or to +«> when the set i s i n f i n i t e ( c f . e .g . 
[18, Definition 1, p.217] - in that def in i t ion , however, i t 
was addit ional ly assumed that f i s a continuous function, 
which i s a dispensable assumption in our considerat ions) . 
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4 B.J, Pawlak 

I f D » E, then, instead of the notation we shall 
write H^, 

In paper [17, Theorem 2] i t was proved that i f X ie a l o -
cally connected, second countable Hausdorff space and 
f t X R is a connected funotSoa ( i „ a . f maps connected 
sets onto connected sets ) , than Is of the second class of 
Baire. In view of this recall; bb well as those discussed 
above, the following question seams to he interestingt is the 

2 ? 
Banach indicatrix of a function f ; R H with espect, 
for instance, to a closed eegmerri always measurablei The 
answer to this question is negative (the constructing of such 
an example is very simple when f i s a function whose Banach 
indicatrix takes the value 0 and onlyj the example below 
w i l l show that there exist Banach indicatricas of Darboux 
functions whoBe oeasurability "spoi ls" st f in l teness ) . 

E x a m p l e 2. Let I = [ ( 0 ,0 ) , (1 ,0 ) ] and let C de-
note some un co tint able, cloeed and nowhere denae ( in the topo-
logy of the segment I ) subset of I . Let.S be a Sierpiriskl set 
on the plana ( i . 6 . S in non-disjoint from any alosed set of 
positive measure and any three points of S do not l i e on a 
common line - c f . [12, Thaorem 14.4, p.97]). 

Let xQ e S and l e t , for any x e S \ { x 0 j , I x * [ x Q , x ] . Kote 
that i f x.. 4 x~, then I and I are contained in di f ferent I 2« AM l ines. Denote 

xeS\{x0} 

Then card S 
p 

Let g : I —R*- be any function such that g|c i s a one-to-
-one function mapping C onto S\|xQJ and each interval dis-
joint from C is mapped onto S, Then, of course, g i s a Darboux 
function. So, ; 
following way: 

f ( ( x , y ) ) = 

6 p 
function. So, let us define the function f t R —• R in the 

g l (0 ,0 ) ) when x^O and - » < y < + » , 
g ( ( x , 0 ) ) when and < y <+<» , 
g ( ( l , 0 ) ) when x^1 and -«» < y <+«• . 
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Note that f « got i , where h i s some continuous function, 
which means that f i s a Darbo'ux function. It i s not d i f f i -
cult to cheok that then the Banaoh indioatrix of this function 
with respeot to I has the form 

H J ( P ) 

1 whan p e S \ | * 0 J , 

0 when p ? S u S , 

when p e S. 

Then, however, i s not a maaaurable funotion because 
( s £ r 1 ( D - S\{xo}. 

In the further part of the paper wz sha l l give an addit io-
nal condition under which the Banaoh .indioatrix of a Darboux 
function with respeot to a closed and looally connected set 
i s a measurable function* So, l e t L denote the 6- ideal of a l l 
sets of the Lebesgue measure zero. Let us adopt the following 
•definition: 

D e f i n i t i o n 3. We say that a function 
2 2 9 f : R — R i s L-regular with respeot to a set Ac R i f , 

for any set W open in A (as a subspaoe of R2) and any compo-
nent K of the set f(W), ft K e l , 

For a fixed function f and a set D and for a fixed num-
ber me Ku{o}, le t S° ( f ) ={<* e R2 : card(f~1 (a) n D) = m} and 

s£(f) - {oeR2 , card(f"1(o) n D) ? 50}. 

T h e o r e m 4. Let f s R2 -*• R2 be a Darboux func-
tion L-regular with respect to a closed and looally connected 
set D. Then the Banaoh indicatr ix of the function f i s 
a measurable function. 

P r o o f . To prove the theorem, i t suff ices to demon-
strate that , for any aeR, B îN^) i s a measurable set , i . e . 
that 

oo 
(1) U i s a measurable set for n>0,1,2 , . . . . 

m=n 
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Let nQ be a fixed positiva integer, Lai further {Vjcj^. j 
stand for an open baae ( in D) composed of connected sets of 
the subspace 0 (»ach a base exists ~ c f . a .g , [8 , Remark on 
p.237J)• 

We shall show that 

{2} f ( V k ) i s a connect ;d <*.-}•«; fyj? . 

Let k be a f i xed pos i t i ve intejs-jr« Theft V^, aa an open 
subset of the l o ca l l y connected spaas P, ts a locally ooaneot-
ted set anci i) ip a oompleie subspaco. I ß /ii'tue of k-h-j Mazur-
kiewioa-Moor theorem» V^ ia an arcwise connected «?«j tn 0, 
t.huo a lso in R^, whirh proves ( 2 ) . 

Let 8J deaoi.0 Ehe s « t of a l l i» e N duch that f i s L-dege-
. « ra ta on ? ( i . * . f (V ) e L) and l e t N.̂  a H \ H.,. Let fur ther 

A - U i ' ' i?(f(V.J) and a » L J f (V ) , Fro « tha asaurocriioue 
11 aeN., 

«••«.• made i i fol i-/«*:, by ( 2 ) , that A < I ur.d 8 e L, OO 
,1' . 'j L f t ur? no* ndupr ? . » ' \.J i> i't u : i ' ) ) \ ( A o b j , 

" :: \ m- >• ^ "" 
.1 

Pix a'S. P I f c s : , cinin 1st aa adopt as V-.* an 

arb i t rary open est ooj * -lining a * » So, fu r the r , we shal l 
always ae jume that fe^if) while constructing V^*. Then 
there ex i s t palrsriea •i\?.?lu<t% points x * , „ . » , x of the 

o 
aet 0, such that , < , and there ex i s t 
pos i t iva in tegers . . . , « » _ e ¿U ^uc'i that e V t d "o ^ mk 
( k * 1 , 2 , . . . , u n ) and the sets V_ , . . . , V m are pairwise d i s j o i n t . U ui.4 Ui „ 

1 ao 
Sinoe <x*i k, tharefuj?-* c<*t I-at f {V_ i {k= 1 , 2 , . . . , n,J . Let 

.k 

V„* * In t f O . f ( V „ } ) . fen- * i s a neighbourhood 3f a * . We 
k • 

sha l l show thai 

(3 ) V ^ c . j 

0 
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Variation of Darboux functions 7 

Thus, le t as suppose that (3eVa*. Than f~1 ( fJ)nVm + 0 
k 

for k = 1 , . . . , n , which, in view of the disjointness of the 
sets V , . . . ,V , proves (3 ) . 

1 Go 
Let us now observe that 

(4) Q s J ( f ) u S D ' f ) = [ J V a*uC, 
cx*eP 

o 

where C ia some subset of the set AuB. 
On tho ground of (4 ) , seeing that C c A u B e L , we may infer OO 

that tha set LJ s ® ( f ) u s £ ( f ) i s Labesgue-measurable, which, 
a»n o 

ia view of the free choice of n , proves (1 ) . 
I t I f no 5 '1 i f f if; nit to notice tnat, under some modified 

aswaffiptiona cons a ¡mi rig th* transformations and She sets under 
ooa«ia«i:'E)tioflj one oan obtain »uccessive versions of the above 
the ore Ei Also, the follow-ir.". evident oroposition holds. 

? ? 
V v 0 p o 8 i t i a n i,i?6 f s R — H be a Darboux 

functloa aaeh th«st u î f (¿^; J = 0. I'hen, for any set DcR2, K® 
i s u iccsaimrabia <'<mcti or;, 

Knowing that, Ids* rf;; in Darboux functions, their Banaoh 
indioatrioes with ^aspect to eor--.e a?ts «re oe as arable func-
tions, one can define { i .e « sinuiaz- way as, fox* instance, in 
[ lS, Definition 2, p.217]) She variation of the function and, 
thereby, answer the qurjatica what i t means that such a func-
tion possesses a bounded variation. 

D e f i n i t i o n 6, Let f : B R2 (Sc f l 2 ) be 
a Darboux function whose Banach indicatrix K^ (Dc3) is a 
measurable function. We then say that the function f has 
a bounded variation in the sense of Banaoh on the eat a e 3 
i f f N?(p) dp < + oo. The value of the integral ( K?(&) dp I2 * * 
wi l l be called a variation of the function f and denoted by 
V f. 
D 
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R e m a r k . I f we do not state on what set the func-
tion possesses a bounded variation, then we understand that 
this faot takee place on the whole domain of the transforma-
tion considered. 

I t is evident that, in the case of real ^unotions defined 
on [a,b] , i f f is a discontinuous (even i f only at one point) 

. b . 
Parboux function, then \ / ( f ) = +«> ( c f . [17]) . However, i t 

a 
is not d i f f i cu l t to observe that, in the case of functions 
defined and taking their values in certain subsets of the 
plane, such a situation need not take place. For i t is easily 
noticed that i f f sat is f ies the assumptions of Proposition 5, 
then, for any set Dc8 2 , V ( f ) = 0. And consequently, one may D 
put the question: How often do discontinuous functions occur 
in tne class of Darboux functions with bounded variation? The 
answer to this question is included in the following theorem: 

T h e o r e m 7. In the space of bounded Darboux func-
tions f : K R2 (where K = [o ,1 ]* [0 ,1 ] ) with bounded varia-
tion, with the metric of uniform convergence, discontinuous 
functions constitute a dense set of cardinality 2^. 

P r o o f . We shall f i r s t prove the density of this 
2 

set. Let g : K S be a continuous funotion with bounded 
variation and let e > 0. 

Consider the following cases: 
1° g(K) = { y Q } . Let KQ be a closed cube with centre at 

some point x°, such that K Q cK(y 0 ,£ ) . Let further, for any 
r e [ o , K1 « { r } x [ r , 1-r ] u [ r , 1 - r ] x { l ~ r } u { 1 - r } * [ r , 1-r ] u 

u [ r , 1 - r ] x { r } . Let K* denote the closed cube which is de-

termined by K . Let h be a continuous function mapping 
[0, into [0,1] , such that, for any (0, 5), h((x^, 5) ) » 

» [ 0 ,1 ] . Let further h* : [ 0 , 1 ] opto».Fr KQ be a continuous 
function such that h^fo) = h * 0 ) . Finally, l e t h* : 
be a homeomorphiBm such that h*(Fr K*) = Fr KQ. Let ub then 
adopt: 
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Variation of Darboux functions 9 

f(p) = 
h..(h(r)) whan pe where re 0,1), 

h* (p) when p e K*. 

Note that f : K—*> Kq is a Darboux function. Indeed, 
let h be any arc contained in K„ if LcK*, then f(L) = h*(L) 
is a connected set. In the case when Ln(K\K*) 4 {J, it can 
easily be seen that f(Ln(K\K*)) is a connected set; if we 
assume additionally that L nFr K* 4 then f(Ln(K\K*)) = 
= FP K0. 

Consequently, assume that Ln Int K* 4 £ 4 Ln(K\K*) and 
suppose that f(L) is not a connected setj i.e. f(L) = AuB 
where A and B are separated sets. Denote Â  = iinf"^(A), 
B.| » L n f (B). Then Â  n B̂  = i& but these sets are not sepa-
rated. Without loss of generality let us assume that AyB-j 4 <5. 
Let xQ e A-jOB^. Then there exists a sequence |xn|cA1 suoh 
that xQ « lim xn. n-»<*> 

At present, we shall show that 
(1) there exists a sequence jynlcA^ nFr K̂ 1 such that 

xo = l i m V n -•>«> 
Let <p i [0,1] 0 D t» & be a homaomorphiam. Let zQ « 

• if>"1(xQ) (n=0,1,2,...). Then lim z n » zQ (of course, n -» oo 
With no loss of generality we may assume that all elements of 
the sequenoe lie on the same side of the point z0j more-
over, assume that z n

<2 ( ) (n=1,2,...). 
So, let n stand for a fixed positive integer. If 

x neFr K*, then let us put => xn< In the contrary case we 
notice that 

{* 6 tzn' zo ) 1 <p{t) c ** K*} * 

Let us then adopt 

en • infjt c [zn,z0) : <p(t) c Fr K #} and y n = q»(sn). 
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I t can be d e m o n s t r a t e d t h a t y e F r K* and y f l e A^. B e s i d e s , 
no te t h a t a < s < s . n n o 

Prom t h e r e a s o n i n g we hava c a r r i e d ou t i t f o l l o w s t h a t 
r e l a t i o n s h i p (1 ) does t ake p l a c e . 

I n v i r t u e of ( 1 ) , we may i n f e r t h a t xQ e F r K*. 
S i n c e f . „ = h'! i s a c o n t i n u o u s f u n c t i o n , t h e r e f o r e , i n 

IK 
v iew of ( 1 ) , we may deduce t h a t l i m f ( y n ) * f i x )'é B a n d , 

il -» oo 
a s { f ( y f l ) } c A , we o b t a i n a c o n t r a d i c t i o n w i t h t h e s u p p o s i t i o n 
t h a t A and B a r e s e p a r a t e d p a i s * The c o n t r a d i c t i o n o b t a i n e d 
p r o v e s t h a t f i s r e a l l y a Darboux f u n c t i o n . 

I t i s not d i f f i c u l t t o n o t i c e t h a t f i s e d i s c o n t i n u o u s 
f u n c t i o n . 

O b v i o u s l y , V ( f ) = mP(K ) < + » , and s o , f i s a f u n c t i o n 
K ^ 0 

w i t h bounded v a r i a t i o n . 
Moreover , i t i s easy t o v e r i f y t h a t ç>Q(f,g)<€ where ç>Q 

d e n o t e s t h e m e t r i c of u n i f o r m c o n v e r g e n c e . 
2° Assume now t h a t g i s a n o n - c o n s t a n t c o n t i n u o u s f u n c -

t i o n w i t h bounded v a r i a t i o n . Let y Q e g ( K ) and Kq = K(y Q , . 

Let nQ be a p o s i t i v e i n t e g e r such t h a t | > -j^- and 
o 

g(K) \ K ( y , § - ) t i . Then, d e n o t e K° = K(y , Let T be 
o o 

a segment J o i n i n g F r KQ and F r K such t h a t e i t h e r of t h e 
i n t e r s e c t i o n s T n F r Kq and T n F r K° i s a o n e - e l e m e n t s e t . 

F u r t h e r , f o r any r e , l e t = Fr K ( y o , r ) . Le t 
o 

h : , | ) [ 0 , 1 ] be a c o n t i n u o u s f u n c t i o n such t h a t , 

f o r any x o e ( f , | ) , h ( ( f - , x )) = [ o , l ] = h ( ( , | ) ) . Let 
o o 

f u r t h e r h * j [ o , l ] o n t o » Fr KQ u F r K° u T be a c o n t i n u o u s 
2 2 

f u n c t i o n . D e f i n e a f u n c t i o n f^ : R — • R i n t he f o l l o w i n g 
manner : 

f - , ( p ) = 
h # ( h ( r ) ) when p e K r , where r e ( | " » | ) » 

p when p e (R2 \ K ) u K°. 
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Variation of Darboux functions 11 

similarly as in 1° we oan show that f^ is a Darboux function. 
So, l e t f r f c g, Then, of course, f is a discontinuous 

Darboux function. 
Kote now that 

K — Ng (p) when p i K0, 

+ <» wha r. r- t i r K„ u Fr K° u T, o * 

0 when pc jC 0 " , (K 0 uT ) , 

N^(ij) when p t K 0 . 

Then V ( f ) i ) N^ip) dp • and, moreover, f ( p ) = g(p) 
K il2 " 

for p e g " 1 ( f i 2 \ X 0 ) and f ( p ) c K Q f . r p e g ~ 1 ( K q ) , thus p 0 ( f , g ) $ 
« dia K0 = E. 

The f i r s t part of this theorem has been proved. We shall 
now prove the veracity of the ¡aeoond part of the theorem. 

Let us adopt thp following notations: K1 = [ g » l j x [ o , l ] , 

L1 = { 2 } x L2 = l b L e t k : K1 V L 2 b e 

a function defined as fo l lows: let us assign to each point 
xe K1 a point x ' being the point of intersection of a l ine Lx 

passing through the point x and paral le l to the vector with 
coordinates a n d th® s0* L-| u L ,̂. Then k i s a conti-
nuous function. 

Let C be a nowhere dense perfect set contained in 
1 ) « { ( , } . Now, we shall assign to each set Ĉ  c c , in a 

one-to-one way, some discontinuous Darboux function hr with 1 bounded variat ion. 
So, l e t C1 c C and le t a and b denote any two distinct ' A 

elements belonging to Int K. Let further L = L ( ( 1 ,0 ) , c) stand 
fo r an arc such that a,b e L \ { ( 1 , 0 ) , c } and m?(L) = 0. Let . /N r 

cp : [-1,1J Iiu [ (1 ,0 ) , (1»1)J be a homeomorphism such that 
f ( 0 ) = (1 ,0 ) , <f>(D = c, and 9 (3) = a and 9 ( 3 ) = b (or <f>(i) = b 
and 9 ( 3 ) = a, but then one may interchange the denotations of 
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12 R.J. ?awlak 

the points a and b in order to avoid the consideration 
of two oases)! moreover, <p(x) « (1 , -x ) f o r x e [ -1 ,0 ] , Besides, 
f o r any interval ( ( p , 0 ) , ( q »0 ) ) cLg, denote by the symbol h^ 
a continuous function mapping this interval onto [ 0 , l j ( such 
that, f o r any (x ,0 ) e ( ( p , 0 ) , (q»0)), hqp(((x,0), (q,Q))) -

• [0 ,1 ] - h^ ( ( ( p ,0 ) , ( x t 0 ) ) ) . Define a transformation 

Vq^ i L j U Lg ^ B l V f - l » 1 ] i o fol lowing mannsrt 

when (x ,y ) - (g , 0 ) , 

when ( x , y ) « ( 1 ,0 ) , 

when (x ,y ) e C.,, 

• when ( x , y ) e C \ C1, 

h^ ( ( x , y ) ) when ( x , y ) e ( ( p , 0 ) , ( q , 0 ) ) where 
( ( p , 0 ) , ( q ,0 ) ) i s a component of 
the set L 2 \ { C u { ( J , 0 ) , ( 1 , 0 ) } ) , 

when (x ,y ) e L^. 

( ( x , y ) 

-J 

mula 
Let us then define the function hQ t K —• K by the f o r -

h r { ( x , y ) ) 
(2x,y) when ( x , y ) e K \ K 1 t 

Cp(n>c^(k(x,y)) J when ( x , y ) e K 1 ( 

I t is not hard to check that hc i s a Darboux function and, 

moreover. V (h_ ) b 1. Of course, hp i s not a continuous 
K H C1 

function. To f in ish with, l e t us notice that i f C1 4 C2, then 
hp t hp , which f ina l l y completes the proof of the theorem. 
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