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I ntrodaction 

The k - s h i f t - r e g i s t e r s are technical arrangemauta which 

generate binary pee adopariodic sequences. Let ue quote a few 

sentences from the preface to Golomb'a monograph [5]« 

"The theory of s h i f t - r e g i s t e r s has found major applica-

tions in a wide variety of technological s i tuat ions, includ-

ing secure, r e l i a b l e and e f f i c i e n t communications, d i g i t a l 

ranging and traoking systems, deterministic simulation of ran-

dom processes and computer sequencing and timing schemes". 

With respect to easy technical r e a l i z a t i o n the linear 

k-registers have bean used most frequently. The theory of 

these ones has been elaborated for the practice in a s a t i s -

factory way. Namely, to every linear k-register R^ a unique 

polynomial f^i*) of degree k i s assigned. The properties of 

these polynomials allow t o obtain the length of the output 

sequences of respective k - r e g i s t e r s . The Konse's monograph 

[11] describes an uniform algebraical method which i s useful 

for solving the above problems for arbitrary k - r e g i s t e r s . 

The most problems which have been published before are 

related to the construction of a whole class of the k - r e g i -

sters for which the output sequences are periodic with period 

length of 2k (or of 2k-1 in the linear case). Such k-registers 

are said to be maximal and their output sequences - pseudo-

random. We do not r e c a l l here the directions of the studies 

on t h i s problem. The reader i s referred to the Predricksen's 

paper [4] where almost whole bibliography has been completed. 
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2 Z. Grodzki, M. Latko 

On the other hand the studies on shift. -registers go in 
the di f ferent directions. Ksmely, in the monographs [2,10,11] 
the pure algebraical results related to the s i i i f t - reg isters 
have been described. 

The period of 30 yeari. which paffsd jince the appearence 
of Golomb's monograph [ 5 j didn't ma ¿re ths scientists lose the 
interest in the shift -registers, , on tho contrary, i t increas-
ed the f i e l d of applications in the technology of integrated 
c ircuits . In modern electronics c i i i f t - registers are used 
rather as nets (sequential or para l le l ) than as singular ones. 

The theory of nets of sh i f t - reg i s ters i s s t i l l in the 
i n i t i a l stage of development, however there are several papers 
which are related to the singular classes [6 ,8,9,11] . 

This paper is related to the nets of paral le l conjugated 
k-registgrs which "work" syncnronously. The basic properties 
of the sets of a l l output sequences9 in particular a periodi -
city problem of such sets, w i l l be studied. 

At the very end a more general class of paral le l s h i f t -
- reg isters w i l l be introduced and a few properties of the 
output sets w i l l be given. 

1. Preliminaries and basic definitions 
Nonempty sets w i l l be denoted by upper case l e t te rs . In 

particular, the empty set and the set of a l l nonnegative i n -
tegers w i l l be denoted by 0 and N, respectively. 

Let A be an alphabet of cardinality n ( n > 1 ) and A ( k ^ 2 ) 
lr 

- the k-th Cartesian product of A. The elements of A w i l l be 
denoted by lower case Latin letters x, y, z (possibly with 
subscripts) . 

Let A°° , A_oo, A™ denote the sets of a l l righthand side, 
lefthand side and bothhand side in f in i te sequences, over A. 
The elements and the subsets of the above sets w i l l be denoted 
by upper case Latin letters T, U, V, V and E, P, respectively. 

To uniform the considerations later on a sequence 
T = t ^ j t g , . . . w i l l denote a sequence t 1 , t 2 > . . . of A00 or 
a sequence t - , t eA 
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Conjugated shift-registers 3 

For T -•= t1,t2,..„ r. u A_co, B c A 00 u A_oo and l ^ i ^ j 

T(ii>j) and B(i,,i) wi.13 denote a sequence a n d a 8 0 t 

{T(i,J) • T < s}. 
The analogical notations can be introduced for the ele-

ments and the subsets oi A ^ . 
Let (A1")00 denote the .<si of all right-hand side infinite 

sequences, over AK. !•'• -i elements and the subsets of (Ak)°° 
will be denoted by upper caee Latin letters X, Y, Z and G, H, 
respectively. 

Let (AkxAk)°° denote the set of all right-hand side in-k 
finite sequences, over A"*A ^ The elements and the subsets of 
(Ak*Ak)00 will be denoted by upper case boldface letters 
X, Y, Z and G, H9 respectively. 

For X«= x^xjs,,. e (Ak)°°t Gc(Ak)°° and W ii j, X(i,j) and 
G(i,j) will denote a restricted sequence x^f...,xj and a set 
{x(i,j): Xc g}, respectively. 

The analogical notations can be introduced for the ele-
ments and the subsets of (AkxAk)°°. 

The sign c denotus the proper inclusion for the sets 
and iA^| - the cardinality of 

The functions of AK into A will be denoted by lowar case 
letters f, g and of A'' into Ak - by upper case ones F^, f \ F e, 

The symbols , — > , denote the logical connectives 
and V ( 3 - the quantifiers. 

Lot us introduce at the end the notions of a pseudoperio-
dic sequence and a k-homogeneous set. 

A sequence T = t^tg,... e A°°u A_eo is said to be pseudo~ 
periodic if ana only if the following condition is satisfied! 

(1) (3i* 1) (3 i Z 1) (Vp? i) (t = t p + j). 

Let i 0 be the minimal number of all numbers i such that 
the condition (1) is satisfied. 

By the threshold segment of T (th(T)J we mean a sequence 
T(l,iQ-1), if ± >1, or the empty sequenoe e - otherwise. 
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4 Z. Grodzkl, M. Latko 

For i Q as above, by the period of T (p(T)) we mean a s e -
quence t ^ . . « t ^ j 1 wi th the minimal number j . 

2 o *" 
A pseudoperiodic sequenae with the empty th resho ld seg -

ment i s sa id t o be p e r i o d i c . A per iodic sequenae T wi th the 
period w i l l be denoted as ( t 1 . . . t ^ ) o o . 

A nonempty se t B E A°° i s said to be k-homogeneous ( k ^ 1 ) 
i f and only i f the fo l lowing cond i t ion i s s a t i s f i e d : 

(2) { V T e B ) ( V U eB)V i * 1 ( 1 ) ( T ( i , i + k - 1 ) = 

- U ( j , j + k - D = > T ( i + k , i + k ) * UU+k. j+k)) 

The same not ions can be introduced f o r the elements 
and the subse t s of (Ak)°° as w e l l as of (AkxAk)°°. 

2. Nets of the conjrigated k - r e g i s t e r s 
Nets of the conjugated k - r e g i s t e r s , r igh t -hand s ide and 

l e f t - h a n d s i d e , with the same feedback f u n c t i o n w i l l be con-
s i d e r e d . The c h a r a c t e r i s t i c s of these ne t s by means of t h e i r 
t r a n s i t i o n graphs w i l l be g iven . I n p a r t i c u l a r , a necessary 
and s u f f i c i e n t cond i t ion f o r a l l the connected components of 
t h e i r t r a n s i t i o n graphs to be the cyoles w i l l be g iven . 

Let us in t roduce a t the beginning some necessary d e f i n i -
t i o n s . 

Given t o t a l f u n c t i o n f : A —• A (k ^ 2) l e t us d e f i n e two 
r> l k k f u n c t i o n s Tr and F of A i n t o A as fol lows» 

(1) F r ( t 1 . . . t k ) - t 2 . . . t k f ( t r . . t k ) , 

(2) F l ( t 1 . . . t k ) « f ( t 1 . . . t k ) t 1 . . . t k _ 1 

f o r a l l t 1 . . . t k e Ak. 
R e m a r k 2 . 1 . I t i s poss ib le to de f ine immediately 

the f u n c t i o n s F r and F 1 as f o l l o w s : 

(3) i f F r ( t 1 . . . t ] c ) « u 1 . . . u k then u± = t i + i » 
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Conjugated sh i f t - reg i s te rs 5 

(4) i f F 1 ^ . . . ^ ) = u.,.. .uk then u i + 1 « tA 

v 
for a l l 1 S i $ k-1 and t ^ . . ^ , ^ . . . uk A . 

Obviously, each of the functions F1" and which ie de-
fined by means of (3) or (4) univocally determines the funo-
tion f . 

The pairs ( A ^ F * ) , (A k ,F 1 ) and ( A k , ( F r , F 1 ) ) are said to 
be a right-hand side, a left-hand side k-registor and a net 
of the conjugated k-registers ( b r i e f l y k-net ) , respectively. 

Ak, (A k ) 2 and F s , iP3^,^1) are said to be the sets of s ta -
tes and the transition functions of R^ and N^, respectively, 

k r> i 
A function f : A - » - A , which i s conneoted with F^ and F by 
means of (1) and (2) is said to be the feedback funotion of 
R^ as wel l as of 

k- k A state y e A i s said to be a suocessor of a state x e A 
in a k-register R^ = (A k ,F s ) i f and only i f there is i ?1 

such that y = ( F s ) ^ ( x ) , where ( F 8 ) 1 denotes the i - th iteration 
of F a . Analogously, a state ( x ^ y ^ ) i s said to be a successor 

of a state (x ,y ) in a k-net = ( A k , ( F r , F 1 ) ) i f and only i f 

U , , ? , ] = ( ( F r ) i ( x ) , ( F 1 ) i ( y ) ) for some i * 1. 

Bach k-register R^ = (A k ,F s ) as wel l as a k-net Kk « 

- ( A k , ( F r »F 1 ) ) determines unique directed graph G(R®) and 
G(N.) - their transition graphs. The nodes of G(R?) (of G (NJ ) 

k k k 
are a l l the elements of A (of A »A ) and an edge goes from 
a state x to a state y (from a state (x ,y ) to a state 
(X1 ) ) i f and only i f y = F s ( x ) (x., = F r ( x ) and y1 - F^y ) ) . . 

E x a m p l e 2.1. Define a funotion f : {o,1 p - » - { o , l } 
as fo l lows: f ( x ) - 1 for a l l x£{OOO,101,110,011} and f ( y ) = 0 
fo r the remaining elements of { o , l } ^ . 

The transition graphs of the right-hand side and left-hand 
side 3-registers , fo r which f i s a feedback function, have 
a formt 
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Ttd t r a d i t i o n graph G(N^) of the 3-net N-j, for which f 
i s thi foadbaak function, cons i s t s of 16 connected components 
which are the cycles. Every such a component consis t s of 
4 « t a t e s . 

liow a neceosary &nd s u f f i c i e n t condition for a l l the con-
a 

nected components of the t rans i t ion graphs of a k-regis ter R^ 
aa well as of a k-net N^ to be the cycles wi l l be formulated. 

1st R? = (A k ,F a ) (k £ 2 ) , e e { r , l } ) be a k-regi s ter and 

( Ak„ (,P 1 ) ) - a k-net. Let G{R|) and G(Kk) be their 
t rans i t ion graptis. 

L e m m a 2.1. 
equivalent: 

For R^ the following conditions are 

(5) every connected component of the t rans i t ion graph G(H^) 
of forms a cycle ; 
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. . . • ¿Mft-reRis?t.ers 7 

t g k 
(6) the t r a n s i t s or, function of tv. its 8 o&pt.ing of k 

k onto A ; 

(7) for the feedback function f of Rk the following condi-
k-1 

t ions are s a t i s f i e d f o r a l l ^ . . « t ^ e A a n d a » b e A 

(a 4 b ) : 
(7 .1) i f s = r then f ( a t 2 . . . t k ) 4 f ( b t 2 . . . t k ) j 

(7 .2 ) i f s = 1 then f ( t 2 . . . t k a ) 4 f ( t 2 . . . t k b ) „ 

Proof in [5] has been given. 
T h e o r e m 2 .1 . For the k-net Nk the following 

conditions are equivalent : 

(8) a l l the connected components of th ?̂ t r a n s i t i o n graph 
G(Nk) of Nk form the c y c l e s ; 

(9) both functions and F̂ " are the mapping of A*" onto 

(10) both the cohditions (7»1) and (7 .2) are s a t i s f i e d . 

Proof immediately follows from Lemma /2.1. 

3. The output sequences of the k-nets 
A necessary and s u f f i c i e n t condition fo r a nonempty set E 

of A ^ to be the set of a l l output sequences of any k-net Nk 

wi l l be given. 
Let us introduce at the beginning the necessary d e f i n i -

t i o n s . 
Let Rk = (A k ,F e ) ( k » 2 ) be a k - r e g i s t e r and Nk = 

= ( A ^ F ^ F 1 ) ) - a k-net. Let f be the i r feedback funct ion. 
An i n f i n i t e sequenoe T =» t 1 , t 2 , . . . e A_TO i s said to ba 

an output sequence of Rk i f and only i f the following condi-
t ions are s a t i s f i e d for a l l 1 ^ 1 : 

(1) i f s = r then t ± + k = f ( t ± . . . t i + k _ 1 ) j 

(2) i f s = 1 then t _ ± _ k = f ( t ^ ^ ^ . . . t _ ± ) . 

A both-hand side i n f i n i t e sequence Ue A°° i s said to be 
a * OO 

an output sequence of a k-net Nk i f and only i f the following 
conditions are s a t i s f i e d « 
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8 Z. Grodzkl, M. Latko 

(3) i f than U( i+k, i+k) =* f ( U ( i , i + k - 1 ) ) j 

(4) « i < 0 than U ( i - k , i - k ) = f ( U ( i - k + 1 , i ) ) . 

L e m m a 3.1. A nonempty set B c A°° or B c A „ i s wOO 
a set of a l l output sequences of some k-register R^ I f and 
only i f the following conditions are satisf ied< 

v 
(5) for eaoh x e A there i s unique sequanoe TeB such that 

x = T (1,k )| 

(6) B i s k-homogeneous. 

Proof in L"7J has been given. 
T h e o r e m 3.1. A nonempty set B i A ^ i s the set 

of a l l output sequences of some k-net N^ (k ? 2) i f and only 
i f the following conditions are sat is f ied« 

i, 
(7) fo r eaoh x e A there i s unique sequenoe TeB such that 

x = T(0,k-1 ) ; 
(8) B i s both-hand side k-homogenaousj this means that f o r 

a l l sequences T,Ue B and the integers i , j we havet 

(8.1) i f i £ 0, and T ( i , i +k -1 ) = U{3, j+k-1) then 
T( i+k, i+k) = U ( j +k , j +k ) } 

(8.2) i f i < 0 , j < 0 and T ( i -k+1 , i ) = U ( j - k + 1 J ) then 
T ( i - k , i - k ) . U i j - k . j - k ) , 

(8.3) i f i ^ O , j < 0 and T ( i , i +k -1 ) = U ( j - k+1 , j ) then 
T ( i - k , i - k ) = U ( j - k , j - k ) . 

Proof immediately follows from Lemma 3.1. 

4. Definable sets by the k-nets 
A characteristics of the k-nets by means of the f in i te 

sets of right-hand side in f in i te sequences of successive 
their states w i l l be given. 

Let us introduce at the beginning the necessary de f in i -
tions. 

Let = (Ak ,P8 ) be a k-register and Nfc *= ( A k , ( F r , F 1 ) ) 
- a k-net. 

- 108 -



Conjugated s h i f t - r e g i s t e r s 9 

k 
An i n f i n i t e sequence X • x 1 t x 2 , . . . e (A i s s a i d t o be 

g e n e r a b l a by R^ i f and only i f x i + 1 = P 8 ( * i ) f o r a l l i M . 

The s e t o f a l l s equenoes g e n e r a b l e by R | w i l l be c a l l e d 

a d e f i n a b l e s e t by i t and w i l l be denoted by D(R^) . 

An i n f i n i t e double sequenoe X « ( x 1 ) , ( x 2 , y 2 ) » • « • e 

e (A^xA^)^ i a s a i d to be g e n e r a b l e by N^ i f and only i f 

x i + 1 = I ^ U ^ ) and y i + 1 = i " 1 ^ ) f o r a l l l i 1 . 
The s e t of a l l s e q u e n c e s g s n e r s b l o by N^ w i l l be c a l l e d 

a d e f i n a b l e s e t by i t «ad denoted by DfN^) . 
R e m a r k - i . i . D(N^) c o n s i s t s of only p e r i o d i o s e -

quences i f and only if D(R^) and B(Rjji) have the same p r o p e r t y . 
Theorem 2 .1 f o r m u l a t e s the r e s p e c t i v e c o n d i t i o n s f o r p e r i o d i -
c i t y of D ( N k ) . 

The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r a nonempty s e t 
G £ ( A k ) ° ° (G C ( A k * A k ) ° ° ) t o be d e f i n a b l e by some k - r e g i s t e r r £ 
( a k-net NkJ w i l l be f o r m u l a t e d . 

L e m m a 4 . 1 . A nonempty s e t G c ( A l t ) w i s d e f i n a b l e 
by some k - r e g i s t e r r £ i f and only i f the f o l l o w i n g c o n d i t i o n s 
are s a t i s f i e d ! 
( 1 ) f o r each x e A t h e r e i s unique X e G such t h a t x = X ( l , k ) ; 
( 2 ) G i s 1-homogeneous; 

( 3 ) f o r a r b i t r a r y segments G ( i , i ) = { x . j , . . . , x and 

G ( i + 1 , i + 1 ) = { y 1 f . . . , y k } ( i 5- 1) the f o l l o w i n g c o n d i -
t i o n s aro s a t i s f i e d : n 

( 3 . 1 ) i f s = r then y ^ d . k - D = X j ( 2 , k ) ; 

( 3 . 2 ) i f s = 1 then y j ( 2 , k ) = X j ( l , k - 1 ) 

f o r a l l 1 $ j i n k . 
The proof immediately f o l l o w s from Lemma 3 . 1 . 
C o r o l l a r y 4 . 1 . For a r b i t r a r y k - r e g i s t e r R^ 

i t 
s d e f i n a b l e s e t G c o n s i s t s of only p s e u d o p e r i o d i c s e q u e n c e s 

with the per iod of l e n g t h l e s s or e q u a l t o l A k i . 
T h e o r e m 4 . 1 . A nonempty s e t G c ( A k x A k ) ° ° i s 

d e f i n a b l e by some k-net N^ i f and only i f the f o l l o w i n g c o n -
d i t i o n s are s a t i s f i e d : 
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1. u 

(4) for eaoh (x,y) e A xA there is unique sequence 
(x 1 ,y 1 ) , (x 2 ,7 2 ) , . . e G such that (x,y) » (x 1 , j 1 ) | 

(5) if we denote by G1, i - 1,2 the sets« 
G |x 1 tx 2 , . . . e (Ak)*° t (3 t ( x 2 t j 2 ) e G ) } I 

G2 - { y - , » ^ " " e J00' ( 3 ' » (x2»y2 )• *• • e ? ) } 

then G1 and 02 are 1-homogeneousj 
(6) for eaoh i ^ l and a aequo noe (x.j ,y.,) , ( x 2 , y 2 ) e G 

we havei 
x i + 1 ( l ,k-1) « x±(2,k) and J i +1 (2,k) = y ^ . k - D . 

Proof is obvious. 
C o r o l l a r y 4 . 2 . For arbitrary k-net Nk a l l se-

quences generable by it are pseudoperiodic with the period 
of length less or equal to 

5. Relational k-nets 
A notion of an relational k-net will be introduced. A re-

lational k-net is an immediate generalization of a k-net. 
Formal definition and the basic properties of the sets 

which are definable by such nets will be given. 
By a relational k-net RN̂  (k>2) we mean a quadruple 

( X i c , F r , F 1 , R ) , where F^ and F1 are the transition functions 
whioh in section 2 have been defined and Rc A**Ak is an arbi-
trary relation. 

k k oo 
A sequenoe X = (x^ ), (x 2 ,y 2 ) , . . . e(A *A ) is said 

to be generable by a relational k-net N. = (Ak,Fr,F1,R) i f 
and only if the following conditions are satisfied: 

(1) ( * i + 1 . 3 W " 
(F r ( x i ) ,F 1 (y i ) ) i f ( x ^ y ^ e R 

(F 1 ( x i ) ,F r (y i ) ) otherwise. 

The set of al l sequences generable by RNk is said to be 
definable by it and denoted by DiRNjj.). 

It follows immediately from the above definition the 
following coroilary. 
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C o r o l l a r y 5,1, For arbitrary re lat ional k-net 
Nk = U ^ F ^ F 1 , » ) we haver 

(2) i f R = Ak*Ak then D(HNn) - D(Nk) where = ( A k , ( P r , P 1 ) ) 
i s a k-net; 

(3) i f fi - 0 then D(RNk) = D(N^), where Nk = ( Ak, ( F 1 , ^ ) ) 
i s a k-not. 

The transition graph of a re lat ional k-net can be defined 
analogously as for a k-nst. 

T h e o r e m 5.1« Let Rîîk = (A k ,F r ,F 1 ,R ) (k:>2) be 
a relat ional k-net and f - i t s feedback function. 

The following conditions are equivalent: 
(1) a l l the connected components of the transition graph 

G(RNk) form a cycle; 
(2) D(RHk) consists ?f only periodic sequences} 
(3) both the trannition functions F1̂  and F̂ " are the mappings 

of Ak onto Ak; 
k 1 (4) for a l l t 1 . . . t k _ 1 e A and a»b e A (a 4 b) we have: 

(4.1) f ( a t r . . t k _ 1 ) t f ( f c t 1 . . . t k _ J 

(4.2) f ( t r . . t k - > 1 a ) 4 f ( t 1 . . . t k _ 1 b ) . 

P r o o f . The equivalence of the conditions (1) and 
(2) as wel l as (3) and (4) i s obvious. I t is suf f ic ient to 
prove the equivalence of the conditions (2) and (3 ) . Let us 
see that the condition (2) implies (3) because otherwise i t 
would be E ( i , i ) c ( A k ) 2 for some i ? 1 , where E = D(RNk). The 
inverse implication is obvious. 

C o r o l l a r y 5.1. For arbitrary relat ional k-net 
RNk a l l sequences generable by i t are pseudoperiodic with 
the period length less or equal to ¡A2 k l . 

I f there is a periodic sequence XeD(RN.) with the period 
i 2k i 

length of I A | then a l l sequenoes generable by RNk have the 
same property. 

T h e o r e m 5.2. A nonempty set G Ç ( Akx Ak) 00 (k j 2) 
i s definable by some re lat ional k-net i f and only i f the 
following conditions are sat i s f i ed : 
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k V 
(5) for arbitrary (x,y)€A'xA' 1st unique sequenoe 

Xc G such that (x,y) « X( 1,'lJj 
(6) G is 1-homogeneous; 
(7) for each i?1 and a eequence (x1 ^), (x^.jg)»• • • 

exactly one of the following conditions is satisfied: 
(7.1) xi+1(1,k-1) = xi(2,k) and ?i+1(2,k) « y ^ . k - D , 
(7.2) xi+1(2,k) = xi(l,k-1) and yi+1(1,k~1) - 3^(2,k). 

Proof is obvious. 
For the class of relational k-natn many problem are open. 

We will put forward the following three tsi -.¡blaas t 
(8) give an algorithm for the construction of a whole claea 

of the relational k-nets generating only periodic sequen-
ces with period length of ¡A2k|; 

(9) solve the synthesis problea for ttv class of the rela-
tional k-nets as have been stated in [8] for another 
class of the controlled shift-registers; 

(10) introduce a few kinds of homomorphisms for the claes of 
the relational k-nets. 
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