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THE CONJUGATED SHIFT-REGISTERS ,

Introduction

The k-shift-registers are technical arrangements which
generate binary pseudoperiodic sequencss. Let ue quote a few
sentences from the preface to Golomb’a monograph [5]°

"The theory of shift-registers has found major applice~
tions in a wide varliety of technological situations, includ-
ing secure, reliable and efficient communications, Jigital
ranging and tracking systems, deterministic simulation of ran-
dom processes and computer sequencing and timing schemes®,

With respect to easy technical realization the linear
k-registers have been used most frequently. The theory of
these ones has besen slaboratad for the practice in a satis-
tactory way. Namely, to every linear k-register Rk a unique
polynomial fk(x) of degree k is assigned. The properties of
these polynomials allow ic obtain the length of the output
sequences of respective k-registers. The Ronse’s monograph
[11] describes an uniform algebraical method which is useful
for solving the above problems for arbitrary k-registers,

The most problems which have been published betore are
related to the construction of a whole class of the k-regi-
sters for which the output sequences are periodic with period
length of 2k {or of 2%.1 in the linear case), Such k-registers
are seid to be maximal and their output sequences ~ pseudo-
random, We do not recall here the directions of the studies
on this problem. The resder is referred to the Fredricksen’s
paper [4] where almost whole bibliography has been completed.
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On the other hand the studies on shift-registers go in
the different directions, Kamely, ir the mohographa [2,10,11]
the pure algebraical resulis related to the shift-registers
have been described.

The period of 30 ysars which pasesd 3ince the appearence
of Golomb’s monograph [5| didn’t maxs ths scientists lose the
interest in the shift-registers, on the soutrary, it inereas-
ed the field of applications in the t3chnovlogy of integrated
circuits. In modern electronics chift-regiusters are ussd
rather ss nets (sequential or parallsl! than as eingular ones.

The theory of nets of shift-registers is still in the
initial stage cof development, nowever there are several papers
which are related to the singular classes [6,8,9,11].

This paper is related to ths nets of parallel conjugated
k-registers which "work" synchronously. The basic propsrtiss
of the sets of all output sequences, in particular a periodi-
city problea of such sets, will be studiad.

4t the very end a more general class of parallel shift-
~registers will be introduced and a few properties of the
output sets will be given,

1+ Preliminaries and basic definitions

Nonempty sets will be denoted by upper case letters. In
particular, the empty set and the set of all nonnegative in~
tegers will be denoted by ¢ and N, respectively.

Let 4 be an alphabet of cardinaglity n (n>1) and A" (k> 2)
~ the k-~th Cartesian product of 4. The elements of Ak will be
denoted by lower case Latin letters x, y, 2z (possibly with
subscripts).

Let A%, Ao NTG) denote the sets of all righthand side,
lefthand side and bothhand side infinite sequences, over 4.
The elements and the subsets of the above sets will be denoted
by upper case Latin lettersa T, U, V, V and E, F, respectively.

To uniform the considerations later on a sequence
T = Tyatorene will denote a sequence tystseee of A® or

k

a sequence t_,,% _o,e.. €A_ .
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Eca®u 4 and 1€1i<j

For T = %4,8,, ... 6% 0 Ay B oo
T(i,j) and E(l,J) will denote a sequence ti...tj and a set
{T(i,3) : T« 3},

The analogicael notatiocns can be introduced for the ele-
ments and the subsets of &7 .

Let (4%)” donote the sat of all right-hand side infinite
seguences, over Ak, Thae elements and the subsets of (Ak)°c
will be denotsd by uppex czce Latin letters X, Y, 2 and G, H,
respectively.

Lot (4¥x4¥)* dencte the set of all right-nand side in-
finite segquences, over Aﬁwékb The slements and the subsets of
(4%x4%)* w111 be depoied %y upper casa boldface letters
X, ¥, Z and G, H, respaectively.

i koo Gc ko0 . .

For X=Xy, Fpyomn € (47) ¢ {A*)" end 1¢igj, X{i,j) and
G(i,3) will depote a restrlcted sequsnce xi,....xj and a sat
{x(1,3): XcG), reepectively.

The analogitcal notations can be intrcduced for ths ele-
ments and the subsets of (AkxAk)oq

The sign < deno%ws tihe proper inclusion for the sets
and [4P| - the cerdinsiity of #P,

The funstions of gx into 4 will be dencied by lower case
lettars £, g and of A into A% - by upper casa nnes Fr, Fl e,

The symbols 1, & , => , 4=> denote the logical conpactivas
end V , 1 - the cuantifisrs,

Lat us introduce at the end the notions of & pssudapario-
dic sequenos and a k~homogeneous set.

A sequence T = t,%5,000 € Ay A__ 1is said to be pseudo~
periodie if ena only if the following condition is satisfied:

(1) (3221)(3 321) (Vp21) (5 = tpyy)e

Let io be the minimal number of all numbers i such that
the condition (1) is satisfied.

By the threshold segment of T (th(T)) we mean a ssguence
T(1,i°-1), if 1/ >1, or the empty sequence & - otherwise.
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For i, as above, by the period of T (p(T)) we mean a se=
quence tfg'..tio+3'1 with the minimal number J.

A 4 pseudoperiodic sequende with the empty threshold seg-
ment is said to be periodic. 4 periodic sequence T with the
period tjy..ety will be denoted ae (t1...t1)w.

A nonempty set Ec A” 1is said to be k-homogeneous (k> 1)
if and only if the following condition is satisfied:

(2) (VTeE)(VUeB)Vix1(Viz 1)(T(1,i+k-1) =

= U(3,J+k=-1) => T(i+k,i+k) = U(J+k,j+k))

The same notione can be introduced for the elements
and the subsets of (Ak)°° as well as of (AkxAk)“ .

2, Nets of the conjurgated k-registers

Nets of the conjugated k~-registers, right-hand side and
left~hand side, with the same feedback function will be con-
sidered. The characteristios of these nets by means of their
trensition graphe will be given, In particular, a necessary
and sufficlent condition for all the connected componsnts of
their transition graphs to be the cycles will be given.

Let us introduce at the beginning some necessary defini-
tions,

Given total funotion £ : AX —» A (k3»>2) let us define two
functions F* and Fl of Ak into Ak as follows:

(1) Fltgeeety) = tpeeet £l 000y,
1

(2) P (t.‘...tk) = f(t1-ootk)t1oootk_1
k

for all t1¢ootk€ A,

Remazrk 2.1 It is possible to define immediately
the functions F* and Fl as follows:

(3) if E’r(t1oootk) = Il1...uk then ui = ti+1’

- 104 -



Conjugated shift-registers 5

1
(4) if F (t.‘oo.tk) = u1...uk then ui+1 = ti

for all 1<1<k-1 and toaeaty, Ujecony AR,

Obviously, sach of the functions F* and Fl which 18 de~-

fined by means of (3) or (4) univocally determines the funo-
tion £, '
The pairs (Ak,Fr), (Ak,Fl) and (Ak,(Fr,Fl)) are said to
be a right-hand side, a left-hand side k-register and a net
of the conjugated k-reglsters (briefly k-net), respectively.
Ak . (A ) and F°, (Fr F ) are said to be the sets of sta-
tes and the transition functions of Rk and N, respectively,

A function £ Ak —» &, which is conneoted with F© and Fl by
msans of (1) and (2) is said to be the feedback function of
Rﬁ as well as of Nk'

A state y e sk 1 sald to be a suocessor of a state x e 4
in a k-register Rk (A P ) if anhd only if there is iz 1

k

such that y = (F°) (x), where (P° ) denotes the i-th iteration
of P2, Analogously, a state (x1,y1) is said to be a successor

of a state (x,y) in a k~net N, = (4 ,(Fr pl )) if and only if

(x4934) = ((FF) (x),(Fl)i(y)) for some i3> 1.

Each k-register Ri = (Ak,Fs) ag well as a k-net Ny =

= (Ak,(Fr F')) determines unique directed graph G(Ri) and

u(Nk) - their transition graphs. The nodes of G(Rk) (of G(Nk))
sre all the elements of AX (of AKX ) and an edge goes from
a Btate x to a state y (from a state (x,y) to e state
(x1,y1)) if and only if 3y = F&(x) (x1 F'(x) and ¥, = F (y)).
Example 2,1 Define a funotion f : {0 1}3->{0 1}
as follows: f(x) = 1 for all x¢ {000,101,110,011} and f(y) =
for the remaining elsments of {0,1} .
The transition graphs of the right-hand side and left-~hand
side 3-registers, for which f 1is a feedback function, have
a forms
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The trausiiisn grach G(NB) of the 3~-nst NB’ for which f
is tha fesdbeck function, consisis of 16 connected components
whalch are the »ycles, Bvery such a component consists of
4 ntates,

Now a necsssary aand sufficient cobnditicrn for all the con=
nacted cowponsnis of the transition graphs of a k-register Ri
a3 well as ¢f a k-net Nk to be the cycles will be formulated.

st K = (a%,F®) (k2 2), se{r,1}) be 2 k-register and

N = (8, (?F,F})) - a k-net. Let G(RJ) and G(N,) be their

transition grapns,.
Lemuma 21 For Ri the following conditions are
equlvalent:

(5) overy connected component of the transition graph G(Ri)
of Ri forms a qycle
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(6} the travpsitior functiorn ¥ of ni ie = mepping of Ak

onto Ak;

(7} for the feedback function f of Ri the following condi-

Ak--1

tions are satisfied for all t2...tk € and a,be A

(a # b):
(7.1) if 8 = » then f(atz...tk) # f(thbootk);

(7.2) 4if s = 1 then ftye.etyal # £{t5000t b},

Proof in [5] has been given.
Theorem 2.1, For the k-net N, the following
conditions are equivalent:

{8) all the connectsd components of ths transition g¢raph
G(Nk) of Nk form the cycles;

{9) both functions F and Fl are the mapplng of Ak ontc éxg
(10) both the cohditiuns (7.1) and {7.2) are satisfied.

Proof immediately follows from Lemma .2.1.

3. The output ssquences of the k-nets

4 necessary and sufficient condition for a nonempty set E
of AT to be the set of all output sequences of any k-net Ny
wlll be given,

Let us introduce at the beginning the necessary defini-
tions.

8 k .8
Let Ry = (a%,F°) {k>2) be a k-reglster and N, =

= (Ak,(Fr,Fl)) - a k-~net, Leat f Dbe their feedback function,
4n infinite sequence T= t, ,t,,.cccd™u A__ 15 said to be

an output sequence of Ri if and only if the following condi-

tions are satisfied for all i321: '

(1) if 8 =71 then ti+k = f(tioooti+k_1);

(2) if s

1 then t-i-k = f(t-i-k+1...t-i).

A both-hand side infinite sequence Ue A::° is sald to be
an output sequence of a k-nst Ny if and only if the following
conditions are satisfied:
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(3) if i>0 then U(i+k,i+k) = £(U(1i,i+k-1));
(4) 4if 1<0 then U(i-k,i-k) = f(U(i-k+1,1)).

Lemma 3.1, A nonempty set EcA™ or BEcA__ 1is
a set of all output ssquences of some k~register Ri if and
only if the following conditions are satisfied:

(5) for each x ¢ Ak there is unique sequance T e B such that
x = T{1,k);
(6) E 1is k~homogeneous,
Proof in [7] has been given.
Theorem 3.1. 4 nonempty set B<A . is the set
of all output sequences of some k-net N (k>2) if and only

if the following conditions are satisfieds

(7} <for esch x¢ Ak

x = T(0,k=1)3
(8}) B 4is both-~hand side k~homogensous; this means that for
all sequences T,U € E and the integers i,j we have:
(8.1) 4if 120, J 20 and T(1i,i+k-1) U(3,j+k=1) then
T{i+k,1+k) = U(J+k,J+k);
(842) 4if 1<0, j <0 and T(i~-k+1,1)
T(i-k,i~k) = U(J-k,J=k);
(803) 4if 1>0, <G and T{i,i+k-1)
T(i-k,1~k) = U(j-k,j~k).
Proof immediately follows frowm Lemma 3.1,

there is unique sequence T e B such that

U(d'k+1pj) then

U(J-k+1,J) then

4, Definable sets by the k-nets

A characteristios of the k-nets by means of the finite
sets of right-hand side infinite sequences of successive
their states will be given,.

Let us introduce at the beginning the necessary defini-
tions,

Let RS = (a%,F°) be & k-register and N, = (a%,(F,¥!))
- a k-net,
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An infinite sequence X = X, ,Xpjyees € (4)* 18 said to be
generable by R if and only if x, , = F°(x,) for all 131,
The set of all sequences generabls by Ry will be called

a definable set by it and will ba denoted by D(Ry).

An infinite double sequence X = (xi,74),(x5.35)sec0 €
¢ (4%4¥)™ 15 said to be generable by N, if and only if
Xjpq = Fr(xiP and ¥, = Fl(xi) for all 121,

The set of ull secuercsa gsuarable by Ny will be called
a definable set by 1% wiod dsnoisd by D(Nk).

Remark 1,i Z@Nk) consists of only periodic se-
quences if and only if D(Ri) and D(Ri) have the same property.
Theorem 2.1 formulates the respective conditions for periodi-
city of D(WN.).

The necessary and sufficient condition for a nonempty set
G Q(Ak)“° (G Q(AkxAk)“’) to be definable by some k-register R;
(a k-net N, ) will be formulated.

Lemma 4.1, A nonempty set G c(AK)= 1g definable
by some k-register Ry if und only if the following conditions
are satisfied:

(1) for each x ¢ A¥ there is unique X ¢ G such that x = X(1,k);

(2) G is 1-homogeneous;
{3) for arbitrary segments G(i,i) = {x1,...,xnk} and

G(i+1,i41) = {31,...,y k} (i 2>1) the following condi~
tions are satisfied:

(3.1) if s =r then yj(1,k-1) =xj(2,k);

(3.2) if 8 = 1 then yj(z,k) =xj(1,k-1)

for all 1s j <nk,

The proof immediately follows from Lemma 3.1.
Corollary 4.1, For arbitrary k-register Ri
its definable set G consists of only pseudoperiodic sequences

with the period of length less or equal to ]Aki.

Theorenm 4.1, 4 nonsmpty set G S(AkxAk)“’ is
definable by some k-net Nk if and only if the following con-
ditions are satisfied:
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(4) for eaoh (x,y) ¢ A%< 2% there 1is unigue sequence

(24399 4(x5575) 400 € @ Buch that (x,3) = (x4,34)4

(5) 1if we denote by G*, 1 = 1,2 the sets:
91 = {x1,12,... e (aK)*=, (3(x1,y1),(12,32),... eg')};
g2 = {y1’y2,-oo e(Ak )”] (3(!1,31),(12,32),-..€ g)}
then G' and 62 are 1-homogeneous;

(6) for each i21 and a ssquence (x1,y1),(12,72).... €G
we have:
xi+1(1,k-1) = xi(z,k) and yi+1(2,k) = 31(1,k-1).

Proof 1is obvious.

Corollary 4.2, For arbitrary k-net N, all se-
quences generable by 1t are pseudoperiodic with the period
of length less or egqual to ’AZkl.

5« Relational k-nets

4 notion of an relational k-net will be introduced. A re-
lational k-net is an immediate generalization of a k-net,

Formal definition and the basic properties of the sets
which are definsble by such nets will be given.

By a relational k~net RNk (k>2) we mean a qugdruple

(ﬁk,Fr,Pl,R), where F* and F' are the transition functions
which in seotion 2 have been defined and R¢ A%< 2X 18 an arbi-
trary relation,

A sequence X = (x1,y1),(x2,32),... e(AkxAk)°° is sald
to be generable by a relational k-net Ny = (Ak,Fr,Fl,R) if
and only if the following conditions are satisfied:

(Pr(xi).Fl(yi” ir (xioyi)eR

(1, (xi 1,yi 1) =
* * (Fl(xi)’Fr(yi)) otherwise.

The set of all sequences generable by RNk 18 said to be
definable by it and denoted by D(RN.).

It follows immediately from the above definition the
following corollary.
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Corollary 5.7%. For arbitrary relational k-net
N, = (Ak,Fr,Fl,R) we hava:
(2) if R = aK«a¥ then D(RN)) - D(N,) where N = (4¥,(FF,F1))
is a k-net;

(3) if R - ¢ then D(RN,) = D(N,), where N, = (a%,(F!,F%))
is a k-net.,

The transition graph of a relational k-net can be defined
analogously as for a k-nst,
Thecvrem 5.t Lot BN, = (45,F,F,R) (k>2) be
a relational k-net and f - its feadback function,
The following cond:ilcns are equivalent:
(1) all the connected components of the transition graph
G(RNk) form a cycle;
(2) D(RNk) consisis of only periodic sequences;
(3) both the transition functions F' and Pl are the mappings
of 4% onto Ak; '
(4) for all t,...%, _, €4 ' and a,bc4 (a # b) we have:

(4.1) flaty..oty ) # £lbt .00ty o)
(4.2) fltyeeaty_qa) # o 008, ,bj,

Proof. The equivalence of the conditions (1) arnd
(2) as well as (3) and (4) is obvious. It is sufficisnt to
prove the equivalence of the conditions (2) and (3). Let us
ses that the condition (2) implies (3) because otherwise it
would be E(i,i) c(Ak)2 for some i21, where & = D(RNk). The
inverse implication is obvious.

Corollary S5¢1. For arbitrary relational k-net
RNk all sequences generable by it are pseudoperiodic with
the period length less or equal fo 1A2k|.

If there is a periodic sequence Xe:D(RNk) with the period
length of iA2k| then all sequences gensrable by RNk have the
same property.

Theorem 5.2. A nonempty set gg(AkxAk)“’ (k>2)
is definable by some relational k-net if and only if the
following conditions are satisfied:

k-1
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(5) for arbitrary (x,y) ¢ 4% 4" shere 19 unique sequenae

Xe G such that (x,y} = X{1,1);
(6) G 4is 1-homogensous;

(7) for sach 1> 1 and a eequenoca (x1,y1),(x2,32),... €G
sxactly one of ths following conditious is satisfiled:

(Te1) x5, 401,k=1) = x;(2,%) and 7, ,(2,k)} = 35(1,k=1),
(7.2) xi+1(2,k) = xi(1,k—1) and yi+1(19k~i) = yi(Z,k).

Proof is obvious. '
For the class of relational k-n3%s many problews are open.

We will put forward the following throes i blisenss

{8) give an algorithm for the constru-:ion of a wholes clasg
of the relational k~nets generating unly periodic sequan=
ces with period length of !Agkl;

(9) solve the synthesis problaam for ths class of the rela-
tional k-nets as have been stated ln [8) for another )
class of the controlled shift<«rzgistars;

(10) introduce a few kinds of homoworphisms far the claes of

the relational k-nets,
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