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ON SOME PROPERTIES OF THE SPHERICAL BUNDLE T,L,

The 2~dimsnsionel Pcincare model of the hiperbolie space
ie well known, Ow" considerations are based on the 2~dimen-
sional Eiemannian manifold 52 with a supporit L, =

(x x2)er? 5 2%> 0} The differential structure is induoed
from Eé. The fundamental metric form is given by the formula

2 X
3s° = (i%) [(dx1)2 + (dxz)zj,

where k is an arbiirary posltive constant.

In the paper [3! the geometry of the tangent bundle to Iy
with the g°-pseudoriemannian metrio which is a complete 1ift
of the metric given on L2 to TLZ is considered.

It is interesting to give fundamental properties of the
spheriocal bundle T132. This paper is concerned in this probdb-
lem,

We denote by T L2 the set of all tangent vectors to L
of the length 1. The etructure on T 52 is induced from TL 20
If we reduce the structural group of the bundle Tk, to 0(2),
we obtain the spherical bundle T LZ.

In the papers [4], [5], [7] the authors investigate the
properties of spherical bundle T.MZ with the metric

462 = gik,dxidxk + gikﬁyiﬁyk,
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2 He Pelidska

where 84 &are local coordinates of the metric tensor on the
2-dimensional Riemannian manifold (M +8) e xi are local co-
ordinates on a base, yi are coordinates in a fibre and

5yl « gyt

+ Pdkyjdx .
This Riemannian metric was defined by S, Sasaki [9].S., Sa-
saki’s paper [10] is ooncerned with the geometry of (2n-1)-di-
mensional Riemannisn manifold T1M°. The aim of th's paper is
e consideration of the manifold T1L2 with the metri~ diffe-
rent from Sasaki’s metric, namely with the metric induced by
the immersion in TLQ.

We introduoe oh T152 a local coordinate system (x ,x2,x3)
where (x ,xz) are coordinates of points on Lz and x> 18 an
angle formed by a tangent veotor at this point and a vector

EQT of the natural base. We denote by f the immersion of
x
T,&, into TL,. We have

b T.‘Lz —>T2|2

(x X x3) > (x ’ 12, % %% cos x3, % x° sin 13) .

The ocoordinates a,p0 o, = 1,2,3, of the metric tensor a on
T L2 induced by £ have the following form

1
A
acxﬁ af '@—f; BAB’ 4,B = 1,000y4e

Thus we obtailn

- -
_ 2k sin x>  k cos x3 _ k 8in x>
(x2)2 (x2)2 x
3 3
k cos x k cos x
8 = —55 0 .
[ 01{5] (x2)2 X
_ k. sin x3 k cos x> 0
2 2 ‘
i x x ]

- 68 =~



Proparties of spherical bundle 3

The tensor field s defined by this way on T1L2 is symmetrio

of the rank 2 and the signatura (-,+,0). The structure given
by a on T152 we will call s degeneratsd Riemanniasn structure
([2], [8])s Any such structure is called semi-Rismannisn me~-
nifold ([1]). Firet we coneider the existence of & torsion-
less connsotlion &ssocsiated fo this degesnerated metric, It is
well known there exists such unigune conneciion on a Riemannian
manifclds ([6], Th. 2.2, p. 158).

There exist manifolds with dagensrated metrius for which
connections without torsion do not exist. If such connection
exists, then respectivaly to Weyl-Cartan theorem it is not
uniguely determined.

Let us define a mapping b TT1 > " (TT1L2)* by the for-
mula b{X) = a(X,-). The kernel of this mapping is a 1-dimen~-
sional distribution V., This distribution is spanned by the
vector field E1 = [-xgcos x3, -xzsin x3, cos xa]. Of oourss,

V is an integrable distribution., The complementsry disitribu=-
tion H is & 2-dimensional one. The fislds E,= [0 xzcoex sian]
end B, = [1,0,0] form a base of H. It is easy to see that H is
an integrable distribution, too.

Theoren 1. There exigts no degensrated connec-
tion without torsion on the menifold (T1L2, a).

Proof. It is suffiolent to show (with reepect to
Th. 3.2 [8]) that the field B, does not satisfy the system of
Killing differential equations LYa = 0, e.8.

-2Y}1sin x3 + Yf1cos 13 - sz?1ein 13 + i% Izain x3 -
x
- Y3cos x3 = 0,
}1cos 13 + X Y?1cos x3 - ZY?zsin x3 + Yfzcos x3 -
- x3Y?251n x3 --3%-Y2cos x3 - Y3sin x3 = 0,

X

Yf112cos x3 - Y}1x281n x3 - 28in x3Y}3 + Y?3oos 13 -

?Bx sin 13 + stin 13 - Y3x2cos x3 = 0,
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4 H. Fellfska

], + x%¥), = 0,

2 3 .2 3

2 42 3 sin x3 + Y|3oos 13 + Yle 008 X7 -

lex c08 X

.

- le"

- Y eos x - Y3x sin x3 = 0,
I}3sin 13 - IfBOOs x3 = O,

It is easy %o vérify thet L; a # O,
' 1

Remark, Let v and h denots the proysctions
of the spacs T(T1L2) onto the distributions V and H, respec-
tively. By Q we denote an arbitrary tensor field of the type
(1.2) and by Vv a degenerated Riemannian connection., The fa-
mily of degenerated Riemannian connections V such that
Y = VXY + P(X Y) for X,Ye M(T.k,) and B(X,¥) = 3 (5567 +
"'5{5”2 - aﬁfa - ah@ Q O{X’(YB, where o, B, 7,6 ,%,{ =
= 1,2,3 and X, Yp denote coordinated of vector fields X, Y
respectively, does not depand of a choice of the distribu-
tion H, The torsion tensor field T does not vanish and its
coordinates are given by T; ='PZ - Pone

Let S! denots the 1~dimensidnal sphere. Then we have the
following theorem.

Theorem 2. The spaces H v
(x1,x2,13)'

are diffeomorphic to T Z, and T .S}, reepectively.
(x1,x2) 2 x3

Proof, It is known that T1L2 is diffeomorphic to
1 .- )
,xS' ([11], p.242). Thus we have T
2 ’ (x! oX x3) Tk =

L2 dT 381. On the other hand we have
x

(x1,x2,x3)

= T
(x',x%)

T
(x? oX x3) bz =

¢ : T L, DT
(11 x2) 2

by ¢( ) 3,Q(—L) - By, Q(—a—3) = B, is desired diffeo-

29x

=H x2 3). The mapping

(x1 x x3) (x

1
S'—+ H defined
x> (x1 x x3) (x1,12,x3)

morphism,
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Properties of spherical bundle 5

We will show that

Theorenm 3. The isomeiry group of the manifold
(T152,a) is 3-dimensional.

Proof. To find the isometry group of the manifold
T,b, we have to determine I = {iek : i(f(T1L2))<:f(T1L2)},
where K denotes the isometry group of the manifold TL2 ([3]).
Some calculations show that I is a subgroup of K generated by
1-parametsr transformation groups determined by complete lifts
to Tk, ([3]) of Killing vector fields of the manifold %,. The
immersion f 1is isometric thus asn arbitrary isometry of
T1L2 can be locally represented by composition of isometries
of the form £~ 1o 1 of, where ieI,
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