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ON SOME PROPERTIES OF THE SPHERICAL BUNDLE T tL2 

The 2~difiisn3ioaal Peinoaré model of the h iperbol io epaoe 
i s well known. Our coBsiderations are based on the 2-dlaen-
s ional Rlemannian manifold Lg with a support L^ » 
» { (x 1 , x 2 ) eR2 t ar2>o}, The d i f f e r e n t i a l s t ruc tu re i s induoed 
froos H • The fundamental metric form i s given by the formula 

da2 - ( ^ f [ (dx 1 ) 2
 + ( d x 2 ) 2 j , 

where k i s an a rb i t r a ry pos i t ive oonstant . 
In the paper [3J the geometry of the tangent bundle to 

with the g°-pseudoriemannian metrio which i s a complete l i f t 
of the metric given on £ 2

 T £2 c o n B i d e r o d -
I t i s i n t e r e s t i n g to give fundamental proper t ies of the 

spherioal bundle T^g* T h i s paper i s concerned in t h i s prob-
lem. 

We denote by T^Iig the set of a l l tangent vectors to 2>2 

of the length 1. The s t r u c t u r e on T . ^ l s induced from TL2, 
I f we reduce the s t r u c t u r a l group of the bundle T&2 to 0 (2 ) , 
we obtain the spherical bundle T-,*^' 

In the papers [4], [5], [7] the authors inves t iga te the 
proper t ies of spher ical bundle T̂ M with the metric 

d62 - g i k d x i d x k + g l k 5 y i 6 y k
t 
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where g ^ are local coordinates of the metric tensor on the 
2-dimensional Riemannlan manifold (M2,g), x1 are local co-
ordinates on a base, y3" are coordinates in a fibre and 

Sj3 dy1 + rjky3dxk. 

This Riemannian metric was defined by S. Sasaki [9]. S. Sa-
saki's paper [ 10] is oonoerned with the geometry of (2n-1)-di-
mensional Riemannlan manifold T^M0. The aim of th.s paper is 
a consideration of the manifold T.jL2 with the metric diffe-
rent from Sasaki's metric, namely with the metric induced by 
the immersion in T£9* i ? Ve introduce on a local coordinate system 4 A I fc *J 
where (x ,x ) are coordinates of points on £ 2 and xJ is an 
angle formed by a tangent veotor at this point and a vector g 

of the natural base. We denote by f the immersion of 
9x 
T i n t o TLg. We have 

T 1 £ 2 ' TL, 

(x1,x2,x3) (x1, x2, J X2 cos x3, i X2 sin x3 ) . 

The coordinates a^, o<,(3« 1»2,3, of the metric tensor a on 
T.jLg induced by f have the following form 

Thus we obtain 

9fA 8f® Dc . « -

k i d 

2k sin x3 k COB x3 k sin x3 

( x ^ 
k cos x' 

(X 2) 2 

k sin x' 
_2 

( x ^ 

k cos x' 
2 

k cos x" 

0 

- 68 -



Properties of spherical bundle 3 

The tensor f i e l d a defined by t h i s way on T^i,, i s symmetric 
of the rank 2 and the signature ( - , + , 0 ) . The structure given 
b j a on T î>2 wi l l c a l l a degenerated Riemannian structure 
( [ 2 ] , [8 } )„ Any such structure i s cal led semi-Riemannisn ma-
nifold ( [ l ] ) . F i r s t we consider the existence of a tors ion-
l e s s connection associated to t h i s degenerated metric. I t i s 
well known there e x i s t s such unique connection on a Riemannian 
manifolds ( [ 6 ] , Th. 2.2» p. 158) . 

There e x i s t manifolds with degenerated metrics for which 
connections without torsion do not e x i s t . I f such connection 
e x i s t s , then respect ively to Weyl-Cartan theorem i t i s not 
uniquely determined. 

Let us define a mapping b j TT^Lg ""** ( T T . ^ ) * by the f o r -
mula b(X) = a ( X , - ) . The kernel of t h i s mapping i s a 1-dimen-
sional d is t r ibut ion V. This d is t r ibut ion i s spanned by the 
vector f i e l d B1 = [ -x 2 cos x 3 , - x 2 s i n x 3 , cos x 3 ] . Of oourse, 
V i s an integrable d i s t r ibut ion . The complementary d i s t r i b u -
t ion H i s a 2-dimen8ional one* The f i e l d s B2= [ü,x2oos x 3 s inx^] 
and B j = [ l , 0 , t> ] form a base of H. I t i s easy to see that H i s 
an integrable d i s t r ibut ion , too. 

T h e o r e m 1. There exists no degenerated connec-
t ion without torsion on the manifold (T^Lg» 

P r o o f . I t i s s u f f i c i e n t to show (with inspect to 
Th. 3 .2 [8]) that the f i e l d B1 does not s a t i s f y the system of 
Ki l l ing d i f f e r e n t i a l equations L^a = Ü, e . a . 

-2Yj. j8in x 3 + Y ^ c o s x 3 - x 2 Y ^ s i n x 3 + I ^ e i n x 3 -

- Y3cos x 3 « 0 , 

Y ^ c o s x 3 + x2Y3^ cos x 3 - 2Y|2sin x 3 + Y 2 2co8 x 3 -

- x3Y"Lsin x 3 - 2 Y2cos x 3 - Y 3 s in x 3 = 0 , 
x 

Y 2 1 X 2 C O S x 3 - Y ] 1 x 2 s i n x 3 - 2sin X 3 Y ] 3 + Y 2 3oos x 3 -

- Y? ,x 2 s in x 3 + Y 2 sin x 3 - Y 3x 2cos x 3 = 0 , 
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YI2 + * 2 y ?2 = 

A Y2
2x2oos X3 - l ] 2 * 2 s i n x 3 + iJjOOB X3 + Y^x 2 cos x 3 -

- Y2eos x 3 - Y3x2sin x 3 - 0 , 

Y ^ s i n - Y2j008 x 3 - 0 . 

I t i s easy to vdr i fy tha t LB a + 0. 

R e m a r k . Let v and h denote the promotions 
of the space T f T . ^ ) onto the d i s t r i b u t i o n s V and H, r e spec -
t i v e l y . By Q we denote an a r b i t r a r y tensor f i e l d of the type 
(1.2) and by V a degenerated Riemannian connection. The f a -
mily of degenerated Riemannian connections V such tha t 
VXY = VXY + P(X,Y) f o r X . Y e K T ^ j ) and P(X,Y) - J + 

+ 5ft v f " a/3f ^ ^ " « S c A * » w h e r a « . & . T . «16 A ' 
= 1 ,2 ,3 and X , Y denote coordinated of vector f i e l d s X, Y 
r e s p e c t i v e l y , does not depend of a choice of the d i s t r i b u -
t ion H. The to r s ion tensor f i e l d T does not vanish and i t s 
coordinates are given by T ^ » 'P^ -

Let S1 denote the 1-dimensional sphere. Then we have the 
following theorem. O Thd anonaa tL , 

( x \ x 2 , x 3 ) ' ( x 1 , x 2 , x 3 ) 
are diffeomorphio to T 1 „ and T -S 1 , r e s p e c t i v e l y . 

(X f X / X-5 

P r o o f . I t i s known tha t T ^ g i s d i f isomorphic to 
L2*S1 ( [11] , p.242). Thus we have T 1 ? , T « (x ,X , X ) 
• T . _ b 0 © T , S 1 . On the other hand we have 

( x \ x 2 ) 2 X3 

T 1 P , T.Lp = H 1 p , ®V 1 5 , . The mapping 
( x \ x 2 , x 3 ) 1 2 ( x 1 , x 2 , x 3 ) ( x \ x 2 , x 3 ) 

<6 : T 1 . 9 - 0 V , 9 , defined 
(x ,x ) 2 X3 ( x \ x 2 , x 3 ) ( x 1 , x 2 , x 3 ) 

^ ( " ¡ J O * B1 i S d 0 8 i r e d d i f f e ° " 
morphism. 

T h e o r e m 2. The spaces H . 0 0 , V 
I-,' v 



Properties of spherical bundle 5 

We w i l l show that 
T h e o r e m 3. The isometry group of the manifold 

(T-jLg»8) i s 3-dimensional. 
P r o o f . To find the isometry group of the manifold 
we have to determine I = { i e K : i ( f ( T ^ g ) ) c f ( T ^ g ) } , 

where K denotes the isometry group of the manifold TL2 ( [ 3 ] ) . 
Some calculations show that I i s a subgroup of K generated by 
1-parameter transformation groups determined by complete l i f t s 
to TL2 ( [ 3 ] ) of K i l l ing vector f i e l ds of the manifold L 2 . The 
immersion f i s iBomatric thus an arbitrary isometry of 
T.J&2 c a n be local ly represented by composition of isometries 
of the form f - 1 o i o f , where i e I . 
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