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CONVERGENCE WITH RESPECT TO THE MYCIELSKI o-IDEAL

In this paper ws shall prove that convergence with respect
to the M&cielski §-ideal Iy in the Cantor set C does not yield
a topology in the space of measurable functions. The 6~ideals
Iyn¥, Iynd, Jn¥nd have the same property, where X and £
are respectively the B-ideals of sets of the first category
and measure zerc in C,

Let (X,3) bs a measurable space. Let J be a proper 6-ideal
in a 6-tield &.

Definition 1.1. We shall say that a property
holds J-almost everywhere on a set X (abbr. J-a.e.} if and
only if the set of points of X which do not have this property
belongs to J.

Definition 1¢20 We shall say that_e sequence
{fn}neN of S-measurable functions defined on X convergence
with respect to 31 to an S-measurable function £ defined
on X if and only if every subsequence {fmn}neN of {fn}neN

contains a subsegquence {fp } convergent to f J-a.e.
Dn' neN 9
on X, We shall use the notation fnn-.oo>f'

The set of J-measurable functions defined on X equipped
with convergence with respect to J is an L* space. We can
detine the closure of the set A: fe A irf there exists a se-

quence {fn}neN in A such that fn;f%;?f. This operation has

the properties:
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$ =¢¥, Ach, AuB = AuB for every 4 and B,

The condition A = i is fulfilled 1if and only if the convergence
has the following property: '
J

2 .
(%) If f:j m>f and fj,nn-qffj

for j €N, then there exist two sequences of natural numbers

{jp}ch’ {np}peN such that fap,nppiw>f'

If the spdce L* fulfils (#) then the topology introduced
by the closure operation described above is often called a
Frechet topology.

Definition 143, We shall say that a pair
(3,3) fulfils the condition (E) if and only if for every set
B e¢3-J and for every double sequence {B
rzble sets such that

3, H}J neN of S-measu-
14

o] . .
1 Bj,nCBJ n+1 for any j,neN
[~ =]
2° {UJ B, . =3B for evary jeX
n=1 Jsf

there exist an increasing seguencs {jp}peN of natural numbers
~nd a sequence { p}peN of natural numbers such that

(\ B. g3,
p=1 Jp*fp

Definition 1.3 is equivalent to the following one (see

p.101 in [3]):

Definition 1.4. ‘v shall sagy that z pair
{5,3) fulfils the condition (&’) if and only if for every
set Be 3 -0 and for avery double seguence {BJ nlj,nel of
S-meassurable sets fulfilling the above condltlons 1° and 2°

y

there exists g seguence {nj}jeN of natural numbers such that

Conditions (&), (4’) have been defined for thae pair (3,J)
but w2 can Jefine them also for a2 prair {R,J) wherec R is a
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Convergence with respect to ideal 3

family of seta stable under countsble intersections and unions
and the 6-1deal J need not be included inR.

As the consequenca of the theorem proved by Wagner (ses
th. 1 in [2]) we have

Theorem 1.1, If the set of all S-measurable real
functions is squipped with the Préohet topology generated by
the convergence with respsoct to J then the pair (3,J) fulfils
the condition (E).

2, Preliminaries

It has besn proved that convergence with respact to the
6~ideal of sets of the first category in the real line does
not yield a topology for thse space of Baire functions but con~-
vergence with respect to the 6-idaal of sets of measure sero
yields a topology for the space of Lshsague functions. This
last assertion is true in & more gensral case (see [2]).

Now, we conelder convergence with respact to the 6&-ideal
Antroduced by Mycielski (see [1]).

Let C be a countable product of the cyclic two element
group <{0,1},+> with the disorete topology. Thus C is homeo~
morphic tc and oan be identifited with the set of Cantor

> %y : y
{ j41 P %1€ {0,1}}. and the Haar msasure in ¢ is introduc-

i=0 3
ed by the Lebesgue measure over the unit interval I and the

Cantor mapping of C into I, For ScC and a set K of the natu-
ral numbers in [1] defined a positional game I (S,K) with per-
fect information between two players I and II. The players
chooss a seguence (xo,x1,x2,...)c ¢ in such a way that the
cholce x; is done by Player I if1¢ K and by Player II if icK,
The player choosing Xy knows S,K an§ XoreeesXy_qe Player I
wing if (xo,x1,...)e S and Player 1I wine in the other case,

Definition 2.1. A strategy of Flayer I is
any function 6 3 yy_yx > {o,1}, where Xj.x 15 the set of
sequences whose length is equasl to 1 ¢ N-K together with empty
sequence,
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Definition 242 A strategy of Player II is
any tunction 6 : Xy —> {0,1}., where Yk is the set of sequences
whose length is equal to le¢ K, )

Thus, if ie K then x; = 6(x 4XqseeeyXy_4) and x; =
= ‘c(xo,.,.,xi_1) if 1 ¢ XK. Applying the strategies 6 and
the result of this game is an element xe¢ C and we denote this
element by <7 ,6>.

Definiiioan 243 A strategy T is a winning
strategy of the Player I in the game I'(S,X) if and only if
for every strategy § Player II<7,8>¢S, 4 winning strategy
of Player II is defined analcgously,

Let VII(K) denote the class of gets S <C for which Play~
er II has a winning strategy in the game M(S,K).

Lot M = <'Ks1, s P85 T 0,43 n = 1,2,...> bs a systenm
e n

of sets of natural numbers such that K cK
BpreessSpyBy .,y SyaeeesS)

and Ks1v""9n-1'onKS1>°'°'Sn..1'1 = ¢ for every ne N, Let
JMz X r] vII(Ks.‘,...,sn)‘ Mycielski proved that jM

31,....sn€ul{
is s proper 6-ideal of the subsets C not containing nonempty

# ¥ if and only if each subset Ks is

open sets and J
1,00o,sn

M
nonempty.
For an arbitrary B-tield 3 and 8-ideal J the smallest
B~field containing 3 and J will be denoted by $A7.

3. The main results

Leaonma 3.1 If KcN is infinite, then there exists
an increasing ssquence {Bn} of Borel sets such that

o

ngN
C = nL=)1 B, and BneVII(K) for every neN,
Proof. LetK-= {ki}icN and let for every i e¢N,

B’j‘: = ;[Iq Xy, where X, = {0,1} for t # k, and X,

o n
t = k,. Then putting for every ncX, B_ = (c - U 8 )o U B}
! n i g T
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vonvergence with respect to ideal 5

we have obtained the increasing sequencs of Borel sets such
oo

that U Bn = C and anVII(K) for every ne¢N. Indeed, it
n=1

suffic;s for the Player II to usse for every nelN a strategy

6n such that xk1 = xk? S aee = an = 1 and xk o = 0. Then
for an arbitrary strategy t of the Player I - 7,8 >eV I(K)
Let K i for ev « N, Let J =J’5A
e 81s8p,e 0218, # & for every n et 33 'JM

where $ is the family of Borel sets in C.

The orsn 3.1, Convergence with respect to the
S-ideal,JM does not yield a topology in the space of all
B*-measurable raal functions.

Proof. We shall prove that condition (E’} is not
tulfilled. For this purpose we find a set B¢ B* - :].M and a

segquence {BJ n}a,neN of P*-measurable sets such that condi-

tions 1° and 2° will be satisfied and for each sequence

A Y . = {x.\}.
{nJ}JEN of natural numbers j(=\1 BJ g ?M Let M {Kj}aeN for
every jeN, K.j is infinite, then by previous lemms there exists
a seguence {Bj,n}neN of Borel sets such that

) . ,
1 Bj,nCBj,nﬂ for any neWN,
o0

2° B, =C for every jeN
3=1 Jyn

and Bj,n I(K ) for any J, ncN. Henoce for each sequence

{nj}jeN of natural numbers q BJ’ ;]c Kﬂ VII(KJ) = JM.

Let (X,%) be a measurable space and J bs proper 6-ideal
subsets of X. Let $¥ = $AJ and R*= {Ae¢X : A = BuC; Bed,
c ej}. It is easy to check that R* is stable under countable
unions and intersections.

Lemma 3.1, The following conditions are equiva-
lent:

(1) a pair (3%,J) fulrils (E’)

(i1) a pair (R%,3) fulfils (B')

(1i1) a pair (3,J) fulfils (E’).
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Proof . Since 3cR* 4* then the implications
(1) = (11) = (1ii) are obvious. We shall prove that (iii)
implies (ii). Let an arbitrary set De¢ R* - J and an arbitrary
X . o
double sequence {B;j,n}j,ncN of R"~-measurable sets fulfil 1

and 2° of condition (E’), Por any j,nc N, B‘.j n = C‘_j nUEJ n?
whera Cd n€ 5, E‘1 n€ J. We may require that,'for an:;v ;j,ne’N,
’ ’ o0

Cy 4o Lot B = U By p» Then Ec3J and 1t 18 easy to

31
n=1

,0 %5 ne

@
check that, for each JeN, D= U Cj nY Be Let D' =
D=1 4
ﬁ x
- Ue
j=1 n=1 9B

and 2° for the pair (3,7). Since the pair (3,]) fulfils con-
ditionoo(E'), there exists 2 sequence of natural numbers such

that [ ) B, _ ¢7. Henos [ ) B, . ¢7. This proves that the

pair (R¥,3) fulfils condition (E’). Now, we shall prove that
(11) implies (i), Let an arbitrary set V¢ $* - J and an arbi-
trary doubls sequence {B } of $*-measurable sets fulfil
o o J,nf3,nek "
conditions 1° and 2° of condition (B’). For any j,neN, Bj n”
L]
= “j,n - Cj,n) ij,n' D= (Ago- Co) uE,, where Ao"j,ne A
Cy niBy, pi1CorBoedo Lot B = 3’.U1 C4 pUCoe The set E belongs
n=1
toJ. Por any j,ne N put B =B, uB and D' =« DuE, Then
Jen Jyn

’ ’ 0
« Then D and the sets Bj,n Cj’nnD fulfil 1

7

the sets By , fulfil 1° and 2° for the pair (R*,7), Since
9

the pair (R*,J) fulfils condition (B’), there exists a se-

oo
quence {nj};jsN of natural numbers such that ;)Q B.:l.nj e R* -3,

ad [
Henoe q B:l ¢ J, This—proves that the pair (3%,J) fulfils
= ?

conditlon (E ).

Lemma 3.2, Let J, and Jy be the proper 6-ideals
subsets of X, If there exist S-measurable sets X,e3
X,ey , such that X = X, uX,, then the pair (3A(31n32), '.'110'31)
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fulfils condition (E’) if and only if both pairs (34 3,,7,)
and (347,,3;) fulfil condition (B').

Proof. Sufficiency. Suppose that the pair
(363,,3,) does not fulfil condition (B'). According to Lem~-
ma 3.1 it is equivalent that the pair (3,J;) does not fulfil
condition (B’). Thus there exist a §-measurable set Be J, and
a double sequence {B }.1 neN of S-measureble sets fulfilling
1° and 2° and such that for an arbitrary sequence nj}jcn of

natural numbers ﬂ B

Js nj
then an2¢ Jqe PuttingA ==B3 nnx2 for any j,ne XN we
claim that for an arbitrary sequenoe {n;j}ch of natural num-

¢ Jq. Since B = (BnX )U(anz),

bers ﬂ AJ ¢Jyndy, but this contradicts that the pair
» By

(54 (31 n ), J3nJ;) does not fulfil condition (B').

Necessity. Suppose that the pair (34 (J;ndy), 3yndy)
does not fulfil conddtion (B’). Them it is easy to conclude
that the pair ($473,,3,) or the pair (34J,,7;) does not have
this property.

Let H denote Haar measure in C, d - the 6-ideal of all
sets of H measure zero in C, X ~ the 6-ideal of all sets of
the first category in C and B - the family of all Borel sats
in C. '

Let J, = ﬂnna[. 3 =1 n'J(, Jy= JynKnd and .’15
=843, for 1= 1;2,3. Mycielski proved (see th. 4 and pro-
perty 5 in [1]) that there exist Borel sets A and B such
that C = AuB and A¢ Xnd, Be'J‘ﬂ'l. A

By Theorem 1,1, 3.1 and Lemma 3.2, we have the following
theorem,

Theorem 3.2 Convergence with respect to the
d—ideal Ji does not yield a topology in the space of all
Bi-measurable real functions for i = 1,2,3.
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