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CONVERGENCE WITH RESPECT TO THE MYCIELSKI a-IDEAL 

In t h i s paper we sha l l prove that convergence with respect 
to the Mycielski 5 - ideal 0M in the Cantor set C does not yield 
a topology in the space of measurable functions. The 6 - i d e a l s 
tJĵ nOC, 3^nJin<£ have the same property, where and X 
are respect ively the 6 - i d e a l s of se ts of the f i r s t category 
and measure zero in C. 

Let (X,3) be a measurable space. Let 3 be a proper 6 - idea l 
in a 6 - f i e Id I . 

D e f i n i t i o n 1 . 1 . We s h a l l say that a property 
holds 3-almost everywhere on a set X (abbr. 3 - a . e . ) i f and 
only i f the set of points of X which do not have t h i s property 
belongs to 3 . 

D e f i n i t i o n 1 . 2 . We sha l l say that a sequence 
{fn}nfcH o i> S-measurable functions defined on X convergence 
with respect to 3 to an 3-measurable function f defined 
on X i f and only i f every subsequence j f m J. of | f n | n e j j 

contains a subsequence • f I convergent to f 3 - a . e . 
n neN n 

on X. We s h a l l use the notation f „ — — > f . 

The set of 3-measurable functions defined on X equipped 
with convergence with respect to 3 i s an X* space. We can 
define the closure of the set A: f t A i i f there e x i s t s a s e -
quence { f n } n £ K in A such that This operation has 
the propert ies : 
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0 = 0, Ac A, A u B = A u B f o r every A and B. 

The condition A = A i s f u l f i l l e d i f and only i f the convergence 
has the fo l lowing property: 

( * ) I f f , - 3 - > f , and f . „ r ^ - > f , 

f o r j eH, then there ex ist two sequences of natural numbers 

{3p}pcN> {np}peN s u c h t h a t f j p , n p p ^ > f -

I f the space X* f u l f i l s ( * ) then the topology introduced 
by the closure operation described above ia often called a 
Frechet topology. 

D e f i n i t i o n 1.3. iie shall say that a pair 
( 3 , 3 ) f u l f i l s the condition (E) i f and only i f f o r every set 
B c i - D and f o r every double sequence n £ j j of 3-measu-
rsble sets such that 

1 ° B j , n c B j , n + 1 f o r an? j ' n e N 

oo 
2° U B. = B fo r every j e K 

n=1 
there exist an increasing sequence { ¿p } p £ K o f natural numbers 
and a sequence { n p }p £ j j natural numbers such that 

n B 
P=i v P 

Def ini t ion 1.3 is equivalent to the fo l lowing one (see 
p.101 in [ 3 ] ) : 

D e f i n i t i o n 1.4. -v'e shall say that a pair 
f u l f i l s the condition (¿ ' ' ) i f and only i f f o r every 

set B e 3 - 3 and for every double sequence -j B. I . „ of i j , nj j , nei-. 
j-rneasursble sets f u l f i l l i n g the above conditions 1° and 2° 
there exists a sequence In . j • of natural numbers sucii that 
oo <• JJ n b o. 

Conditions (3 ) , ( i i ' ) have been defined for the pair ( 3 , 3 ) 
but w3 can define them also f o r a pair (!R,3) where i i s a 
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Convergence wi th r e s p e c t t o i d e a l 3 

fami ly of Beta s t a b l e under countab le i n t e r s e c t i o n s and unions 
and the 6 - l d e a l 3 need not be included i n ft. 

As the consequenoa of the theorem proved by Wagner ( see 
t h . 1 i n [2] ) we have 

T h e o r e m 1 . 1 . I f the s e t of a l l S-measurab le r e a l 
f u n c t i o n s i s equipped wi th the Freohet topology genera ted by 
the convergence wi th r e s p e c t t o 3 then the p a i r ( 3 ,3 ) f u l f i l s 
the c o n d i t i o n ( 5 ) . 

2 . P r e l i m i n a r i e s 
I t ha s been proved t h a t convergence wi th r e s p e c t t o t h e 

6 - i d e a l of s e t s of the f i r s t ca tegory i n the r e a l l i n e does 
not y i e l d a topology f o r t he space of Ba i re f u n c t i o n s but con-
vergence wi th r e s p e c t t o the ¿ - i d e a l of s e t s of measure s e r o 
y i e l d s a topology f o r the apace of Lebssgue f u n c t i o n s . This 
l a s t a s s e r t i o n i s t r u e i n a more g e n e r a l case ( see [ 2 ] ) . 

Now, we c o n s i d e r convergence wi th r e s p e c t to the 6 - i d « a l 
. in t roduced by Mycie l sk i ( see [ 1 ] ) . 

Let C be a countab le product of the c y c l i c two element 
g r o u p < { 0 , 1 } , + > w i t h the d i s o r e t e t opo logy . Thus C i s homeo-
morphic t o and oan be i d e n t i f i e d with the s e t of Cantor 

ed by the Lebesgue measure over the un i t i n t e r v a l I and t h e 
Cantor mapping of C i n t o I . For S cC and a s e t K of t he n a t u -
r a l numbers i n [1] de f ined a p o s i t i o n a l game P(S,K) w i th p e r -
f e c t i n f o r m a t i o n between two p l a y e r s I and I I . The p l a y e r s 
choose a sequence »*2»* • • ' e ^ i o such a way t h a t the 
choice x^ i s done by Player I i f i i K and by P l aye r I I i f i c K, 
The p l a y e r choosing x^ knows S,K and P l a y e r I 
wins i f ( X Q , J C 1 , . . . ) e S and P l a y e r I I wins i n the o the r c a s e . 

D e f i n i t i o n 2 . 1 . A s t r a t e g y of P l a y e r I i s 
any f u n c t i o n 6 1 { 0 , 1 } , where Zjf_K i s the s e t of 
sequences Whose l e n g t h i s equa l t o l c M t o g e t h e r wi th empty 
sequence . 
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D e f i n i t i o n 2 . 2 . A s t r a t e g y of P l a y e r I I i s 
any f u n c t i o n 6 ; Z g — { 0 , 1 } - , where ^ i s t he s e t of s equences 
whose l e n g t h i s equa l to 1 £ K. 

Thus, i f i c K t h e n x i = d ( x Q , x 1 , . . . ,x i >_ 1 ) and = 
= t ( x Q , . . . ) i f i t K. Applying the s t r a t e g i e s 6 and t 
the r e s u l t of t h i s game i s an e lement x e C and we denote t h i s 
e lement by <x ,6> „ 

D e f i n i t i o n 2 . 3 . A s t r a t e g y x i s a winning 
s t r a t e g y of the P l a y e r I i n the game r ( S , K ) i f and only i f 
f o r every s t r a t e g y 5' P l a y e r I I < % , 6> e S, A winning s t r a t e g y 
of P l a y e r I I i s d e f i n e d a n a l o g o u s l y . 

Let V-j-jfK) denote the c l a s s of s e t s S e c f o r which P l a y -
e r I I h a s a winning s t r a t e g y i n the game r ( S , K ) . 

Let wM. = <'K : s . = 0 , 1 ; n = 1 , 2 , . . . > be a sys tem •j-j t »• • »^jj J-
of s e t s of n a t u r a l numbers such t h a t K c K s 1 , . . . , s n , s n + 1 s 1 t . . . , s n 

and K nK _ i = 0 f o r every n e N. Let 
s . j ,»• • i B

n „ i » , J a-j »• • • » B n-1 ' 

- n V t t ( K _ ) . M y c i e l s k i proved t h a t 3.. 
M k m s - )»»«»» s

n .M S,| | « • * t^^^ ^ 
i s a p rope r £>-ideal of t he s u b s e t s C not c o n t a i n i n g nonempty 
open s e t s and CL i 0 i f and only i f each s u b s e t K i s 

J11 S 1 > • • • »8n 
nonempty. 

For an a r b i t r a r y 6 - f i e l d i and ¿ - i d e a l 3 the s m a l l e s t 
¿ - f i e l d c o n t a i n i n g 3 and 3 w i l l be denoted by 3 A 3 . 

3. The main r e s u l t s 
L e m m a 3 . 1 . I f K c N i s i n f i n i t e , t h e n t h e r e e x i s t s 

an i n c r e a s i n g sequence { B
n } n c U Bore l s e t s such t h a t 

C = U Bn and B . e V T T ( K ) f o r every n e N. 
n=1 n 

P r o o f . Let K = { k i } l £ N and l e t f o r every i e N, 

B* = TT x t , where Xt = { 0 , 1 } f o r t i k± and ^ = { o } f o r 
t £ N °°i \ fl 

t = k , . Then p u t t i n g f o r every n e N, Bn = (C - U B ? ) u I J B?, 
n v i=1 1 ' 1=1 x 
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we have ob ta ined the i n c r e a s i n g sequence of Bore l s e t a such CO 
t h a t U B = C and B n eV T T (K) f o r every n e N. Indeed , i t 

n=1 n 

s u f f i c e s f o r the P l a y e r I I t o use f o r every n e N a s t r a t e g y 
6 such t n a t x k = x k - . . . = x k = 1 and x k = 0 . Then 

1 ? n n+1 
f o r an a r b i t r a r y s t r a t e g y i of the P l a y e r I • z , 6 f i > e V ^ j ( K ) . 

Let K 0 „ / fc f o r every n t N. Let 33* = flAl. 
1 • 2 ' ' * * ' n 

where i s the f ami ly of Bore l s e t a i n C. 
T h e o r e m 3 . 1 . Convergence w i t h r e s p e c t t o t he 

6 - i d e a l .Dj^ does not y i e l d a topology i n the space of a l l 
B*-measurable r e a l f u n c t i o n s . 

P r o o f . We s h a l l prove t h a t c o n d i t i o n (E 'J i s not 
f u l f i l l e d . For t h i s purpose we f i n d a s e t BeOS* - and a 
sequence { b . 

,ncN ^ -measurable s e t s such t h a t c o n d i -

t i o n s 1° and 2° w i l l be s a t i s f i e d and f o r each sequence 
( n j } j e N o f n a t u r a l n u m b a r e n L e t { K j } j e N f o r 

every j e N, K^ i s i n f i n i t e , t h e n by p rev ious lemma t h e r e e x i s t s 
a sequence {B.. n } n e j j of Bore l s e t s such t h a t 

3 j , n c B j , n + l f o r ^ n c N » 1 ° B. 

oo 
2° U B., „ = C f o r every j c B 

3=1 3 * a 

and Bj f o r Henoe f o r each sequence 

tal-icw o f natural numbers O B. c P i V T T ( K j * . I OJJefl j = 1 O .n j K^cH 1 1 3 >1 

Let (X,5) be a measurable space and 3 be proper 6 - i d e a l 
subse t s of 2 . Let i * = 5At) and !R* = {A e X : A = B oC> B e 1 , 
C e tj}. I t i s easy to check that 31* i s s t a b l e under countable 
unions and i n t e r s e c t i o n s . 

L e m m a 3*1. The f o l l o w i n g c o n d i t i o n s are equiva-
l e n t : 

( i> a pair (5* .3 ) f u l f i l s (B') 
( i i ) a pair (ft*,3) f u l f i l s (E') 
( i i i ) a pair ( 3 , 3 ) f u l f i l s ( B ' ) . 
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P r o o f . Since i c 31 c i * , then the implications 
( i ) ( i i ) ( i i i ) are obvious. We shall prove that ( i i i ) 
implieB ( i i ) . Let an arbitrary set De ft* - 3 and an arbitrary 
double sequence {b^ n j j n c N of 31*-measurable sets f u l f i l 1° 
and 2° of condition (B ' j . Jor any j ,ncN, B̂  n = Ĉ  Q u B̂  n , 
where C^Qe 3, B j ^ e O . We may require that, for any j .ne l f , 

Cd»DCCd n+1* L e t B » U Bj n> Then Be3 and i t is easy to 

n-1 oo 
oheck that, for each j e l l , D • U C, _ u B. Let d' « 

n-1 •>»n 
oo oo 

- n U cu „. Then D and the sets B< „ - C, B n f l ' f u l f i l 1° 
> 1 n-1 3 » n J,n j ,n 

and 2° for the pair (3,3). Since the pair (5,3) f u l f i l s con-
dition (B ' ) , there exists a sequence of natural numbers such oo OO 
that O Bj „ *3 . Hence Pi B. „ This proves that the 

j-1 3»nJ >1 3 ,nJ 
pair (31*,3) f u l f i l s condition (B ' ) . Now, we shall prove that 
( i i ) implies ( i ) . Let an arbitrary set i )t 5 * - 3 and an arbi-
trary double sequence |Bj Qj.j n£ j t of immeasurable sets f u l f i l 
conditions 1° and 2° of condition (B ' ) . For any J,neN, B j n " 

- (AJ,n " UBd.n» D = ( Ao " CoJ U V w h e r e V \ ) , n £ 5» 
oo 

ĉ  _»Bj ,C„,B.e 3 • Let B » U Ĉ  _ u C_. The set B belongs 3,n* o,n' o' o o,n o 
n-1 

to 3. ior any j ,neH put B. = B̂  „uB and D' • DuB, Then j ,n j 
the sets B' „ f u l f i l 1° and 2° for the pair Since 

J i n 

the pair (31*,3) f u l f i l s condition (B ' ) , ther^exists a se-
quence { n j } j e j f o i natural numbers such that O B j ,n £ " ^ * 

Henoe Pi B, „ i 3. -Iki*-proves that the pair (3*,3) f u l f i l s 
J-.1 1 ,n3"" 

condition (B ) . 
L e m m a 3.2. Let 3̂  and be the proper 6-ideals 

subsets of X. I f there exist ¿-measurable Bets c 3j , 
» such that I - X1 ulg, then the pair (3 A (3., n 3^), 
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f u l f i l s condit ion (B') i f and only i f both pa i rs (5 A 3-] , ^ ) 
and (J A f u l f i l condi t ion (B ' ) . 

P r o o f . Suf f i c i ency . Suppose tha t the pair 
( 5 A 3 1 , 3 1 ) does not f u l f i l oondition (B ' ) . According to Lem-
ma 3.1 i t i s equivalent tha t the pair (3,3-j) does not f u l f i l 
condi t ion ( 5 ' ) . Thus there ex i s t a 3-measurable se t Be 31 and 
a double sequenoe {b^ n J j n € l J of 5-measurable s e t s f u l f i l l i n g 
1° and 2° and such that f o r an a rb i t r a ry sequenoe { ^ j j c K 

na tura l numbers n B-t n
 6 . Sinoe B = (B n L j u (B nX 9 ) , 

3-1 0 , n 3 1 

then B n l „ i 3.,. Put t ing K* _ • B, B n L f o r any j , n c N we 
£ <3»n J» n , . ^ -

claim tha t f o r an a rb i t r a ry sequenoe {n-j}jC j j o f na tu ra l num-
bers n a . . c ^LnO«, but t h i s con t rad ic t s tha t the pair 

3-1 
( J A ( 3 1 31 n ) does not f u l f i l condit ion ( E ' ) . 

Necessi ty . Suppose tha t the pair (d A ( n ) , n3a) 
does not f u l f i l condit ion ( B ' ) . Then i t i s easy to conclude 
that the pair (5 A 3.,, 3.,) or the pair ( i A ^ , ^ ) does not have 
t h i s property . 

Let H denote Haar measure in C, <£ - the 6 - i d e a l of a l l 
s e t s of H measure zero i n C, OC - the ¿ - i d e a l of a l l s e t s of 
the f i r s t category in C and B - the family of a l l Borel s e t s 
in C. 

Let 31 « 3A « 33 • ^ n 3CnX and S* -
= © A ^ f o r i = 1*2,3. Mycielski proved (see t h . 4 and pro-
perty 5 i n [ l ] ) tha t there ex i s t Borel s e t s A and B such 
tha t 0 « AuB and Ac tfn<£( Be 3^. 

By Theorem 1.1, 3.1 and Lemma 3 .2 , we have the following 
theorem. 

T h e o r e m 3.2 . Convergence with respect to the 
¿ - i d e a l 3^ does not y ie ld a topology in the space of a l l 
B^-meaeurable r e a l func t ions f o r i * 1 ,2 ,3 . 
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