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Abstract: The structure of a heterogeneous system in®uences di¬usion of thermal

neutrons. The thermal-neutron absorption in grained media is considered in the paper.

A simple theory is presented for a two-component medium treated as grains embedded

in the matrix or as a system built of two types of grains (of strongly di¬ering absorption

cross-sections). A grain parameter is de­ ned as the ratio of the e¬ective macroscopic

absorption cross-section of the heterogeneous medium to the absorption cross-section

of the corresponding homogeneous medium (consisting of the same components in the

same proportions). The grain parameter depends on the ratio of the absorption cross-

sections and contributions of the components and on the size of grains. The theoretical

approach has been veri­ ed in experiments on prepared dedicated models which have

kept required geometrical and physical conditions (silver grains distributed regularly in

Plexiglas). The e¬ective absorption cross-sections have been measured and compared

with the results of calculations. A very good agreement has been observed. In certain

cases the di¬erences between the absorption in the heterogeneous and homogeneous media

are very signi­ cant. A validity of an extension of the theoretical model on natural, two-

component, heterogeneous mixtures has been tested experimentally. Aqueous solutions of

boric acid have been used as the strongly absorbing component. Fine- and coarse-grained

pure silicon has been used as the second component with well-de­ ned thermal-neutron

parameters. Small and large grains of diabase have been used as the second natural

component. The theoretical predictions have been con­ rmed in these experiments.
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1 Introduction

The macroscopic thermal-neutron absorption cross-section §a of a medium is one of

several important parameters when the transport of thermal neutrons in any system is

considered. The §a value for a homogeneous mixture of n components can be obtained

[1] from the simple relation:

§a = » §n
i=1qi§

M
ai

(1)

where » is the mass density of the mixture, qi is the mass contribution of the i-th com-

ponent, (§qi = 1), and §M
ai

is the mass absorption cross-section of the i-th component

(dependent on its elemental composition and the microscopic absorption cross-sections

¼ j of the contributing elements, e.g. [2]). Sometimes, it is convenient to express the

contributions by the volume contents of components:

¿ i =
Vi

V
(2)

where Vi is the volume occupied by the i-th component in the volume V of the sample.

Then Eq. (1), still for the homogeneous mixture, yields:

§a = §n
i=1 ¿ i§ai (3)

where §ai is the macroscopic absorption cross-section of the i-th component, de¯ned at

the partial solid material density » i = mi/ Vi (where mi is the mass of the i-th component

in the sample).

In the case of a medium that is a heterogeneous mixture, the e®ective thermal-neutron

absorption can signi¯cantly di®er from that in a homogeneous one that consists of the

same components in the same proportions. A problem of the heterogeneity resulting from

the presence of grains in the sample can appear when the absorption cross-section of a

rock material is measured. The samples for a neutron experiment are usually prepared by

crushing the rocks, and the possible natural heterogeneity can be increased additionally

during this procedure. Finally, just an e®ective cross-section of the heterogeneous sample

material is measured. Most often, neither the actual heterogeneity nor the detailed

elemental composition is known, and it is impossible to do an exact neutron transport

calculation for the medium investigated. On the other hand, it is necessary to introduce

a correction to the result of the measurement.

We present here a comprehensive study of the physical problem and its experimental

implications. A simple theory of the e®ective absorption of thermal neutrons in a grained

medium is outlined and applied to an interpretation of the pulsed measurement of the

absorption cross-section on heterogeneous models (consisting of grains in a matrix, where

the geometric structure and the thermalneutron di®usion parameters are well-known).

Validity of the theory is further tested and con¯rmed on more realistic samples of ¯ne and

coarse-grained materials: arti¯cial or natural rock grains mixed with a °uid absorbers.
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2 De¯nition of the grain parameter

The material heterogeneity for the thermal-neutron transport in a considered volume is

understood here as many small regions that di®er signi¯cantly in their macroscopic char-

acteristics of neutron di®usion. Being limited to a two-component medium, we distinguish

two cases. Case A: grains of material 2 dispersed in homogeneous material 1, and Case

B: a complex medium built of two types of grains (Fig. 1). The volume contribution of

substance 2 in the medium is ¿ . Then the macroscopic absorption cross-section §hom
a of

the corresponding homogeneous, two-component medium of the absorption cross-sections

§a1 and §a2, respectively, can be obtained from the relation:

§hom
a = (1 ¡ ¿ )§a1 + ¿ §a2: (4)

The thermal-neutron absorption in grains of sizes comparable to the neutron mean

free path can be no longer described by the macroscopic absorption cross-section relevant

for an in¯nite medium. A modi¯ed, e®ective absorption cross-section of the grains, say
~§a, is introduced. In Case A, we assume that only the §a2 is modi¯ed by the grain e®ect:

§a2 ! ~§a1, and the §a1 remains unchanged. In Case B, both absorption cross-sections

are modi¯ed: §a1 ! ~§a1 and §a2 ! ~§a1. The e®ective cross-section §eff
a of the entire

heterogeneous medium (the grained mixture) is still calculated from formula (4), but with

the substitutions mentioned above.

Fig. 1 Two types of the material heterogeneity. Case A: grains of material 2 dispersed in
homogeneous material 1. Case B: material built of two types of grains.

The medium is recognised as heterogeneous for the thermal-neutron transport when

its e®ective absorption cross-section §eff
a di®ers from the cross-section §hom

a calculated

from formula (3), valid for the homogeneous medium. The ratio

G =
§eff

a

§hom
a

(5)

called the grain e®ect parameter, de¯nes the heterogeneity e®ect on the thermal-neutron

absorption. The parameter G = 1 corresponds to the homogeneous medium. The cross-

sections §eff
a and §hom

a can be theoretically calculated and experimentally measured.
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3 E® ective absorption cross-section ~§a of grains

We start from a consideration of the thermal-neutron di®usion in a medium within the

one-speed approximation. The probability that the neutron is absorbed when it travels

a path length x0 in an absorber is

p(x0) =

x0Z

0

e¡x §t §a dx =
§a

§t

(1 ¡ e¡x0 §t) (6)

(cf. [1] Sec.1.3), where §t is the total cross-section:

§t = §a + §s; (7)

and §s is the scattering cross-section. In the case of a signi¯cant anisotropy of neutron

scattering, the transport cross-section can be introduced:

§tr = (1 ¡ · ) §s; (8)

where · is the average cosine of the scattering angle. The total cross-section §t is then

substituted by the thermal-neutron di®usion cross-section:

§d = §a + §tr = §t ¡ · §s: (9)

Instead of Eq. (6) we now have

p(x0) =
Z x0

0
e¡x§d§adx =

§a

§d
(1 ¡ e¡x0§d) (10)

Assuming the e®ective absorption cross-section ~§a in the grain as the absorption

probability per unit path length, we obtain from Eq. (10) the following de¯nition:

~§a =
p(d)

d
=

§a

d§d

(1 ¡ e¡d§d) (11)

where the size of the grain is given by the average chord length d :

d =
4Vg

Sg

(12)

and Vg and Sg are the volume and the surface of the grain, respectively [3].

Thus, the e®ective absorption cross-section of the grain ~§a1 , besides depending on

the absorption properties of the grain substance, also depends on its scattering properties

and the size of the grain. Eq. (11) leads to the following two limiting cases. When the

size of grains d tends to zero (that is, the material becomes homogeneous), d§d ! 0, the

absorption cross-section ~§a ! §a. In another limit, d §d ! 1, which corresponds to a

thick absorber, the absorption cross-section is

~§a =
§a

d§d

:
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Expressions similar to this formula appear when considering the self-shielding e®ect,

when the inner parts of the absorber are partly protected from the incoming neutrons by

outer absorbing layers, and neutron scattering is also taken into account (cf. [1] Sec.11.2,

[4], [5]).

4 E® ective absorption cross-section §eff
a of the heterogeneous

system

The e®ective absorption cross-section §eff
a of the heterogeneous system in Case A is given

by the formula:

§eff
a = (1 ¡ ¿ )§a1 + ¿

§a2

d2§d2

(1 ¡ e¡d2§d2) (13)

when the de¯nition of the e®ective cross-section of the grains, ~§a2, is introduced into

formula (4).

The substitution of Eqs. (4) and (13) into Eq. (5) yields:

G(Y; S; ¿ ) =
¿ (S 1¡e¡Y

Y
¡ 1) + 1

¿ (S ¡ 1) + 1
(14)

where S is the ratio of the absorption cross-sections of the components:

S =
§a2

§a1

(15)

and

Y = d2§d2 (16)

is the average size of the grain expressed in the neutron di®usion mean free paths and

de¯nes a dimensionless size of the grain.

The parameter G can be studied as a function either of the dimensionless size Y of

grains, or of the ratio S of the cross-sections of the contributing materials, or of the

material volume content ¿ , depending on which of the variables are ¯xed as parameters.

Examples of the functions de¯ned in Eq. (14) are plotted in Fig. 2. The plot in Fig.

2a shows that the parameter G(Y ) can attain a very low value, down to about 0.1 in

certain cases, which means that the e®ective cross-section can be about as low as 10 %

of the value for the corresponding homogeneous mixture (for which Y = 0 and G = 1).

Functions G(S) and G( ¿ ) in Figs. 2b and 2c are plotted for the same grain size Y = 1.

They show a saturation e®ect: that means a very weak dependence of G on S or ¿ when

they attain su±ciently high values. In the examples presented at a ¯xed grain size, this

weak dependence is observed for S ¶ 100 (the level depending on ¿ ) and for ¿ ¶ 0.2

(depending on S). Generally, as should be expected at a ¯xed grain size Y , the degree of

the material heterogeneity for thermal neutrons (measured as 1/G) increases faster when
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the di®erence between the absorption cross-sections of the grains and matrix is larger

and/or the volume content of grains (that is, their number) is higher.

Fig. 2 a Parameter G of the grain e¬ect as a function of the dimensionless size Y of the grain
at ­ xed values of the ratios S and volume contents ¿ .

Fig. 2 b Parameter G of the grain e¬ect as a function of the ratio S of the absorption cross-
sections at a constant size Y of the grains and a ­ xed volume contents ¿ .

It is important to notice that for heterogeneous media, always G < 1, that is, the

e®ective absorption cross-section is always lower than for a homogeneous material.

Until now, the theoretical analysis of the problem has been performed in the one-
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Fig. 2 c Parameter G of the grain e¬ect as a function of the volume content ¿ of grains at a
constant size Y of the grains and ­ xed ratios S.

speed approach to the thermal-neutron di®usion. However, thermal neutrons in real

experimental conditions are characterised by an energy distribution and then average

values are observed. For a comparison between the theoretical and experimental results,

the energy-averaged neutron parameters must be used in the calculation. The grain

parameter G is a function of three variables: G = G(Y , S , ¿ ). Two of them, Y and S ,

depend on the neutron energy, because of the energy dependence of the cross-sections.

The grain parameter, de¯ned by the energy-averaged cross-sections, is

Gav(Y (E); S(E); ¿ ) =
h§eff

a i
h§hom

a i (17)

where E is the neutron energy and the bracket h i denotes the energy-averaged magnitude.

Let the energy distribution of the thermal-neutron °ux in the investigated volume be

approximated by the Maxwellian distribution:

M (E) =
E

E2
T

e¡E=ET (18)

with ET = kBT , where kB is the Boltzman constant and T is the absolute temperature.

The distribution (18) is normalized to unity and the average thermal-neutron parameter,

say hP i, is de¯ned as

hP i ² hP (E)i =
Z 1

0
P (E)M (E)dE (19)

Thus, the energy-averaged, macroscopic absorption cross-sections of the mixtures are
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h§hom
a i = (1 ¡ ¿ )h§a1(E)i + ¿ h§a2(E)i (20)

In Case A we have:

h§eff
a i = h(1 ¡ ¿ )§a1(E) + ¿ ~§a2(E)i

= (1 ¡ ¿ )h§a1(E)i + ¿

*
§a2(E)

d2§d2(E)

h
1 ¡ e¡d2§d2

(E)
i+

(21)

In Case B the energy-averaged, e®ective absorption cross-section h§eff
a i00 is expressed by:

h§eff
a i00 = h(1 ¡ ¿ )~§a1(E) + ¿ ~§a2(E)i

= (1 ¡ ¿ )

*
§a1(E)

d1§d1(E)

h
1 ¡ e¡d1§d1(E)

i+

+ ¿

*
§a2(E)

d2§d2(E)

h
1 ¡ e¡d2§d2(E)

i+

(22)

and the grain parameter G00
av is

G00
av =

h§eff
a i00

h§hom
a i (23)

The experimental grain parameter is de¯ned by

Gexp =
h§exp

a i
h§hom

a i =
hv§exp

a i
hv§hom

a i (24)

where the energy-averaged thermal-neutron absorption rate hv§ai is given by the relation

hv§ai =
Z 1

0
v§a(E)M (E)dE = v0§a(v0) ² v0§a (25)

and h§exp
a i or hv§exp

a i is obtained from the experiment.

Further consideration will be limited to an analysis of the in°uence of the grain size

on the absorption when the other parameters (S and ¿ ) are ¯xed.

5 Laboratory measurement of the macroscopic absorption cross-

section

Czubek’s pulsed neutron method has been used to measure the absorption cross-section

of the discussed heterogeneous materials. This method has been chosen because only

one sample is needed to measure the thermal-neutron absorption cross-section §a of the

material. Notice that §a is a parameter that characterizes an in¯nite medium, not a

particular ¯nite sample of a ¯xed size used in the measurement. Additionally, Czubek’s

method of the §a measurement is independent of the scattering properties of the sample.

The physical principles of the §a measurement method, which uses a two-region geometry,

have been recapitulated in [6]. The system consists of the investigated cylindrical sample

of size HS = 2RS surrounded by a cylindrical moderator (HM = 2RM ) covered with a
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cadmium shield, which assures vacuum boundary conditions for thermal neutrons. The

geometry of the measurement is shown in Fig. 3. The sample-moderator system is

irradiated by bursts of 14 MeV neutrons that are slowed down, and the time decay of

the thermal-neutron °ux ’(t) is observed. Pulses from a 3He detector are stored (during

many consecutive cycles) in a multiscaler, and the decay constant ¶ of the fundamental

exponential mode of the °ux, ’(t) ¹ exp({ ¶ t), is determined from the registered curve

[7]. The experiment is repeated using di®erent sizes HM of the outer moderator. In this

way the experimental dependence ¶ = ¶ (xM ; RS =const) is obtained, where xM = 1
R2

M
.

Fig. 3 The experimental set-up.

Another curve ¶ * = ¶ *(xM ; RS =const) is calculated based on the di®usion approx-

imation for the thermal-neutron °ux in the two-region cylindrical system [8], [9]. The

curve ¶ *(xM) is dependent on the size RS of the inner sample and on the thermal-neutron

parameters of the external moderator (that is, the absorption rate hv§aM i, the di®usion

constant D0M , and the di®usion cooling coe±cient CM ) and, therefore, they have to be

known with a high accuracy. The absorption rate hv§aM i and the di®usion constant D0M

of Plexiglas, routinely used as the outer moderator in the measurements, are well estab-

lished [10] and are quoted in [11]. Instead of the constant coe±cient CM used earlier,

the correction function C¤
M ( ¶ ¤) is now used. It results from the di®usion cooling of the

thermal-neutron energy spectrum in the two-region system, in which the inner sample is

a mixture of a hydrogenous and non-hydrogenous media [12]. The ordinate ¶ X = hv§exp
a i
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Density [g cm¡3] §a(v0) [cm¡1]
§a;Ag(v0)

§a;Plexi(v0)

Silver, Ag 10.50 3.71053 195.8

Plexiglas, (C5H8O2)n 1.176 0.01895 195.8

Table 1 Physical characteristics of silver and Plexiglas.

of the intersection point of the curves ¶ = ¶ (xM ) and ¶ * = ¶ *(xM ) determines the

absorption cross-section §aS of the material of the inner sample:

h§aSi ¡ ¶ Xh1=vi = 0; (26)

where v is the neutron speed and the averages are over the thermal-neutron °ux energy

distribution. The standard deviation ¼ ( ¶ X) of the intersection point ¶ X is calculated

using a computer simulation method [13].

6 Silver-in-Plexiglas models as heterogeneous samples

6.1 Design of the heterogeneous models

Well-de¯ned models of heterogeneous materials have been constructed to perform a fully

controlled experiment to investigate how the thermal-neutron absorption cross-section

depends on the grain size of the material. The models ful¯l the following assumptions:

(1) They consist of two materials: I and II.

(2) The di®erence between the absorption cross-sections of material I and II is signi¯-

cant; the highly absorbing centres (grains) of material II are embedded in a weakly

absorbing material I.

(3) The grains II of regular shapes are regularly distributed in material I.

(4) The models di®er from each other with respect to the grain size of material II, but

its total mass contribution is kept constant.

Plexiglas has been used as the weakly absorbing material, and silver of a high purity

has been chosen for making the highly absorbing grains. The physical characteristics

of silver and Plexiglas are given in Table 1. Their macroscopic absorption cross-sections

have been calculated at the most probable thermal-neutron velocity v0 = 2200 m/s, based

on the elemental compositions and on the microscopic absorption cross-sections given in

nuclear data tables [14].

Three models of a regular cylindrical shape with HS = 2RS = 9 cm have been con-

structed. Each one consists of layers of two types: the pure Plexiglas layers are separated

by layers with silver grains embedded in Plexiglas. The silver grains are regular cylinders

of constant dimensions Hgr = 2Rgr, di®erent in each model. Their total volume content

in the samples is kept almost constant, about ¿ II = 0.05, corresponding to the mass

contribution about qII = 0.32. The characteristics of the three silver-in-Plexiglas models

are given in Table 2.
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Symbol

of the

Model

Size of the

grain

Hgr [mm]

Number of

the grains

in the

Model

Mass con-

tribution

of silver

qII

Volume

content

of silver

¿ II

Average

chord of

the grain

d2 [cm]

Dimensionless

size of the

grain

hY i

GR4 4 570 0.3199 0.0500 0.267 0.9563

GR6 6 168 0.3187 0.0498 0.400 1.4344

GR10 10 36 0.3169 0.0494 0.667 2.3906

Table 2 Characteristics of the silver-in-Plexiglas models.

In order to construct the sample of material with regularly distributed absorbing

grains, the model has been considered as part of an in¯nite spatial grid, in which the

grains represent the lattice points. A regular prism has been assumed as the grid. The

small cylindrical grains are coaxial with the entire cylindrical model. The vertical and

horizontal cross-sections of one of the models (with the biggest grains) are shown in

Fig. 4. The geometric details of the other models can be found in [15]. The vertical

distance between top and bottom of two neighbouring grains is approximately equal to

the grain height Hgr . The ¯rst and the last (top and bottom) pure Plexiglas slices

have the thickness about 1/2 of the grain height. The distribution of the grains in the

horizontal cross-section has been selected from the square or hexagonal in¯nite grid. The

slices containing grains can be rotated with respect to each other to observe a possible

in°uence of the silver distribution on the e®ective absorption of the material.

6.2 Experimental results and discussion of a possible uncertainty

The size of the silver grains in the di®erent silver-in-Plexiglas models varies, keeping al-

ways a constant volume content ¿ II of silver. Thus, the models represent a heterogeneous

material on which an e®ect of the varying grain size on the e®ective absorption can be

measured and compared to the absorption of the homogeneous mixture.

The ¯nal experimental results h§exp
a i for the three investigated heterogeneous media

are reported in Table 3. These macroscopic absorption cross-sections h§exp
a i can be com-

pared with h§hom
a i = 0:1805cm¡1 for the homogeneous mixture consisting of the same

components, calculated at the silver content ¿ II = 0.05. The comparison clearly shows

that the in°uence of the heterogeneity of the material on the e®ective, macroscopic ab-

sorption cross-section for thermal neutrons is signi¯cant, even in the case of the dense

grid of the smallest silver grains, which is closest to a homogeneous material.

The absorption cross-section §a is determined from the intersection point of the the-

oretical and experimental curves and, therefore, its accuracy ¼ (§a) within the theory of

the measurement method depends on the accuracy both of the experimental points and

of the neutron parameters used in the calculation. The accuracy ¼ ( ¶ i) of the experimen-

tal points depends on the characteristics and possibilities of the experimental set-up and
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Fig. 4 Distribution of silver grains in Model GR10.

Model hv§exp
a i

¼ (hv§exp
a i) [s¡1]

h§exp
a i

¼ (h§exp
a i) [cm¡1] ¾(h§

exp
a i)

h§
exp
a i [%]

GR4 26868

54

0.1083

0.0002

0.18

GR6 20743

78

0.0836

0.0003

0.36

GR10 14999

59

0.0605

0.0002

0.33

Table 3 Experimental results obtained for the silver-in-Plexiglas models.



K. Drozdowicz et al. / Central European Journal of Physics 2 (2003) 210{234 223

on the precision of determination of the fundamental mode decay constant ¶ from the

decay curve registered in the multiscaler. In the present experimental series, the deter-

mination of ¶ has been di±cult. As ¶ describes the exponential decay, its value should

be constant, independent of a shift t0 of the analysed interval along the time axis, that

is, ¶ (t0) = const (with a statistical accuracy). The heterogeneity of the sample leads

to a stronger contamination with higher modes of the pulsed thermal-neutron °ux, and

makes more di±cult the isolation of the fundamental mode. Therefore, the dependence

¶ (t0) = const has been always carefully tested in the interpretation of the experiments.

Finally, the relative standard deviations ¼ ( ¶ i)/ ¶ i have been no higher than 0.9 %.

Consider also an uncertainty in the size of the sample. Although the geometric di-

mensions HS and RS are known with a very high accuracy, how neutrons \see" this size

can be a problem. Namely, the models contain the silver grain lattice in Plexiglas, which

is also used as the outer moderator. In order to investigate this possible uncertainty, a

new theoretical curve has been calculated, ¶ * = ¶ *(xM ) at 2RS increased by 0.2 cm. A

new experimental result, h§exp n
a i, has then been obtained for each model sample. (Notice

that the change of the size 2Rs also changes the contributions ¿ II and, in a consequence,

the cross-sections h§hom
a i). The new experimental grain parameters, Gexp n, have been

obtained and the relative changes, " = (Gexp n ¡ Gexp)=Gexp, have been calculated. They

appear negligible when compared with the statistical uncertainty ¼ (h§ai)=h§ai of the

measurements [15].

A separate problem is whether the model represents well a part of an in¯nite, regular

lattice of grains. In order to test it we have made the following experiment for Model

GR10, that is, for the sparsest lattice, where the in°uence of grains on the e®ective

absorption cross-section is strongest. The sample has been enclosed only in a cadmium

shield and the decay constant ¶ has been measured. Next, every other layer with the

silver grains has been rotated 45º to introduce the intentional perturbation of the lattice

(Fig. 5). The decay constant has been again measured. The results are following:

Regular lattice: ¶ = 27 505 s{1, ¼ ( ¶ ) = 68 s{1;

Perturbed lattice: ¶ = 27 567 s{1, ¼ ( ¶ ) = 85 s¡1.

The measured decay constants are in full agreement within one standard deviation.

This means that the perturbation of the lattice has not changed the thermal-neutron

transport in the investigated volume. This suggests also that any possible error in the

cut of the sample from the in¯nite lattice is not signi¯cant.

Finally, we can state that the factors considered above do not in°uence signi¯cantly

the experimental results. The values listed in Table 3 can be treated as the measured,

e®ective absorption cross-sections with errors on the level of two standard deviations.

6.3 Comparison of the theoretical and experimental results obtained for

the silver-in-Plexiglas models

The theoretical approach presented in paragraphs 1 to 4 has been applied to an interpre-

tation of the results of the experiments made on the three silver-in-Plexiglas models.
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Fig. 5 Perturbed lattice of grains in Model GR10 (45o rotated layers).

6.3.1 Case A: Grains in the matrix

The theoretical, e®ective, macroscopic absorption cross-sections h§eff
a i of the three silver-

in-Plexiglas models have been calculated from Eq. (21), and the absorption cross-section

h§hom
a i of the corresponding homogeneous material from Eq. (20). The energy depen-

dence of the thermal-neutron, macroscopic absorption cross-sections of Plexiglas, §a1(E),

and of silver, §a2(E), is described by a 1/v law. Therefore, these cross-sections are com-

pletely de¯ned when given at only one energy (cf. Table 1). The di®usion cross-section

§d2, present in formula (21), contains the absorption and transport cross-sections of sil-

ver. The energy-dependent, scattering cross-section ¼ s2(E) of silver (given essentially by

the free gas model formula) is, for thermal neutrons, very well approximated by a con-

stant value equal to the free-atom scattering cross-section ¼ sf2. Thus, the macroscopic

scattering cross-section for silver is §s2(E) = §sf2 = 0.2978 cm{1. The scattering cosine

· 2(E) of silver is su±ciently accurately given by the approximate relation · 2 = 2/(3A),

where A is the relative-to-neutron atomic mass of silver (cf. [1]).

The calculated, energy-averaged, e®ective absorption cross-sections h§eff
a i of the three

models are listed in Table 4. The calculations have been performed for the silver vol-

ume content ¿ II = 0:05 at ET = 0:02526 eV, corresponding to the experiment tem-

perature t = 20ºC. The macroscopic absorption cross-section of the homogeneous mix-

ture consisting of the same components with the same contributions has been quoted

in paragraph 6.2.

Theoretical values of parameter Gav of the grain size e®ect have been calculated from

Eq. (17). The experimental values Gexp of the parameter have been determined from the

experimental data h§aiexp for the three silver-in-Plexiglas models from Eq. (24). The

theoretical and experimental results are compared in Table 4. Plots of the grain e®ect
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Model h§eff
a i [cm¡1] Gav Gexp Gav¡Gexp

Gexp [%]

GR4 0.1164 0.6449 0.6000 7.48

GR6 0.0985 0.5457 0.4632 17.81

GR10 0.0754 0.4177 0.3352 24.61

Table 4 Comparison of the theoretical and experimental results obtained for the silver-in-
Plexiglas models.

parameter calculated as a function of the grain size Y are shown in Fig. 6, where the three

experimental values are also marked. The ¯rst curve, G(Y ), has been calculated from

the one-speed approximation, Eq. (5) with (13) and (4), using the values of the cross-

sections at the thermal-neutron energy ET . The second curve, Gav(Y ), has been obtained

from Eq. (17) with (21) and (20). The two functions present a di®erence between the

theoretical results based on the one-speed treatment and on the approach in which all

energy-dependent magnitudes are averaged over the thermal-neutron energy distribution.

Although the curve Gav(Y ) is closer to the experimental points Gexp than the curve G(Y ),

the prediction Gav(Y ) is still unsatisfactory for the experimental pointsGexp. Two other

curves in the plot are considered in the next paragraph.

Fig. 6 Parameter of the grain size e¬ect as a function G(Y ) of the grain size (at S = 195.8,
¿ = 0.05) compared to the experimental results Gexp for three silver-in-Plexiglas models.

6.3.2 Case B: Two-grain medium

We consider Plexiglas as a medium built of grains, too. In this case, the volume treated

as a Plexiglas grain is de¯ned by the lattice points, without the space occupied in corners
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by parts of the silver grains. The de¯ned volume and its surface determine from Eq. (12)

the average chord length d1 of the grain of the matrix (although such a treatment violates

slightly the assumption of the convex curvature of the grain surface). Then the e®ective

absorption cross-section ~§a1 of the weakly absorbing material is also calculated from Eq.

(11). The e®ective cross-section of the material is expressed by:

§eff
a

00 = (1 ¡ ¿ )~§a1 + ¿ ~§a2 (27)

according to the de¯nition in paragraph 2.

Fig. 7 Energy dependence of the thermal-neutron transport cross-section of Plexiglas and of
silver, and the thermal-neutron ®ux energy distribution.

The energy-averaged, e®ective cross-section h§eff
a (E)i00 can be calculated when the

dependence ~§a1(E) is known. It contains not only the absorption cross-section §a1(E)

but also the energy-dependent transport cross-section §tr1(E) of Plexiglas [cf. Eqs. (11),

(9) and (8)]. As in any hydrogenous material, the scattering cross-section and the aver-

age cosine of the scattering angle are strongly dependent on the thermal-neutron energy.

The functions §s1(E) and · 1(E) have been obtained in the same way as in [16], following

Granada’s model of the slow-neutron scattering kernel [17], [18], [19]. The dependence

§tr1(E) is shown in Fig. 7, together with the thermal neutron distribution M (E). Addi-

tionally the silver cross-section §tr2(E) is also plotted.

Theoretical values of the parameter of the grain size e®ect G00
av, resulting from the

present approach to the considered three silver-in-Plexiglas models, are speci¯ed

in Table 5.

According to assumption (27), a new set of curves has been obtained, G00(Y ) and

G00
av(Y ), corresponding to the one-velocity treatment [Eq. (5) with (27)] and to the energy

averaging [Eq. (23) with (22)], respectively. They are plotted in Fig. 6 as the two lowest

lines. In order to plot these new functions versus Y , the lengths d1 have been expressed

using the average chord lengths d2 of the corresponding silver grains, d1 = kmd2, where
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Model h§eff
a i00 [cm¡1] G00

av
G00

av
Gav

G00
av¡Gexp

Gexp [%]

GR4 0.1080 0.5983 0.9277 - 0.28

GR6 0.0873 0.4837 0.8864 4.43

GR10 0.0634 0.3512 0.8408 4.77

Table 5 Comparison of the results of the two-grain theory with the experimental data.

km is a constant dependent on the sample, that is, on the particular spatial distribution

of grains. The new approach, especially G00
av(Y ), gives much better agreement with the

experimental results Gexp.

7 Rock{° uid samples

When rock materials are investigated, the sample usually contains grains which create

heterogeneity. The experiments on the arti¯cial rock material (silicon, Si) and on the

natural rock material (diabase) have been performed to examine the in°uence of the

granulation on the §a measurement. The samples have been prepared as mixtures of

grained materials with aqueous solutions of boric acid, H3BO3.

The thermal-neutron absorption rates hv§exp
a i of the complex samples have been mea-

sured with Czubek’s method, as outlined in paragraph 5. The absorption rate of the

homogeneous mixture hv§hom
a i has been obtained from Eq. (26) and §hom

a has been

calculated from the following formula:

§hom
a = »

j
qrock§M

rock + (1 ¡ qrock)§M
fluid

k

= »

(

qrock§M
rock + (1 ¡ qrock)

h
(1 ¡ k)§M

H2O + k§M
H3BO3

i)

(28)

which results from Eq.(1), and where » is the mass density of the complex sample, qrock

is the mass fraction of the rock in the complex rock-°uid sample, k is the mass fraction

of H3BO3 in the °uid, and §M
x = §a=» is the relevant, mass absorption cross-section

calculated on the basis of the elemental composition and the microscopic absorption cross-

sections ([14], except for boron). The absorption cross-section of the boric acid H3BO3

was measured [20] in our Lab to avoid an uncertainty introduced by the °uctuating

isotopic ratio of natural boron. Finally, the experimental grain parameter Gexp has been

obtained from Eq. (24).

The theoretical grain parameter Gav has been calculated from Eq. (17), assuming

Case A (Eq. 21), that is, that the grains of the rock (a weak absorber) are embedded in

the matrix (a strong absorber).
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7.1 Silicon as the arti¯cial rock material of grains

An arti¯cial rock material allows us

(1) to create more realistic experimental conditions, that is, a sample that contains

grains of a °uctuating size, spread irregularly (not preserving a regular lattice, as in

the model samples), and

(2) to keep exactly known thermal-neutron parameters of the contributing materials.

High purity silicon (0.9999 Si) has been used. Its thermal-neutron mass macroscopic

cross-sections are:

Absorption: §M
a (v0) = 0:00367 § 0:00006 cm2g¡1.

Scattering: §M
s (v0) = 0:04382 § 0:00004 cm2g¡1

([21], [14]). The complex samples have been made of two di®erent grain sizes embedded

in various H3BO3 solutions. The speci¯cation of the samples is given in Table 6.

An example of the theoretical dependence of the grain parameter Gav for the investi-

gated samples is shown in Fig. 8 (the upper line). The parameter is plotted as a function

of the grain diameter, 2Rgr, with the other variables ¯xed according to the experimental

conditions. The theoretical grain parameter is, in practice, equal to unity in the con-

sidered interval of the grain size. The exact values for the samples are given in Table

6. For sample Si-07, only the results obtained for the lowest and highest concentrations

of the H3BO3 solutions used are shown. In the calculation, the grain sizes d have been

de¯ned by the average chords relevant to the mean diameters of the grains used, that is,

0.6 mm and 1.7 mm for the grains of (0.5 to 0.7) and of (1.4 to 2.0) mm of sieve mesh,

respectively.

Sample

Code

Silicon grain

size d

[mm of sieve

mesh]

Nominal

concentration

of boric acid

k [wt. %]

Volume con-

tribution of

silicon ¿

1
S =

§a1

§a2

h§hom
a i

Eq. (20)

[cm¡1]

Gav

Eq.(17)

Si-07c 0.5 ¥ 0.7 1.2 0.497 12.89 0.0529 0.9998

Si-07d 0.5 ¥ 0.7 3.5 0.493 32.86 0.1298 0.9999

Si-2 1.4 ¥ 2.0 1.2 0.474 12.89 0.0549 0.9996

Si-2a 1.4 ¥ 2.0 2.0 0.479 19.81 0.0817 0.9997

Density of silicon » Si = 2.3280 § 0.0002 g cm{3

Table 6 Speci­ cation of the complex samples (mixtures of silicon grains with the H3BO3 solu-
tions) and the theoretical grain parameter.

The thermal-neutron absorption rates hv§aiexp of the complex samples have been mea-

sured. The absorption rate of the homogeneous mixture hv§aihom and the experimental

parameter Gexp has been obtained. The experimental absorption cross-sections of pure

silicon, §exp(v0), has been evaluated from the usual procedure in Czubek’s method. The

ratio of the obtained experimental value to the cross-section of silicon, §exp(v0)/§Si(v0),
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Fig. 8 Theoretical grain parameter Gav as a function of the geometric grain size and example
of the experimental results Gexp (with the one standard deviation marked) for the silicon and
diabase complex samples.

has been obtained. Details of the experiments and calculation procedures can be found

in [12]. The results are collected in Table 7. No e®ect of heterogeneity is observed for

the complex samples tested, with the silicon grains of about 0.6 and 1.7 mm, the silicon

contribution ¿ º 0.5, and the absorption cross-section ratios 1/S º 13 and 1/S º 20.

Both the grain parameter Gexp for the complex sample and the ratio §exp(v0)/§Si(v0)

for the material of interest are equal to unity within the one standard deviation, which

means that the experiment has con¯rmed the theoretical predictions on the homogeneity

of the prepared complex media.

7.2 Diabase as the natural grained rock material

Diabase samples used in the present neutron measurements were taken from the com-

pact deposit exploited by \Nied¶zwiedzia G¶ora" Quarry (Quarries of Natural Resources,

Krzeszowice near Krak¶ow, Poland). The absorption cross-section §a = §R of diabase

(as for in¯nite, homogeneous medium) was measured in our Lab, using Czubek’s method,

in an independent experiment [22], [23] on the ¯ne samples. The scattering cross-section

§s has been calculated [21], [14] according to a typical elemental composition of diabase

[24]. The following mass cross-sections have been obtained:

Absorption: §M
a (v0) = 0:00890 § 0:00015 cm2g¡1

Scattering: §M
s (v0) = 0:09428 § 0:00011 cm2g¡1.

The same material of granulation between 6.3 and 12.8 mm of sieve mesh has been

used to calculate and measure the grain e®ect. The complex samples of the diabase

grains and aqueous solutions of boric acid H3BO3 were prepared. The list of the complex
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Complex sample (Si + absorber) Silicon

Sample

Code

hv§aihom

¼ (hv§aihom)

hv§aiexp

¼ (hv§aiexp)

Gexp

¼ (Gexp)

§Mexp(v0)

¼ (§Mexp)

§exp(v0)

¼ (§exp)

§exp(v0)
§Si(v0)

¼ (§exp/§Si)

[s{1] [s{1] [cm2g{1] [cm{1]

Si-07c 13 115

51

13 050

62

0.995

0.006

0.00340

0.00031

0.00791

0.00072

0.99

0.09

Si-07d 32 185

143

32 222

178

1.001

0.007

0.00374

0.00090

0.00870

0.00210

1.02

0.25

Si-2 13 621

53

13 678

69

1.004

0.006

0.00389

0.00034

0.00906

0.00080

1.06

0.10

Si-2a 20 273

85

20 250

107

0.999

0.007

0.00355

0.00055

0.00827

0.00127

0.97

0.15

Table 7 Comparison of the experimental results for silicon complex samples with the data for
the homogeneous media.

Sample

Code

Nominal concen-

tration of boric

acid solution

Volume contri-

bution of the

rock ¿

1
S =

§a1

§a2

h§hom
a i

Eq.(20)

Gav

Eq.(17)

Dia-a 1.3 0.572 4.8 0.0570 0.978

Dia-b 2.0 0.559 6.9 0.0783 0.985

Dia-c 2.5 0.557 8.4 0.0932 0.988

Density of diabase » R = 2:7680 § 0:0002 g cm¡3

Table 8 Speci­ cations of the complex samples: mixtures of diabase grains (6.3 ¥ 12.8 mm of
sieve mesh) with the H3BO3 solutions, and the theoretical grain parameter.

samples and the theoretically calculated grain parameters Gav are given in Table 8. The

mean size of the diabase grain in each sample has been estimated as the diameter 2Rgr

of an equivalent sphere, based on the number and total mass of the grains contained. An

example of the theoretical grain parameter as a function of the grain size is plotted in Fig.

8 (the lower line). The contributions of the components and the ratio of the absorption

cross-sections have been assumed as for the real sample, Dia-a.

The measurements of the e®ective absorption cross-sections of the complex samples

and the evaluation of the experimental cross-section for diabase have been performed

in the same way as described in the previous paragraph for the silicon samples. The

results are collected in Table 9. The theoretical and experimental grain parameters

°uctuate about 0.98. The small discrepancies between them can result from the necessary

approximation of the grain size in the theoretical calculation. The heterogeneity e®ect,

although weak, is clearly seen in a comparison with the results for the samples of ¯ne

silicon (cf. Fig. 8). The experimental cross-section of diabase itself, obtained from
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Complex sample (Diabase + absorber) Diabase

Sample

Code

hv§aihom

¼ (hv§aihom)

hv§aiexp

¼ (hv§aiexp)

Gexp

¼ (Gexp)

§Mexp(v0)

¼ (§Mexp)

§exp(v0)

¼ (§exp)

§exp(v0)
§R(v0)

¼ (§exp/§Si)

[s¡1] [s¡1] [cm2g¡1] [cm¡1]

Dia-a 14 192

69

13 881

35

0.978

0.005

0.00801

0.00016

0.02217

0.00044

0.90

0.02

Dia-b 19 470

87

18 989

101

0.975

0.007

0.00749

0.00036

0.02073

0.00100

0.84

0.04

Dia-c 23 141

102

22 566

118

0.975

0.007

0.00721

0.00044

0.01996

0.00122

0.81

0.05

Table 9 Comparison of the experimental results for diabase complex samples with the data for
the homogeneous media.

the standard interpretation of the measurement (assuming a homogeneous medium) is,

however, underestimated even up to 20 %. The value of the underestimation depends

on the ratio of the absorption cross-sections of the components in the complex samples.

The higher is the ratio 1/S , the lower is the interpreted cross-section §exp of diabase,

which is seen from the data in Tables 8 and 9. This behaviour is in agreement with the

predictions of the theoretical model.

8 Conclusions

The theoretical approach to the thermal-neutron e®ective absorption in the type of het-

erogeneous medium considered here has been veri¯ed experimentally on dedicated model

samples and on natural rock samples. The heterogeneity e®ect depends on few parame-

ters: on the ratio S of the absorption cross sections of the components, on their scattering

properties, on the grain size, and on the mass (or volume) contributions of the compo-

nents.

A comparison of the in°uence of the grain size on the absorption in di®erent samples

can be done if the size is not expressed geometrically but using the neutron di®usion

units. The thermal-neutron di®usion mean free path ld in a given material is de¯ned by

the macroscopic di®usion cross section, ld = 1/§d. The grain size Y is referred to the

geometrical dimension (the average chord length d) and to the neutron mean free path,

as shown in Eq.(16). The grain sizes Y in the particular samples are listed in Table 10.

For the silver-in-Plexiglas samples, the geometrical relations are precisely de¯ned and

it is possible to de¯ne accurately the grain size of the matrix material. The grain sizes

Y for the two components are comparable and, as found earlier (paragraph 6.3.2), the

medium in this case should be considered rather as the two-grain system.

For the rock{°uid samples, only the mean geometrical grain size is known, the spaces

between the grains (¯lled with the matrix material) are highly irregular, and the size of
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Sample GR10 GR6 GR4 Si-07 Si-2 Dia

hY igrain 2.39 1.43 0.96 ¹ 0:004 ¹ 0:012 ¹ 0:2

hY imatrix 3.96 3.04 1.49 ¹ 0:12 ¹ 0:34 ¹ 2:0

hY imatrix

hY igrain
1.7 2.1 1.6 ¹ 30 ¹ 30 ¹ 10

Adequate

theoretical

model

Two-grain system Homogeneous medium Grains in the matrix

Table 10 Ratio of the dimensionless grain sizes hY i in the particular samples.

the matrix grain is only estimated. In the case of the silicon samples, the ratio of the

Y1 and Y2 sizes indicates that the system should be considered as the Si grains in the

°uid matrix. Additionally, the geometrical sizes of grains are very small in comparison

to the corresponding neutron mean free paths. Both the theoretical grain-in-the-matrix

model and the experiment con¯rm in this case that the samples are homogeneous from

the point of view of the neutron di®usion. The diabase grains are much greater, but their

Y size is still one order lower than the estimated matrix grain size. Therefore, the grain-

in-the-matrix mode is still applicable. The theoretical calculation and the experiment

show a very weak grain e®ect G due to a low ratio of §a of highly and weakly absorbing

components, two orders lower than in the case of the silver-in-Plexiglas models (cf. Tables

8 and 1).

The general behaviour is as follows: the thermal-neutron absorption cross-section of

any heterogeneous medium is always lower than a homogeneous one consisting of the

same components. This e®ect can be a source of an underestimation of the absorp-

tion cross-section of the rock material when coarse-grain samples are used in laboratory

measurements, as it has been proved in the paper. The opposite e®ect, an overestima-

tion of the calculated absorption cross-section of a geological formation can happen if

this medium is treated as homogenous material, while in fact it contains concretions of

strongly di®ering absorption. Similarly, for such formation, an overestimated value can

also be obtained experimentally from a measurement on its sample which is perfectly

homogenised.
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