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Abstract: In the framework of jet spaces endowed with a non-linear connection, the special

curves of these spaces (h-paths, v-paths, stationary curves and geodesics) which extend the

corresponding notions from Riemannian geometry are characterized. The main geometric

objects and the paths are described and, in the case when the vertical metric is independent of

fiber coordinates, the first two variations of energy and the extended Jacobi field equations are

derived.
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The geometrized framework on first and higher-order osculating spaces was introduced

and widely studied by Acad. R.Miron and collaborators ([13]). As a complementary

extension of the tangent (first-order osculating) framework, in the last decade, there was

developed with significant results the geometric approach on first-order jet spaces ([18],

[17], [3]).

1 Basic objects of the geometrized jet framework

Let ξ = (E=J1(T,M), π, T ×M) be the first order jet bundle of mappings ϕ : T → M ,

where T and M are C∞ real differentiable manifolds (dimT = m, dimM = n). The local
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jet coordinates on E will be denoted by

(tα, xi, yA)(α,i,A)∈I∗ ≡ (yµ)µ∈I ,

where the set of indices I splits as follows

I = Ih ∪ Iv, Ih = Ih1 ∪ Ih2 , Iv = m+ n+ 1,m+ n+mn

Ih1 = 1,m, Ih2 = m+ 1,m+ n, I∗ = Ih1 × Ih2 × Iv.

and the indices implicitly take values as described below:

α, β, · · · ∈ Ih1 ; i, j, · · · ∈ Ih2 ; A,B, · · · ∈ Iv; λ, µ, · · · ∈ I.

As well, when appropriate, we identify A = m + n + n(i −m − 1) + α as A ≡ (iα) and

denote yA ≡ x(
i
α) = ∂xi

∂tα
.

We endow E with a non-linear connection N = {NA
µ }µ∈Ih,A∈Iv which determines the local

adapted basis of X (E), B = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δµ}µ∈I , with ∂α = ∂
∂tα

, ∂i =
∂

∂xi
and

δα = ∂α −NA
α δA, δi = ∂i −NA

i δA, δA = ∂A =
∂

∂yA
. (1)

The dual basis of B writes then B∗ = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δ
µ}µ∈I , where

δα = dtα, δi = dxi, δA ≡ δyA = dyA +NA
α dt

α +NA
i dx

i. (2)

Any d-linear connection ([4, 6, 17]) ∇ = {Lλ
µν}λ,µ,ν∈I on E has its components relative

to the adapted basis provided by the relations δλ(∇δνδµ) = Lλ
µν , ∀λ, µ, ν ∈ I. The

coefficients of a linear connection are

∇ ≡ {Lλ
µν} = {Lα

βγ, L
α
βk, L

α
βC , L

i
jγ , L

i
jk, L

i
jC , L

A
Bγ , L

A
Bk, L

A
BC}.

Among these connections which preserve the two hrizontal and vertical submodules of

sections in X (E), one finds in the presence of a metrical structure on E the Cartan linear

connection, which is metrical and satisfies the conditions ([18], [17]) Li
jγ = gik

2
∂γgjk,

Li
[jk] = Li

[j
(
k]
α

) = 0. We shall further consider the case when hαβ(t) and gij(t, x) are two

non-degenerate N -tensor fields of constant signature on T and M respectively, and hence

we may endow E with a semi-Riemannian metric

G = hαβ(t)dt
α ⊗ dtβ︸ ︷︷ ︸

h

+ gij(t, x, y)dx
i ⊗ dxj

︸ ︷︷ ︸
g

+ g̃AB(t, x, y)δy
A ⊗ δyB︸ ︷︷ ︸

g̃

, (3)

where g̃AB ≡ g̃(iα)(jβ)
= hαβ(t)gij(t, x, y).

The Cartan connection on (E,G) has then the coefficients

c

∇≡ {L
λ
µν} = {Lα

βγ, 0, 0, L
i
jγ , L

i
jk, L

i
jC , L

A
Bγ, L

A
Bk, L

A
BC},
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which are given by

Lα
βγ =

∣∣α
βγ

∣∣ = 1
2
hαε(δ{βhε}γ − δεhβγ), Li

jk = 1
2
gil(δ{kgj}l − δlgjk),

Li
jγ = 1

2
gikδγgkj, Li

j(kγ)
= 1

2
gil(δ({k

γ

)gj}l − δ(lγ)gjk),

L
(iα)
(jβ)γ

= δβαL
i
jγ − δij

∣∣β
αγ

∣∣ , L
(iα)
(jβ)k

= δβα
∣∣ i
jk

∣∣ , L
(iα)
(jβ)C

= δβαL
i
jC , Lα

βj = Lα
βC = 0.

(4)

The adapted components of the torsion T and of the curvature R of
c

∇ are defined by

the relations

δλ(T (δν , δµ)) = T λ
µν , δλ(R(δν , δµ)δρ) = R λ

ρ µν , ∀ λ, µ, ν, ρ ∈ I.

Then the Cartan essential torsion coefficients are, for the case of g dependent on x only

([17], [18, Theorem 4.4])

{T
(iα)

γ (jβ)
, T

(iα)
k (jβ)

, T
(iα)

(jβ) (kγ)
, T i

β j, T
i
jA, T

A
β γ, T

A
β j, T

A
i j}.

The five essential and three derived nontrivial sets of curvature N -tensor fields are re-

spectively

{R α
β γδ, R

i
j km, R

i
j γλ, R

i
j λA, R

i
j CD}, {R A

B γδ, R
A

B λk, R
A

B µC},

for λ ∈ Ih, µ ∈ I.

We shall investigate especially the ARLS (almost Riemannian Lagrange separated)

case where the coefficients gij depend only on x and g is a Riemannian metric on M ; in

this case the Cartan connection
∗

∇ has just four nontrivial sets of coefficients

∗

∇≡ {L
λ
µν} = {Lα

βγ =
∣∣α
βγ

∣∣ , 0, 0, 0, Li
jk =

∣∣ i
jk

∣∣}, 0, L(
i
α)
(jβ)γ

= −δij
∣∣β
αγ

∣∣ , L(
i
α)
(jβ)k

= δβα
∣∣ i
jk

∣∣ , 0}

and we have (see the diagram below; [17])

T i
βk = −Li

βk = 0, T i
jC = Li

jC = 0, TA
BC = T

(kγ)
(iα)(jβ)

= δαγC
k

i(jβ)
− δβγC

k
j(iα) = 0.

c

∇ for h∗(t)⊗ g(t, x, y)
∗

∇ :=
c

∇ for h∗(t)⊗ g(x)

hT hM v hT hM v

hThT 0 0 T
A
βγ hThT 0 0 T

A
βγ

hMhT 0 T
i
βk T

A
βk hMhT 0 0 T

A
βk

hMhM 0 0 T
A
jk hMhM 0 0 T

A
jk

vhT 0 0 T
A
βC vhT 0 0 T

A
βC

vhM 0 T
i
jC T

A
jC vhM 0 0 T

A
jC

vv 0 0 T
A
BC vv 0 0 0

Table 1 The torsions of the Cartan connection.
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2 Paths and stationary curves on J 1(T, M)

Consider on JGLn = (E, g̃) a fixed nonlinear (Cartan-Ehresmann) connection N , and

let ∇ be a linear d−connection on E; we endow E with the metric G induced by two

non-degenerate d−tensor fields h ∈ T 0
2 (T ) and g ∈ T 0

2 (M). Let c : J = [a, b] ⊂ R → E

be a smooth curve, whose image lies in a chart Ũ ⊂ E,

c(s) = (tα(s), xi(s), yA(s)) ≡ (yµ(s)),∀t ∈ J.

Definition 2.1.

a) The field V = δyµ

ds
δµ defined on c will be called d−velocity field of the curve c. The

components of V are explicitely given by

{Vµ}µ∈I ≡

(
ṫα, ẋi,

δyA

ds
= ẏA +NA

β ṫ
β +NA

j ẋ
j

)

(α,i,A)∈I∗

,

where we denote by dot the s-derivation. We have also denoted by A = Aµδµ, where

Aµ =
∇Vµ

ds

def
=

δVµ

ds
+ Lµ

νρV
νVρ,

the d−acceleration on c, which provides the motion of the test-body along c.

b) We shall say that c is a stationary curve with respect to ∇ iff A = 0 along the curve.

c) The curve c is called h−curve, if πv(V) = 0, and v−curve, if πh(V) = 0, where by

πh and πv we denoted respectively the h− and v−projectors of the canonic splitting

induced by N . If a h−/v−curve satisfies also the extra condition A = 0, then it is called

h− /v−path, respectively.

Analytically, these curves are described by the following

Theorem 2.2. (Balan [4]) Let c : J ⊂ R → E be a curve. Then the following hold true:

a) c is an h−curve iff VA = 0. The h−curve is an h−path iff it satisfies

dVµ

ds
+ Lµ

νρV
νVρ = 0, ∀µ ∈ Ih. (5)

b) c is a v−curve iff Vµ = 0, ∀µ ∈ Ih. The v−curve is a v−path iff

δVA

ds
+ LA

BCV
BVC = 0, ∀A ∈ Iv. (6)

It should be mentioned that the implicit sum in the right term of (5) and (6) involves just

horizontal/vertical index types, respectively. The particular uniparametric autonomous

case of JGLn provides the known corresponding paths from the tangent framework for

Finslerian, Lagrange and Generalized Lagrange structures (see e.g. [14, 3, 9, 21]).
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3 The first variation of energy. Geodesics in JGLn

We consider now the general case, and define the geodesics of JGLn as the C∞ extremals

of the energy E . Let G be a Riemannian metric on E given as in (3), N a nonlinear

connection and let ∇ =
c

∇ be the associated Cartan connection on (E,N,G).

To find the equations of geodesics, we consider a piecewise regular curve c• : J =

[a, b] ⊂ R → E, smooth on the intervals Ir = [sr, sr+1], r = 0, k − 1, where a = s0 <

s1 < · · · < sk = b.

Consider as well a variation of c• which is piecewise smooth on Ir, r = 0, k − 1 ,

given by

c : Iε = (−ε, ε)× [a, b], c(0, s) = c•(s) ≡ (cµ(s)µ∈I , ∀s ∈ [a, b],

with fixed ends: c(u, a) = c•(a), c(u, b) = c•(b), ∀u ∈ Iε. Denote ω(u) = c(u, · ) :

[a, b]→ E,∀u ∈ Iε and cs = ∂c
∂s
, cu = ∂c

∂u
,

V = cs|u=0 = ċ• =
dc•
ds

=
dcµ•
ds

∂µ =
δcµ•
ds

δµ; W = cu|u=0 =
δcµ

du
|u=0 δµ,

and let 〈 · , · 〉 be the metric bilinear form Gc•(s)( · , · ). The energy of the curve ω(u), is

given by

E(u) =

∫ b

a

〈cs, cs〉ds, u ∈ Iε.

Then we have the following

Theorem 3.1. ([7, 22, 23]) The first variation of the energy is given by

1

2

dE(u)

du
|u=0= −

k−1∑

r=1

〈W ,∆rV〉+

∫ b

a

(〈T (W ,V),V〉 − 〈W ,∇VV〉)ds, (7)

where ∆rV = lim
s↘sr

V(s)− lim
s↗sr

V(s) and T is the torsion of ∇.

Proof. Denote ∂s = ∂
∂s
, ∂u = ∂

∂u
, ∇s = ∇

∂s
, ∇u = ∇

∂u
and ∆rcs = lim

s↘sr
cs(u, s) −

lim
s↗sr

cs(u, s). Since ∇ is metrical, we have

∂s〈cs, cu〉 = 〈∇scs, cu〉+ 〈cs,∇scu〉, ∂u〈cs, cs〉 = 2〈∇ucs, cs〉.

As well, from ∂̇su = ∂̇us we get [cu, cs] = 0, and hence ∇ucs = T (cu, cs) + ∇scu and

∇WV = T (W ,V) +∇VW . Then

dE(u)

du
= d

du

∫ b

a
〈cs, cs〉ds = 2

∫ b

a
〈∇ucs, cs〉ds = 2

∫ b

a
〈T (cu, cs) +∇scu, cs〉ds

= 2
∫ b

a
〈T (cu, cs), cs)〉ds+ 2

∫ b

a
(∂s〈cu, cs〉 − 〈cu,∇scs〉)ds

= 2
∫ b

a
〈T (cu, cs), cs)〉ds+ 2

k−1∑

r=0

〈cu, cs〉 |
sr+1
sr

−2

∫ b

a

〈cu,∇scs〉ds

= −2〈cu, cs〉| |
b
a −2

k−1∑

r=1

〈cu,∆rcs〉+ 2

∫ b

a

(〈T (cs, cu), cs〉 − 〈cu,∇scs〉)ds,
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where the scalar product is induced by the metric G at c(u, s). Then, for u = 0 replacing

cs|u=0 = V , cu|u=0 =W , and using that W(a) =W(b) = 0, we get the relation (7).

Remark 3.2.

1. It is known ([12, 11]) that in the case when the metrical connection ∇ is torsionless,

then the condition E(0) = 0 satisfied for all the variations of c• as above, implies that c• is

a geodesic of the metric space (i.e., minimizer of both the energy and length functionals,

see [12]); in this case the geodesics are shown to be smooth curves, satisfying the condition

∇VV = 0, where V = ċ•. (8)

Hence a natural extension in the jet framework is to define as stationary curves (or d-

geodesics, [7]) of JGLn the smooth autoparallel curves of ∇, i.e., which obey (8); these

are the autoparallel curves of the Cartan connection. The second name is justified, since

in the autonomous case for m = 1 these project onto (proper) geodesics of M , provided

that they are h−paths (Anastasiei and Bucătaru [1]).

2. Still, considering the field F defined by the equation 〈T (W ,V),V〉 = 〈W ,F〉, the first

variation becomes

1

2

dE(u)

du
|u=0= −

k−1∑

r=1

〈W ,∆rV〉+

∫ b

a

〈W ,F −∇VV〉ds, (9)

and hence the proper geodesics of JGLn are the smooth curves which satisfy the equations

([22, 23])
∇V

ds
= F , with Fµ = gµρgλτV

νVτT λ
νρ, (10)

where gλτ ∈ {hαβ, gij, g̃AB}. We have

Fα = hβαgλτV
νVτT λ

νβ = hβα{hγδV
νVδT γ

νβ + gklV
νV lT k

νβ + g̃CDV
νVDT C

νβ}

F i = gjigλτV
νVτT λ

νj = gji{hγδV
νVδT γ

νj + gklV
νV lT k

νj + g̃CDV
νVDT C

νj}

FA = g̃BAgλτV
νVτT λ

νB = g̃BA{hγδV
νVδT γ

νB + gklV
νV lT k

νB + g̃CDV
νVDT C

νB}.

We note that in the particular case of the Cartan connection
∗

∇, the only remainig nonzero

terms of the torsion are just T C
µρ.

4 Special geodesics

We subsequently consider the special curves of the J 1(T,M)-framework and denote with

∇ the Cartan connection
c

∇.

I. hT -geodesics (”temporal geodesics”), xi = xi
0 (=constant). Using V i = VA = 0,
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these are shown to satisfy:

dVα

ds
+ Lα

βγV
βVγ = hβαhγδV

εVδT γ
εβ (11)

F i = 0 ⇔ hγδV
εVδT γ

εj = 0 (12)

FA = 0 ⇔ hγδV
εVδT γ

εB = 0, (13)

a system of m+n+mn equations with m+mn unknown components. In particular, for

the Cartan connection
∗

∇, we have T γ
εβ = T γ

εj = T γ
εB = 0, i.e., the restrictions (12)-(13)

are identically satisfied, and the equations (11) rewrite as

dVα

ds
+ Lα

βγV
βVγ = 0.

This proves that the following statements are equivalent:

1) c is an hT -geodesic;

2) c is an hT -autoparallel of
∗

∇.

Moreover, if h is a Riemannian metric on T , then Lα
βγ =

∣∣α
βγ

∣∣ and consequently the

statements 1) and 2) are equivalent also with 3) c is an hT -curve which projects to a

geodesic of T .

II. For hM -geodesics (”spatial geodesics”), using Vα = VA = 0 (⇒ tα = tα0 - constant),

we infer

Fα = 0,
DV i

ds
= F i, FA = 0,

which rewrite

gklV
hV lT k

hβ = 0, gklV
hV lT k

hB = 0 (14)

dV i

ds
+ Li

jkV
jVk = gjigklV

hV lT k
hj. (15)

Example 4.1. For
∗

∇, we have T k
hβ = T k

hj = T k
hB = 0, and hence, the restrictions (14)

are identically satisfied by any curve on JGLn; this shows that for an hM -curve, the

following are equivalent:

1) c is a geodesic;

2) c is an autoparallel curve of
∗

∇;

3) c projects to a geodesic of the Riemannian manifold M .

III. For h-geodesics, we have VA = 0, whence

dVα

ds
+ Lα

βγV
βVγ + Lα

βkV
βVk = Fα

dVi

ds
+ Li

jγV
jVγ + Li

jkV
jVk = F i, FA = 0.
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Example 4.2. For
∗

∇, the equations above (considering VA = 0) lead to

dVα

ds
+ Lα

βγV
βVγ + Lα

βkV
βVk = 0

dVi

ds
+ Li

jγV
jVγ + Li

jkV
jVk = 0, FA = 0.

Since FA = g̃AE g̃CDV
σVDT C

σE, it follows that for horizontal curves the condition F A = 0

is identically satisfied, i.e., c is a horizontal geodesic if c is a horizontal autoparallel curve

of
∗

∇.

IV. The v-geodesics: (Vα = V i = 0 ⇒ tα, xi - constant) satisfy the system with the

unknown components yA

Fα = 0, F i = 0,
δVA

ds
+ LA

BCV
BVC = FA,

which lead to

g̃CDV
EVDT C

Eβ = 0, g̃CDV
EVDT C

Ej = 0 (16)

δVA

ds
+ LA

BCV
BVC = g̃BAg̃CDV

EVDT C
EB. (17)

For
∗

∇, we have T C
EB = 0, and hence the v-geodesics (in case these exist) are those v-paths

of
∗

∇ which obey the conditions (16).

5 The second variation of the energy. Jacobi fields

In the study of geodesics, an important tool for locating conjugate points along geodesics

and describing geodesic variations are the Jacobi fields. We define an alternative to [7]

analogous notion for Jacobi fields in the d−framework on JGLn, emerging from the

second variation of the energy functional (integral of the square of arc-length, [12, 14]).

Consider JGLn endowed with a nonlinear connection and the Cartan connection ∇.

Let c• be a d−geodesic and c : Iε × Iε × [a, b] a piecewise variation with two parameters

of c•, satisfying similar conditions as the variation c in the Theorem above. Denote

Wi = cui |(u1,u2)=(0,0), i = 1, 2.

Then we have the following

Theorem 5.1. The second variation of the energy (the Hessian) is given by

1

2

∂2E(u1, u2)

∂u1∂u2

|(u1,u2)=(0,0)= −
k−1∑

r=1

〈W2,∆r(T (W1,V) +∇VW1)〉

+
∫ b

a
〈W2,∇W1F −∇

2
VW1 −R(W1,V)V −∇VT (W1,V)〉ds.

(18)
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Proof. We denote cui =
∂c
∂ui

, i = 1, 2 and u = (u1, u2). Then

1

2

∂E(u1, u2)

∂u2

=

∫ b

a

〈T (cu2 , cs), cs〉ds−
k−1∑

r=1

〈cu2 ,∆rcs〉 −

∫ b

a

〈cu2 ,∇scs〉ds,

which rewrite, for 〈T (W ,V)V〉 = 〈W ,F〉

1

2

∂E(u1, u2)

∂u2

=

∫ b

a

〈cu2 ,F −∇scs〉ds−
k−1∑

r=1

〈cu2 ,∆rcs〉,

and hence

1

2

∂2E(u1, u2)

∂u1∂u2

= −
k−1∑

r=1

(〈∇u1cu2 ,∆rcs〉+ 〈cu2 ,∇u1∆rcs〉)+

+
∫ b

a
(〈∇u1cu2 ,F −∇scs〉+ 〈cu2 ,∇u1F −∇u1∇scs〉)ds,

where F̃ = F̃µδµ is the vector field given by the relation 〈T (cu2 , cs), cs〉 = 〈F , cu2〉, or

locally,

F̃µ = gµρgλτT
λ
νρc

ν
sc

τ
s |(u1,u2,s).

Then we have F̃(0, 0, s) = F(s) and ∆rcs|u=(0,0) = ∆rV , r = 1, k − 1, since c• is C1 on

[a, b]. As well, c• being a d−geodesic implies ∇scs|u=(0,0) = ∇VV = F , and we obtain

1

2

∂2E(u1, u2)

∂u1∂u2

|u=(0,0)= −
k−1∑

r=1

〈W2,∆r∇W1V〉+

∫ b

a

〈W2,∇W1F −∇W1∇VV〉ds. (19)

Since ∇W1V = T (W1,V) +∇VW1 and

∇W1∇VV = R(W1,V)V +∇V(T (W1,V) +∇VW1︸ ︷︷ ︸
∇W1

V

) +∇[W1,V]V ,

where the last term cancels on c•, the last term in (19) becomes

∫ b

a

〈W2,∇W1F −∇
2
VW1 −R(W1,V)V −∇VT (W1,V)〉ds,

which plugged in (19) leads to (18).

The theorem suggests the following natural generalization of the concept of Jacobi

field for the d−framework.

Definition 5.2. A d−vector field J on E is called d−Jacobi field if it satisfies the equation

∇JF = ∇2
VJ +R(J,V)V +∇VT (J,V). (20)

Locally, this equation rewrites

∇2Jµ

ds2
+
∇T µ

ds
= Rµ + Jλ∇δλF

µ, µ ∈ Ih ∪ Iv,
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where we denote T µ = VλJσT µ
λσ, R

µ = −VρVλJσRµ
ρλσ.

Remarks. For ∇JF = 0, the autonomous JGLn case for m = 1 leads in particular to

the extended concept of Jacobi field proposed in the GLn framework by Anastasiei and

Bucătaru ([2]). As well, we note that in the Riemannian case, the h−part of a d−Jacobi

field coincides with the classical one ([12, 10, 8, 20]).

Let B(W1,W2) = 〈∇VW1,W2〉 − 〈W1,∇VW2〉; then

B(W1,W2) = −B(W2,W1),∀W1,W2 ∈ X (E).

Hence being skew-symmetric, B defines a pre-symplectic structure on the set of Jacobi

fields along the geodesics of E, as in the classical case ([10, 20]).
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