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Abstract: In the framework of jet spaces endowed with a non-linear connection, the special
curves of these spaces (h-paths, v-paths, stationary curves and geodesics) which extend the
corresponding notions from Riemannian geometry are characterized. The main geometric
objects and the paths are described and, in the case when the vertical metric is independent of
fiber coordinates, the first two variations of energy and the extended Jacobi field equations are
derived.
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The geometrized framework on first and higher-order osculating spaces was introduced
and widely studied by Acad. R.Miron and collaborators ([13]). As a complementary
extension of the tangent (first-order osculating) framework, in the last decade, there was
developed with significant results the geometric approach on first-order jet spaces ([18],
[17], [3))-

1 Basic objects of the geometrized jet framework

Let £ = (E=JYT,M),n, T x M) be the first order jet bundle of mappings ¢ : T — M,
where T" and M are C* real differentiable manifolds (dim 7" = m, dim M = n). The local

*

vbalan@mathem.pub.ro
T n.voicu@home.ro, grassoulette@ifrance.com



V. Balan and N. Voicu / Central European Journal of Mathematics 2(4) 2004 516-526 517

jet coordinates on E will be denoted by

(tav xia yA)(Oc,i,A)EI* = (yu>,u€b

where the set of indices I splits as follows

I=0L,Ul, IL=I1,Ul,, I,=m+n+1m+n+mn

Ihlzl,m, Ih2:m+1,m+n, [*:Ihlxjhngv-

and the indices implicitly take values as described below:
aaﬁa"' 61/11; Z)]) GIhQ; A7Ba"' Elvv Av:ua"' €l

As well, when appropriate, we identify A=m+mn+n(i—m —1)+a as A= () and
oz’
oo -
We endow E with a non-linear connection N = {N, lf‘} el Acr, Which determines the local

adapted basis of X (E), B = {04, 6i, 04} (aiaer. = {0u}per, with 0y = fa,é? =

denote y* = 2(&) =

0

0o = O — NS4, i =0i— NASs, 0a=04= T (1)

The dual basis of B writes then B* = {0%, 6,6} (i, a)er. = {6"} 1, where
6% =dt™, §' =dx', §* = oy = dy® + NAdt* + Nj*da'. (2)

Any d-linear connection ([4, 6, 17]) V = {L),}» uver on E has its components relative
to the adapted basis provided by the relations §*(Vs,d,) = L,Aw, VA, u,v € I. The
coefficients of a linear connection are

_{L u}_{L,B'y? Bk> ,BC’L;w ;k’ jC’LB'w %ka c}

Among these connections which preserve the two hrizontal and vertical submodules of

sections in X(E), one finds in the presence of a metrical structure on E the Cartan linear
zk

connection, which is metrical and satisfies the conditions ([18], [17]) L% = %-0,g i,
ijk] = LE = 0. We shall further consider the case when h,s(t) and g;; (t, x) are two
J a

non-degenerate N-tensor fields of constant signature on 7" and M respectively, and hence
we may endow E with a semi-Riemannian metric

G = \haﬁ< )dt* @ dt’ "+ 94 (t,x y)dx ® da’ +gAB( )0yt ® (5yBJ, (3)
be v H

where gas = g (5) = 70 (1) (2, 9).
The Cartan connection on (£, G) has then the coefficients

V {L u} = {Lﬁwo 0 L;w éka ]C’L%'y’LBIWL%C}?
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which are given by

- ’gv‘ = %h%w{ﬁhs}w - (Lhm), L;’k = %gil(é{kgj}l — 5lgjk)>

L;’y = %giké’}’gkj’ L; k) — % < )g]}l - ij) (4)
) _sori _sto) ) () _ e
Ly = i = O3l Ly = 0alil o Lo = daller L = L =0

The adapted components of the torsion 7 and of the curvature R of % are defined by
the relations

MNT(6,,6,) =T, *R(,,6,)8,) = R

v

VA, v,pel.

p p

Then the Cartan essential torsion coefficients are, for the case of g dependent on x only
([17], [18, Theorem 4.4])

T(Za> aT(g) 7T<31) >Ti'7 >T aT aT
T 0y Ty Te) @y ' T T T 15
The five essential and three derived nontrivial sets of curvature N-tensor fields are re-
spectively

@ i i i i A A A
{Rﬁ Q7R Rj km> Rj YA 7 AA Rj C’D}’ {RB WJ’RB /\k’RB M(J}v

for Ne I, pel.

We shall investigate especially the ARLS (almost Riemannian Lagrange separated)
case where the coefficients g;; depend only on x and ¢ is a Riemannian metric on M; in

this case the Cartan connection V has just four nontrivial sets of coefficients

V= (L0} = {25, = [5.0.0.0. i = [5]10.L0) = =5[] LE), = 52 ]5] 0}

and we have (see the diagram below; [17])

; ; i i () ak Bk
Ty, ==L, =0, Tjo = Lic =0, The =T, @ (7 _6”0"(?%)_570j(3):0

V for h*(t) ® g(t, z,y) V=V for h*(t) ® g(z)

hr  hy v hr hy v

hrhr | 0 0 Th || hrhr | 0 0  Tj,

hathe | 0 Tl Th | hahr | 0 0 Tg

hathar | O 0 T4 | hathar | O 0 T4

vhr | 0 0 The | whr | 0 0 T

vhy | 0 Tio Tio || vha | 0 0 Ti
Vv 0 0 Ta.| wv 0o 0 0

Table 1 The torsions of the Cartan connection.
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2 Paths and stationary curves on J(T, M)

Consider on JGL" = (FE,§) a fixed nonlinear (Cartan-Ehresmann) connection N, and
let V be a linear d—connection on E; we endow E with the metric G induced by two
non-degenerate d—tensor fields h € TY(T) and g € T9(M). Let ¢: J = [a,b) CR — E
be a smooth curve, whose image lies in a chart UCE,

c(s) = (t(s), 2'(s), 9" (s)) = (1"(s)), Vt € J.

Definition 2.1.
a) The field V = %’—:(5# defined on ¢ will be called d—wvelocity field of the curve c. The
components of V are explicitely given by

N . y
Ot = (i 20 g )
(ai,A)EL

where we denote by dot the s-derivation. We have also denoted by A = A*¢,, where

VV¥ gep OVH
po_ lef 0¥ L proyrype
A 7 7 + L, V'V’

the d—acceleration on ¢, which provides the motion of the test-body along c.

b) We shall say that c is a stationary curve with respect to V iff A = 0 along the curve.
c) The curve c is called h—curve, if 7,(V) = 0, and v—curve, if m,(V) = 0, where by
7, and 7w, we denoted respectively the h— and v—projectors of the canonic splitting
induced by N. If a h — /u—curve satisfies also the extra condition A = 0, then it is called
h — /v—path, respectively.

Analytically, these curves are described by the following

Theorem 2.2. (Balan [4]) Let ¢: J C R — E be a curve. Then the following hold true:
a) c is an h—curve iff VA = 0. The h—curve is an h—path iff it satisfies

dy*
E + L’;pVVVp =0, Yu € I, (5)

b) ¢ is a v—curve iff V¥ =0, VYu € I),. The v—curve is a v—path iff

5VA A By,C
¥+LBCV V¥ =0, VAel,. (6)

It should be mentioned that the implicit sum in the right term of (5) and (6) involves just
horizontal /vertical index types, respectively. The particular uniparametric autonomous
case of JGL"™ provides the known corresponding paths from the tangent framework for
Finslerian, Lagrange and Generalized Lagrange structures (see e.g. [14, 3, 9, 21]).
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3 The first variation of energy. Geodesics in JGL"

We consider now the general case, and define the geodesics of JGL™ as the C* extremals
of the energy £. Let G be a Riemannian metric on F given as in (3), N a nonlinear

connection and let V :% be the associated Cartan connection on (E, N, G).

To find the equations of geodesics, we consider a piecewise regular curve ¢, : J =
[a,b] C R — E, smooth on the intervals I, = [s,,s,11], 7 = 0,k — 1, where a = 55 <
81<"'<Sk:b.

Consider as well a variation of ¢, which is piecewise smooth on I,,r = 0,k —1 |
given by

c: 1. =(—¢,¢) x[a,b], c(0,5) = ce(s) = ("(5)per, Vs € [a, ],
with fixed ends: c(u,a) = c.( ), c(u,b) = co(b), Yu € I.. Denote w(u) = c(u, - ) :
[a,b) = E,Yu € I and ¢, = 2, ¢, = &¢

ou’
) dce  dct ock oct
V= cs|u:0 = Co = E = Eﬁu ds 5 W = Cu|u:0 = % |u:0 5#7

and let (-, -) be the metric bilinear form G, (-, -). The energy of the curve w(u), is
given by

b
E(u) :/ (cs,c5)ds, u € I..

Then we have the following

Theorem 3.1. ([7, 22, 23]) The first variation of the energy is given by

1 dE(u) — b

3 = A ¢ | armwn v - waes @)
where A,V = h\m V(s) — li/m V(s) and T is the torsion of V.
Proof. Denote 0, = Bs’ Oy = %, V, = %, V. = % and A,cy = li\m cs(u, s) —

lim ¢s(u, s). Since V is metrical, we have

s,/ 'sr
as <Cs’ Cu> - <v505, Cu> + <057 vscu>, au<037 Cs> - 2<vu057 Cs>'
As well, from 9y, = 0,5 we get [cu,cs] = 0, and hence V¢, = T (cy,cs) + Ve, and
VWV = T(W, V) + va Then
d€ (u) d

d — du ;<087 Cs>d8 =2 f:(vu657 cs>d5 =2 f;<T(Cu7 Cs) + Ve, Cs>d3
u

= 2fb<7(cu,cs) Cs)) ds+2f s(Cu, Cs) — (Cu, VsCs))ds

k—1 b
= 2ff<7'(cu,cs),cs)>ds+22(cu,cs> |r 41 _2/ (Cu, Vscs)ds
r=0 a
k-1

= —2{cy,cs)| |5 —2 Z(cu, Ayc) + 2/ (7T (cs, cu), cs) — (cu, Vscs))ds,

r=1
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where the scalar product is induced by the metric G at ¢(u, s). Then, for u = 0 replacing
Cs|lu=0 =V, Cyulu=0 = W, and using that W(a) = W(b) = 0, we get the relation (7). O

Remark 3.2.

1. It is known ([12, 11]) that in the case when the metrical connection V is torsionless,
then the condition F(0) = 0 satisfied for all the variations of ¢, as above, implies that ¢, is
a geodesic of the metric space (i.e., minimizer of both the energy and length functionals,
see [12]); in this case the geodesics are shown to be smooth curves, satisfying the condition

VyV =0, where V = ¢,. (8)

Hence a natural extension in the jet framework is to define as stationary curves (or d-
geodesics, [7]) of JGL" the smooth autoparallel curves of V| i.e., which obey (8); these
are the autoparallel curves of the Cartan connection. The second name is justified, since
in the autonomous case for m = 1 these project onto (proper) geodesics of M, provided
that they are h—paths (Anastasiei and Bucataru [1]).

2. Still, considering the field F defined by the equation (7 (W, V), V) = (W, F), the first

variation becomes

1dE(u - b
5 == WAV + /XWF—VWM& (9)
r=1 a

and hence the proper geodesics of JGL™ are the smooth curves which satisfy the equations
(122, 23))
vy
ds

where gxr € {hag, gij, Gap}. We have

= F, with F* = gh°g,, V'V T

vp) (10)
F* = h’@agATVVVTTVAﬁ = h’ga{h,YgVVV&TJﬁ -+ gle”Vl’Tfﬁ -+ g}CDV”VDT ,8}
jc'i — gjig)\TVVVTTV)\j — gji{h75VVV677 4 gleVVlTkj 4 gCDvuvDTVC;

FA = ﬁBAg,\TV”VTTVAB = NBA{h,ygVVVJTJB + gleVVlTVkB + QCDVVVDTI%}.

*
We note that in the particular case of the Cartan connection V, the only remainig nonzero
terms of the torsion are just Tucp.

4 Special geodesics

We subsequently consider the special curves of the J!(T', M)-framework and denote with

V the Cartan connection %
I. hr-geodesics ("temporal geodesics”), z° = z} (=constant). Using V' = V4 = 0
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these are shown to satisfy:

dva (o3 « €

L 5 VOV = B h  VVIT (11)
Fi=0 & hsVVT), =0 (12)
FA=0 & hVWT, =0, (13)

a system of m +n + mn equations with m -+ mn unknown components. In particular, for

the Cartan connection V, we have 7y = T, = Tz = 0, i.e., the restrictions (12)-(13)
are identically satisfied, and the equations (11) rewrite as

ay®
ds

a By
+ L%V V7 =0.

This proves that the following statements are equivalent:
1) ¢ is an hp-geodesic;
2) c¢ is an hp-autoparallel of %

Moreover, if h is a Riemannian metric on T, then L = | 57’ and consequently the
statements 1) and 2) are equivalent also with 3) ¢ is an hp-curve which projects to a
geodesic of T'.

II. For hy-geodesics ("spatial geodesics”), using V¢ = V4 = 0 (= t* = tJ - constant),

we infer
DV? -
Foo0, 2V _pi pasy,
ds
which rewrite
glethT,fﬂ = 0, glethT}]fB =0 (14)
AV o 3
E + LijVJVk = gﬂglethT}'fj. (15)

Example 4.1. For V, we have Trs = T}, = Thy = 0, and hence, the restrictions (14)
are identically satisfied by any curve on JGL™; this shows that for an hj,;-curve, the
following are equivalent:

1) ¢ is a geodesic;

2) ¢ is an autoparallel curve of 6;

3) ¢ projects to a geodesic of the Riemannian manifold M.

III. For h-geodesics, we have V4 = 0, whence
WE 4 Ly VPVY + L, VPVE = Fo

ay? i j i j _ i _
D4 L VIVT + L VIVE = F FA = 0.
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Example 4.2. For %, the equations above (considering V4 = 0) lead to

D+ Ly VOV + Ly VOVE =0

dy? i ] i j _ _
M4 L VIVT + L VIVE =0, FA=0.

Since F4 = g4 gop Vo VPTG, it follows that for horizontal curves the condition F4 =0

is identically satisfied, i.e., ¢ is a horizontal geodesic if ¢ is a horizontal autoparallel curve
of V.

IV. The v-geodesics: (V* = V' = 0 = t*,2° - constant) satisfy the system with the
unknown components y*

Y4

F=0, F'=0, ——+ LEVPVE = F4,
which lead to
GepVPVPTS, =0, gepVPVPTS =0 (16)
% + LpcVPVE = 5% GepV VP Ty (17)

For %, we have 755 = 0, and hence the v-geodesics (in case these exist) are those v-paths
of V which obey the conditions (16).

5 The second variation of the energy. Jacobi fields

In the study of geodesics, an important tool for locating conjugate points along geodesics
and describing geodesic variations are the Jacobi fields. We define an alternative to [7]
analogous notion for Jacobi fields in the d—framework on JGL", emerging from the
second variation of the energy functional (integral of the square of arc-length, [12, 14]).

Consider JGL" endowed with a nonlinear connection and the Cartan connection V.
Let ¢, be a d—geodesic and ¢ : I. x I. X [a,b] a piecewise variation with two parameters
of c,, satisfying similar conditions as the variation ¢ in the Theorem above. Denote
Wi = Cu,|(ur,u2)=(0,0), ¢ = 12

Then we have the following

Theorem 5.1. The second variation of the energy (the Hessian) is given by

107w, ) | ——§<w AT (W1, V) + VW)
2 Quyduy OO LT R o (18)

+ [P ONs, Vo F = VEW, — ROV, V)V — Vo, T (W, V))ds.
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Proof. We denote ¢, = %, i=1,2 and u = (uy,uz). Then

B

-1

168(’&1,’&2) . b
587212_/,1 (T (Cuy, Cs), Cs)ds

which rewrite, for (7 (W, V)V) = (W, F)

b
<Cu27 Arcs> - / <Cu2, V505>d87

1

i
Il

1 0&(uy, usg) b k—1
3 = e T = Vi = S e e
and hence
1 025(141 Ug) k-l
~geltnte) A A
2 8U18U2 ;(<Vulcu27 rcs> + <Cu2, Vu1 TCS>)—|—

P (Vg Cugy F = Vi) + (Cuny Vin F = Vo, Vi) ds,

where F = F*§, is the vector field given by the relation (T (Cy,,¢s),Cs) = (F,Cuy), OF
locally,
fu - gupgATle\p s s (u1,u2,s)-

Then we have F(0,0,s) = F(s) and Avslu—00) = AV, 7 =1,k —1, since ¢, is C' on
la,b]. As well, c, being a d—geodesic implies V¢,|u=(0,0) = VvV = F, and we obtain

1 825(U17 UQ) k1 b
2 owmouy lu=(0,0)= ; Wa, ANV w, V) /a Wa, Vi, F — Vi, VyV)ds.  (19)
Since Vi,V =T (W1, V) + VyW, and

Vi, VoV = ROWi, V)V + V(T (W1, V) + VyWy) + Vi, V.

Vi, V

where the last term cancels on c,, the last term in (19) becomes
b
/ Wa, Vo, F — VeW, — ROW,, V)V — VT (Wy, V))ds,
which plugged in (19) leads to (18). O

The theorem suggests the following natural generalization of the concept of Jacobi
field for the d—framework.

Definition 5.2. A d—vector field J on E is called d— Jacob: field if it satisfies the equation
Vi F =V + R(LV)V+ VT (V). (20)

Locally, this equation rewrites

V2 NVTH

Gz T g R IVe e L UL,
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where we denote T+ = V\J7T} , R = =VPVNRY, .
Remarks. For V;F = 0, the autonomous JGL" case for m = 1 leads in particular to
the extended concept of Jacobi field proposed in the GL" framework by Anastasiei and
Bucataru ([2]). As well, we note that in the Riemannian case, the h — part of a d—Jacobi
field coincides with the classical one ([12, 10, 8, 20]).

Let B<W1, WQ) = <va1, W2> - <W1, VVW2>; then

B(Wl,WQ) = —B(WQ,Wl),le,WQ c X(E)

Hence being skew-symmetric, B defines a pre-symplectic structure on the set of Jacobi
fields along the geodesics of F, as in the classical case ([10, 20]).
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