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Computational details — appendix to the article
“Cartan matrices of selfinjective algebras
of tubular type”

Jerzy Biatkowski

1 Reflection sequences of tubular algebras.

In this section we present full lists of reflection sequences of tubular algebras of the
types (3,3,3) and (2,4,4), having a nontrivial rigid automorphism. The lists were ge-
nerated by a computer program. First, we created the files: tubular333.ps and tubu-
lar244.ps ( downloadable from http://www.mat.uni.torun.pl/ jb/en/research/tubular/,
80+551 pages, 1.14+15 MB) containing the full list of tubular algebras of the types (3, 3, 3)
and (2,4,4) respectively. The output generated by the program includes:

o the full list of all tubular algebras of the types (3, 3,3) and (2,4, 4) respectively (the
program uses the Bongartz-Happel-Vossieck list, [2],[3], of tame concealed algebras
and tubular extensions of such algebras in the sense of [4]),

e the reflection equivalence classes of tubular algebras of the type (3, 3, 3) (respectively,
of the type (2,4,4)),

e nontrivial rigid automorphisms of the repetitive algebras from the pairwise nonequ-
ivalent reflection classes of tubular algebras of the type (3,3, 3) (respectively, of the
type (2,4,4)).

The main purpose of presenting those lists is to complete the proof of [1, Proposi-
tion 3.3|. This is done by observing that:

o All the sequences, excluding seq 32 for the type (3,3, 3) and seq 40 and seq 41 (being
opposite to each other) for the type (2,4,4), contain an algebra which is a tubular
extension of some hereditary algebra of Euclidean type ,&n or ﬁn

e The algebra K 19 in the sequence seq 32 for the type (3,3,3) is isomorphic to Bs.
Likewise, the algebras K 588 and A 582 from the sequences seq 40 and seq 41 for the
type (2,4,4), are respectively isomorphic to the algebras B;; and Bi}.


http://www.mat.uni.torun.pl/jb/en/research/tubular/
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Fig. 1 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).



J. Biatkowski / Central European Journal of Mathematics 2(1) 2004 143-176

145

5 6 7 i
. \ 7 II\\
\
X / ARTAY
3N 4 VA AN
v/ 7 \
' A . A
70 :
/ \\ AV«I/E\z—:s
N Ny
2 1 0
K 8 (seq 6) K 63 (seq 6)
6«

LA
/\/‘
\/\\

K 52 (seq 7)

6 7
7N N
/ \ ’,-' N 7 [
\Y4 i
Il \\ 3 A\ 5
/ 5 N \/ /\
/ \ 70— 1\ A
4 3
24— | — () —» 3 —> 4 2/ \v
K 136 (seq 8) K 34 (seq 8)
5 6 7
7 i J 6 7
\ TN\ ﬁ I
| \4 1 i
— Sow LA 3, 5
l 1‘1 l R I ’\/ 3
v 0 3 v ON ’l//0<—1 H
1/ S i
i vzv/ \l}l 2V/ 4 2—.:'4—00—34—4 i
0
6 ) K 101 (seq 9
K 12 (seq 9) K24 (seq 9) ©ea9) K 62 (seq 9)
K91 (seq 9)

/
1%
/
|l /
L4 / 5
ZEN S /0<—1
N 41 i 2=e5
e ]1—>2—>3«4 v’ 2<—|<—o—>z—>4
K 205 (seq 10) 0

K 117 (seq 10
K 64 (seq 10) (ea 10 K25 (seq 10)

6 -7 6
i

- ; /'7 7“
e l;”’ \ P':;’ llm
AN 3 5 3% 1
/ \ i d N
f N ] 01 )— /u\
0—> v<—2—>‘3<—4 é‘/ \4 2/

2<—|4—o<—z<—4 \ /'

K 26 (seq 11) K 105 (seq 11)

K 36 (seq 11)

K 74 (seq 11)
Fig. 2 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).
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Fig. 3 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).
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Fig. 4 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).



148 J. Bialkowski / Central European Journal of Mathematics 2(1) 2004 143-176

K 56 (seq 24)

[ &
]\OM/

|

2

zo—lvc—o—oz—»zt 0 2P<—|—>0¢—3¢—4
K 129 (seq 25) K 171 (seq 25) K 104 (seq 25)
K 97 (seq 25)
7 4 7
v v
' 3 5 6 7
1 1 \ 1
/6'1\ '\l‘ |
1 1
1] 7\
4 1 S || ; LY |<--:----2
| \ WA \/
1} \ 1
| v N v
1 J 2 4t 3 ) =0 5 —0 6 OE 1 4 et 3 e ) 5 =
\0/ K 158 (seq 26) K 175 (seq 26) K 140 (seq 26)

K 98 (seq 26)

7 7 3 5 7
v v v
l in 2 4 6
6 h Y74
Il ) \ \‘ * /I
! \ AY 1l /
I \ Y /
i I \ \R./
2m—tp | ——p () ¢ 34— 4 ZQ—IVQ—O—D‘}—DA 0

K 100 (seq 27) K 138 (seq 27) K172 (seq 27)

7 7 4 7
t ¥ v
6 17 3 15 6
\
gy \ 1
I \ i A
| [
5| ! \ [
1 I \ |M
v I \ Y
Z—DIVC—()C—}C—A 0=>]—>2«3«4 2 — .'.—o—.z—n 0<_1
K 102 (seq 28) K200 (seq 28) K 135 (seq 28) K 178 (seq 28)
7 7 5 7
y v v
6 h fl 6
! 6\ l\ /
1 \ I
| 1
5 1 ;8
1 i \ l/
v ! \ v
z<—|v<—o<—3<—4 0> 1—>2€3e«4 ,, .'.—o—.z—n Oe— 12

K 106 (seq 29) K201 (seq 29) K 118 (seq 29) K 181 (seq 29)

Fig. 5 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).
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Fig. 6 Reflection sequences of the tubular algebras having a nontrivial rigid authomorphism of
type (333).
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Fig. 7 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).



J. Bialkowski / Central European Journal of Mathematics 2(1) 2004 143-176

151

v v -
|le2®3eimsece]

Ox 1
/' Wi jereimiesece]
2 K 914 (seq 8) K 1027 (seq 8)
K20 (seq 8)
5«6 7%8 s
. A o /! 8
n ’."I -7 1 ]
[RRY
R WY 34 41 13
1\ N W 1 ool | om—es
I A Y
HATAN N N
i N i 0 I il 4\:
s leieses i 5\ é/w PPN I, 0, SR
K 1001 (seq 9) 2 1 N B < o K 883 (seq 9)
K 54 (seq 9) K 1409 (seq 9) 66299
7 8
T | 5—+6 7T+«38
1 1 /’ ’\ 5 s
1 e [ \
1 1 3074 I
7/ ] 4 R
1 1 '\lA i s
Ly h4 1\ D
) l . 17 0 ,
O S S S ‘u/ \ |e20ipiesece] 0—bi=b2 -5
K717 6509 10) 2 1 K 956 (seq 10) K 1467 (seq 10) K2401 (seq 10)
K 26 (seq 10)
3 8 8
i m
' [} [A%Y
] | L} AY
] 1 1 A Y
4y s ] h 0y
h l J 1 \
Z, 1 " ’ \1
% Pa2a3atiesds 0123 e 2@ e i BceT
. K 1485 (seq 11 K932 (seq 11
K609 seq 11) K 2403 (seq 11) (seq 11) (seq 11)
5«6 7-»8
(I 6 7 8
[ \
3t 7 v
- 7 [}
h4 !
17 0 / s/
‘LI/ \ IR L SR L EE X3 & Q= | =2 =83 0_,1:_2_,34_4
2 1 K 1022 (seq 12) K 1480 (seq 12) K2375 (seq 12)
8 8
n n
1 IARY
1 L} A Y
1 1 \
4 —y S > ] H 0y
[ A Y
i \‘

» a
2 e | ety () e 3 el

K687 (seq 13)

\
\
v
N
==

o~

Rz%
4

| 2®isiesece]

K 848 (seq 15)

K 18 (seq 15)

e |23« 4

K 2380 (seq 13)

5

1397 (seq 14)

el

L
s ®ieinsece]

K969 (seq 15)

0= | = —3
K 1471 (seq 13)

K 601 (seq 14)

) | — () — ] —

K 718 (seq 15)

v
I leieinsmoeT

K 893 (seq 13)

IS 2@3>ie5B6T

K 930 (seq 14)

\
\
\
\
\
0 ¥
6 —7

4+
H
H

L L

%>

/N

K 1430 (seq 15)

Fig. 8 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 9 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 10 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).



154

J. Bialkowski / Central European Journal of Mathematics 2(1) 2004 143-176

vWONSSONY Wiy
1 3 6 0> |e2—>3e¢4
K 1500 (seq 32) K 2373 (seq 32)
n
8 I\
1 \
[} A Y
}‘I\ A [N
4 i A Y
N AN S N\ \
/7\5/~\{ i Je— g —s
Oe=1=—»2-»3e4 : ¥ !/
) K 1499 (seq 33) 2
K 317 (seq 33) K 2381 (seq 33) K 1338 (seq 33)

o=

L= ——

1 3 3
V2 y
ARG (e —>2->3¢4

i i
H H
'/ \! K 2377 (seq 34)

K 810 (seq 34)

Ay r
A} 1
AY I
A 1
AY 1
AY
VEN
- H 2.5
D e | ) et S e § ) | et ( e 3 et Ni/
K 2042 (seq 36) K 928 (seq 36) 0
K 335 (seq 36) K 675 (seq 36) K703 (seq 36)
K 517 (seq 36)

7 8

\ L

AL \ 1

3 v 1

\ II

\ 4 / \ s
3=ede=), XiN

/ N, e

Y | (e e s () 2 \‘i’/
0 K 967 (seq 37)

N
|2 B3leiB5e o]

K 685 (seq 37) K 343 (seq 37) K 667 (seq 37)

i /| lx

] /

P\ L/ p

] r H

\ o

L [ h

! : LAINDN VN
re—Te—le— " —ns 0/ \2 \\.J/ e BieinseceT

0 K 859 (seq 38)
K711 (seq 38) K 342 (seq 38)

K 490 (seq 38)

K 1036 (seq 39)

K 334 (seq 39) K 625 (seq 39) K651 (seq 39)
(seq (5eq (5eq K 496 (seq 39)

Fig. 11 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 12 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 13 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 14 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 15 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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Fig. 16 Reflection sequences of the tubular algebras having a nontrivial of tubular type (244).
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2 Determinants of Cartan matrices.

In this section we present computer programs verifying the conditions (i) and (ii) from
the [1, Proposition 4.1]. The programs consist of a set of procedures written in Maple.
In the sequel, we assume that the files exc2222.txt, exc333.txt, exc244.txt, and exc236.txt
contain the Cartan matrices of exceptional tubular algebras. Further, each Cartan matrix
of a tubular algebra B is given in the form

ci O 0O --- 00
C, ¢4y 0 --- 0 0
Cs Cy C7 -+~ 00

Cr—l Cr—2 Cr—?; e C’1 0

Cr Gy Cra - Co Oy

where 7 is the maximal order of the roots of the Nakayama automorphism vz. Moreover,
the Cartan matrix of the unique exceptional tubular algebra of the type (2,3, 6) is given
as

C: 0
Cy C4

The above assumptions on the form of Cartan matrices aim at simplifying the procedures
used to verify the condition (ii). In the file exc2222.txt we have defined the following table
of Cartan matrices of algebras By(\), Ba(A), A € K\ {0,1}.

Exceptional2222 :=
10 00 00 1 0 0 0 0 0
1 1.0 0 0 0 01 0 0 0 0
10 1.0 00 1 1.1 0 0 0
2 1 1 1 0 0 7 1 10 1 0 O
1 1 1 1 1 0 1 1.1 1 1 0
L1 1 1 1 0 1 | 1 1 1 1 0 1 1.
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., Bs.

In the file exc333.txt we have defined the table of Cartan matrices of algebras Bs, ..

Exceptional333 :=

o O o o o o o o o O o o o o o o o O O o o o o
o O O o o o —H O o O O o o o —H O o O o o o o —H O
o o o o o —= - O o o o o o - o o O o o o —A o O
o o o o 4 O A - o o o o +H O o~ - o o o o H o o~
@] @] (e} — — (e} — — (e} @) (e} — — — — — (e} @] (e} — — — — i
o o -4 O o~ —~ — o o -4 o o — O o o -4 o - O O
S - 4 O —~ —~A —A O o -4 O o~ = o~ — o - O O o o o
— o — — — — — — — S — — — — (e} — i o — — N o — —

1 1 1

1 1 1
o O o o o o o o o O o o o o o o o O O o o o o
o O O o o o —H O o O o o o o —H O o O o o o o —H O
o O o o o — o O o O o o o - o O o o o o o - o
o o o o~ o~ — o o o o H O o~ - o o o o A o~ o~
o o o A S —A —A O o o o H o o —H O o o o o~ = o~ o~
(e} o — o — — S — o o — o — — — — o o i o — — o —
@] — S @] — S — — (e} — (e} @) — S — @) (e} — (e} — — — — —
— — — — a — — — — S — — — — — S i — — — a — — —
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In the file exc244.txt we have defined the following table of the Cartan matrices of algebras

By, ..

.y Blg.

o o o o o o o o 0o o o o o o -
o o o o o o — e T = B e S e B e B e S e S
o o o o o o o 0O 0 oo o — O -
o O O o O — o O o o o A A —~H -
o o o o —~ o o e R R R S S e S e S
- O —H O o O - O O O — — O -
1
Il _
= o 0o oo o o o -

<
M e T = B e S e T e B e S e S
.m O 0o 0o o o — o o

o~
S O 0o o0 oo 4 o H O

3]
ﬁmw o o0 o0 4 O O — —
o o0 4 o o o — o
o0 H O - O O — O
—_ O O O + O O o o

000 0 0 0 0O

1
0

10 0 0 0 0 0 O

001 00 0 O0O0O0

0
0
1

1 01 0 0 0 0 O

1

1 01 0 0 0 O

0 0 O

1

1 0 0 0 1

0

0 01 01 O

1 1 0 1 0

0
1

1 0 0 0 1

0

0

10 0 0 0 0 0 0 0

0 00 0 0 0 O

0 1
0 0

10 0 0 0 0 O

1 0 0 0 0 O
1 01 0 0 0 O
0001 0 0O

1

0
1
1
1

1
0
0

0
0

0
0 01 0 0 01

1

1
1 0

0 0 0 1

1

1

1

1
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In the file exc236.txt we have defined a (singleton) table containing the Cartan matrix
of the algebra By,.

FExceptional236 :=
10 00 00O 0 0 00O
0 1.0 00 0 O0O0O0OO
1010 0 0 0 0 0O
1101 0 0 0 0 00O
01001 00 O0O0O0
111 1.0 1 0 0 00
1101 1.0 1 0 00
0101 01 0 100
1 1 11 1 1 1 0 1 0
. L1 00 1 0 0 1 0 0 14
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2.1 Condition (i).

All procedures used to verify the condition (i) in [1, Section 4], as defined in the file
cond_i.txt, are presented below.

The procedure maketransl constructs the matrix A% from the matrix A%, as in
the definition of the condition (i) (see [1, Section 4]). The parameter Bl is equal to the
matrix A%B, the parameter s equals dg +1, and the variable B2 corresponds to the matrix
Agp L

maketransl := proc(B1,s)
local n, I, 1, j, k, B2;
n :=coldim(B1);
[ := s*n;
B2 := matrix(l,[);
for ¢ to [ do
for j to [ do
B2li, j] := 0
end do
end do;
for k£ from 0 to s — 1 do
for ¢ to n do
for j to n do
B2[i + k*n, j + k*n] := B1[i, j]
end do
end do
end do;
for kK to s—1 do
for ¢ to n do
for j to n do
B2li + k*n, j + (k- 1)*n] := B1[j, 1]
end do
end do
end do;
B2
end proc;

The procedure comput makes the main computation. The parameters BI and B2 are
matrices, and the parameter differ is equal to the difference of their respective dimensions.
(i.e. the number of rows of B2 minus the number of rows of BI, which is also equal to
the number of columns of B2 minus the number of columns of BI).

The behaviour of this procedure depends on the value of the parameter step. This
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parameter admits values 1, 2 and 3.

(1) For step =1 the procedure compares the determinants of the matrices BI and B2.

(2) For step = 2 the procedure recursively removes in all possible manners the number
of toDel rows (out of requested numbDel), indexed by the numbers equal or greater
than first. Upon each such sequence of removals the procedure performs a call to
itself with step set to 1.

(3) For step = 3 the procedure recursively removes in all possible manners the number of
toDel columns (out of requested numbDel), indexed by the numbers equal or greater
than first (for the matrix B1) or first + differ (for the matrix B2). Upon each such
sequence of removals the procedure calls itself with step set to 2.

comput = proc(BI1, B2, first, toDel, numbDel, differ, step)
local i, n, results;
if toDel = 0 then
if step = 1 then results := det(B1)= det(B2)
else results :=
comput(B1, B2, 1, numbDel, numbDel, differ, step - 1)
end if
elif step = 2 then
n := rowdim(B1);
results := true;
for i from first to n + 1 - toDel do results := results and
comput(delrows(B1, i .. i),delrows(B2, i .. i), i,
toDel - 1, numbDel, differ, step)
end do
else
n := coldim(BI);
results := true;
for i from first to n + 1 -toDel do results := results and
comput(delcols(B1, i .. i),
delcols(B2, i + differ .. i + differ), i, toDel - 1, numbDel,
differ, step)
end do
end if;
results
end proc
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Hence, to sum up, the procedure comput checks for equality of all corresponding pairs
of minors of the matrices Bl:= A%B and B2:= A%B“, with A%B and A%BH defined as in
[1, Section 4].

The procedure checkalg verifies if the tubular algebra B having the given Cartan
matrix A (denoted by A% in [1, Section 4]) satisfy the condition (i). As B is of one of
the tubular types (2,2,2,2), (3,3,3), (2,4,4), (2,3,6), the dimension of Ais 6, 8, 9 or
10. The procedure checkalg calls the procedure maketransl, to construct a second matrix
B (denoted by A%BH ibidem) as well as the procedure comput to verify if those matrices
have the property described in the condition (i).

checkalg := proc(A)
local n, s, B, results, 1;
n := coldim(A);
if n = 6 then s:= 2
elif n = 8 then s:= 3
elif n = 9 then s:=4
elif n = 10 then s := 6
else ERROR(‘ Wrong dimension of the matriz‘, n)

end if;
B := maketransl(A, s+1);
results := true;

for ¢ from 0 to n - 1 do
results := results and comput(A4, B, 0, 0, i, n*s, 3)
end do;
results
end proc
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The procedure checkalgebras calls for each element of the table matrlist the procedure
checkalg and declares whether the corresponding tubular algebra satisfies the condition (i)
or not. The procedure also displays the information whether all algebras corresponding
to the Cartan matrices from matrlist satisfy the condition (i).

checkalgebras := proc(matrlist)
local i, results;
results :=true;
for i to nops(matrlist) do
if not checkalg(matrlist[i]) then
print (‘A contradiction found‘ matrlist|i]);

results := false
else print(‘ Matriz satisfy the condition’, matrlist|i])
end if
end do;
if results then print(‘ All matrices satisfy the condition‘) end if;
results
end proc

We can use the afore-mentioned procedures in the following way:

\4

with(linalg):

> read "./cond_i.txt":

read "./exc2222.txt":
checkalgebras (Exceptional2222) ;
read "./exc333.txt":
checkalgebras (Exceptional333);
read "./exc244.txt":
checkalgebras (Exceptional244) ;
read "./exc236.txt":
checkalgebras (Exceptional236) ;

V V V

VvV V V

VNV V VvV VvV VvV

\4

2.2 Condition (ii).

First, we describe the procedures determl, determ2, determ3 defined in the file cond_ii.txt.
Let B be an exceptional tubular algebra B having no nontrivial rigid automorphisms and
let B1 be the Cartan matrix of B of the form described at the beginning of this section.

L B
We note that in this case all admissible groups of B are of the form (¢™), where ¢ is

Further, let st be the maximal order of the roots of the Nakayama automorphism v

the (unique nontrivial) root of vz of maximal order, and m is a positive integer. The
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procedure determl computes the determinants of the Cartan matrices of the algebras
B/(¢™) for the appropriate values of m (as specified in the definition of the condition (ii)
in [1, Section 4]).

determ1 := proc(BI, st)
local d, m, n, i, j, s, B2, B3, B, determ;
n := coldim(BI);
s 1= n/st;
if n =6 then d := 2
elif n = 8 then d := 3
elif n = 9 then d :=4
elif n = 10 then d := 6
else ERROR(‘ Wrong dimension of the matriz‘, n, eval(n))
end if;
B2 := transpose(B1);
B8 := matrix(n, 2*n);
for + to n do
for j to n do
B3[i, 5] := B1[j, i]; B3[i, n + j] := B1]i, j]
end do
end do;
for + to n do
for j ton + 1 do
B3[i, j] == B3[i, j + i - 1]

end do;
for j from n + 2 to 2*n do
B3li, j] :=0
end do
end do;
determ := determinants;
for m from n by s to (d + 1)*n do
B := matrix(m, m);

for i to m do
for j to m do
Bli, 7] :=10
end do
end do;
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for i to n do
for j to n do
B[i, j] := B1[i, j]
end do
end do;
for i to n do
for j to n do
Bli, m - n + jl:= Bli, m - n + j| + B2[i, j]
end do
end do;
for i from n + 1 to m do
for j from ¢ - n to ¢ do
Bli, j] := B3[((i - 1) modn) + 1, n + 1 + j - 1]
end do
end do;
determ := determ, det(B)
end do;
print(determ)
end proc

The procedure determ2 should be used for an exceptional tubular algebra B for which
there exists a nontr1v1al root ¢ of the Nakayama automorphism vz such that all positive
automorphisms of B are of the form op™ for some rigid automorphism p of B and some
positive integer m. This procedure computes determinants of the Cartan matrices of
algebras B /(0p™) for a given algebra B, a rigid automorphism p and for values of m
specified in the definition of the condition (ii) in [1, Section 4]. The parameter st should
be equal to the order of ¢, BI should be the Cartan matrix of B in an appropriate form
and tabB2 should be the matrix corresponding to the rigid automorphism ¢.

determ?2 := proc(B1, st, BIr)
local d, m, n, i, j, s, B2, B3, B, determ;
n := coldim(BI);
s 1= n/st;
if n=6then d := 2
elif n = 8 then d := 3
elif n = 9then d :=4
elif n = 10 then d := 6
else ERROR(‘Wrong dimension of the matriz’, n,eval(n))
end if;
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B2 := transpose(multiply(BIr, B1));
B8 := matrix(n, 2*n);
for i to n do
for j to n do
B3[i, j] :==B1]j, i;
B3li, n + j|] :=B1]i, j]
end do
end do;
for i to n do
for j ton + 1 do
B3li, j] :== B3[i, j + i - 1]
end do;
for j from n + 2 to 2*n do
B3li, j] :=0
end do
end do;
determ := determinants;
for m from n by sto (d + 1)*n do
B := matrix(m, m);
for i to m do
for jto m do
Bli, 7] :=10
end do
end do;
for i to n do
for j to n do
Bli, j] ==B1[i. j)
end do
end do;
for i to n do
for j to n do
Bli, m - n + j] := Bli, m - n + j] + B2[i, j]
end do
end do;
for i from n + 1 to mdo
for j from ¢ - n to ¢ do
Bli, j] := B3[((i - 1) modn) + 1, n + 1 + j - i
end do
end do;
determ := determ, det(B)
end do;
print(determ)
end proc
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The procedure determ3 should be used only for the exceptional tubular algebras of the
tubular type (2,3,6). We know that there is only one such algebra By (up to reflection
sequence) and that v has no nontrivial root. Moreover we know that admissible groups
of the automorphisms of §14 are of the form (¢m*!
¢, and ¢, described in [1, Section 2] and for some positive integer m. The parameter Bl
should be the Cartan matrix of B4, given in an appropriate form, while the parameter st

should be equal to 2 (note that s = 2 is such that ¢; = vy = ¢ for the (unique) rigid

) or () for the automorphisms

automorphism o of §14). The last parameter determ3 is the table of matrices describing
the actions of @™ or g™ (we omit the detailed description of its form). Procedure

determ3 computes the determinants of appropriate algebras of a tubular type.

determ3 := proc(BI, st, tabB2)
local d, m, n, i, j, s, B2, B3, B, determ;
n := coldim(BI);
s 1= n/st;
if n =6 then d := 2
elif n = 8 then d := 3
elif n = 9 then d :=4
elif n = 10 then d :=6
else ERROR(‘ Wrong dimension of the matriz‘, n,eval(n))
end if;
B8 := matrix(n, 2*n);
for i to n do
for j to n do
B3[i, j) = B1[j, il
B3[i, n + j] := B1[i, j]
end do
end do;
for i to n do
for j ton + 1 do
B3[i, j] := B3[i, j + i - 1]

end do;
for j from n + 2 to 2*n do
B3li, j] :=0
end do
end do;

determ := determinants;
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for m from n by s to (d + 1)*n do
B2 := transpose(multiply (tabB2[((m/s - 1) mod
nops(tabB2)) + 1|, B1));
B := matrix(m, m);
for i to m do
for 7 to m do
Bli, j]:=10
end do
end do;
for i to n do
for j to n do
Bli, j] == Bili, j]
end do
end do;
for i to n do
for j to n do
Bli, m - n + j] := B[i, m - n + j] + B2[i, j]
end do
end do;
for i from n + 1 to m do
for j from ¢ - n to ¢ do
Bli, j] := B3[((i- 1) mod n) + 1, n + 1 + 7 - i
end do
end do;
determ := determ, det(B)
end do;
print(determ)
end proc
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Clearly, using the procedures determl, determ2, determ3, we may easily check that the

tubular algebras By(\), Ba(M\), A € K\ {0,1}, Bs, ..

We present this verification below.

with(linalg):

read "./cond_ii.txt":

read "./exc2222.txt":
autll:=array(sparse,1..6,1..6):

aut11[1,1]:=1: aut11[2,2]:=1:
aut11[3,3]:=1: auti1i1[4,4]:=1:
aut11[5,6]:=1: autl11[6,5]:=1:
autl2:=array(sparse,1..6,1..6):
auti12[1,1]:=1: aut12[2,3]:=1:
aut12[3,2]:=1: auti12[4,4]:=1:
aut12[5,5]:=1: auti2[6,6]:=1:
autli:=array(identity,1..6,1..6):
autlr:=array(sparse,l..6,1..6):
autir[1,1]:=1: autir([2,3]:=1:
autlr([3,2]:=1: autir[4,4]:=1:
autlr([5,6]:=1: autir[6,5]:=1:
determ2(Exceptional2222[1],2,aut 1i);
determinants»0,16,0,16,0
determ2(Exceptional2222[1],2,aut 1r);
determinants»0,16,0,16,0
determ2(Exceptional2222[1],2,aut 11);
determinants»0,0,0,0,0
determ2(Exceptional2222[1],2,aut 12);
determinants»0,0,0,0,0

., B4 do satisfy the condition (ii).
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[ with(linalg):

[> read "./cond_ii.txt":

[ read "./exc2222.txt":

[> aut2l:=array(sparse,1..6,1..6):

> aut21[1,1]:=1: aut21[2,2]:=1:

[ aut21[3,3]:=1: aut21[4,4]:=1:

| aut21[5,6]:=1: aut21[6,5]:=1:

[> aut22:=array(sparse,1..6,1..6):

> aut22[1,2]:=1: aut22[2,1]:=1:

[ aut22[3,4]:=1: aut22[4,3]:=1:

| aut22[5,6]:=1: aut22[6,5]:=1:

[ aut2i:=array(identity,1..6,1..6):

[> aut2r:=array(sparse,1..6,1..6):

[> aut2r[1,1]:=1: aut2r([2,2]:=1:

| aut2r[3,4]:=1: aut2r[4,3]:=1:

| aut2r([5,6]:=1: aut2r[6,5]:=1:

> determ2(Exceptional2222[2],3,aut 2i);
determinants»0,0,12,0,12,0,0

> determ2(Exceptional2222[2],3,aut 2r);
determinants»0,0,12,0,12,0,0

> determ2(Exceptional2222[2],3,aut 21);
determinants»0,0,0,0,0,0,0

> determ2(Exceptional2222[2],3,aut 22);

determinants»0,0,0,0,0,0,0

[> with(linalg):

[> read "./cond_ii.txt":

[> read "./exc333.txt":

[> aut31l:=array(identity,1..8,1..8):

[> aut3l:=array(sparse,1..8,1..8):

[> aut31[1,1]:=1: aut31[2,3]:=1:
aut31[3,2]:=1: aut31[4,4]:=1:

} aut31[5,5]:=1: aut31[6,7]:=1:

| aut31[7,6]:=1: aut31[8,8]:=1:

[> aut32:=array(sparse,1..8,1..8):

> aut32[1,1]:=1: aut32[2,3]:=1:
aut32[3,4]:=1: aut32[4,2]:=1:

( aut32[5,5]:=1: aut32[6,7]:=1:

| aut32[7,8]:=1: aut32[8,6]:=1:

> determ2(Exceptional333[1],2,aut31);

determinants»0,256,0,4,0,4,0
> determ2(Exceptional333[1],2,aut31);
determinants»0,0,0,12,0,12,0
> determ2(Exceptional333[1],2,aut32);
determinants»0,16,0,16,0,16,0
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A\ A\

\4

- — Y —_— | ——

with(linalg):
read "./cond_ii.txt":
read "./exc333.txt":
read "./exc244.txt":
determl (Exceptional333[2],4);
determinants 9,6,0,6,0,0,12,6,0,6,12,0,0
determl (Exceptional333[3],4);
determinants 9,6,0,6,0,0,12,6,0,6,12,0,0
determl (Exceptional333[4],2);
determinants»0,0,0,12,0,12,0
determl (Exceptional333[5],2);
determinants»0,0,0,12,0,12,0
determl (Exceptional333[6],2);
determinants»0,0,0,12,0,12,0
determl (Exceptional244[1],3);
determinants»9,0,6,0,6,0,0,0,6,0,6,0,0
determl (Exceptional244[2],3);
determinants»9,0,6,0,6,0,0,0,6,0,6,0,0
determl (Exceptional244[3],3);
determinants»9,0,6,0,6,0,0,0,6,0,6,0,0
determl (Exceptional244[4],3);
determinants»9,0,6,0,6,0,0,0,6,0,6,0,0

determl (Exceptional244[5],3);
determinants»9,0,6,0,6,0,0,0,6,0,6,0,0

with(linalg):

read "./cond_ii.txt":

read "./exc236.txt":

auta:=array(sparse,1..10,1..10) :

autal[1,2]:=1: auta[2,1]:=1: autal[3,5]:=1:
autal4,4]:=1: auta[5,3]:=1: autal[6,6]:=1:
autal[7,7]:=1: auta[8,8]:=1: auta[9,9]:=1:
auta[10,10] :=1:
autb:=array(sparse,1..10,1..10) :
autb[1,1]:=1: autb[2,2]:=1: autb[3,2]:=1:
autb([4,4]:=1: autb[5,5]:=1: autb[6,7]:=1:
autb[7,6] :=1: autb[8,10]:=1: autb[9,9]:=1:
autb[10,8] :=1:
autid:=array(identity,1..10,1..10):
autr:=array(sparse,1..10,1..10) :
autr([1,2]:=1: autr([2,1]:=1: autr[3,5]:=1:
autr(4,4]:=1: autr([5,3]:=1: autr([6,7]:=1:
autr([7,6]:=1: autr([8,10]:=1: autr[9,9]:=1:
autr[10,8] :=1:

determ3(Exceptional236[1],2, [auta,autr,autb,autid]);
determinants,o,1024,0,16,0,16,0,1024:,0,16 ,0,16,0
determ3(Exceptional236[1],2, [autb,autid,auta,autr]);

determinants»9,0,0,0,0,0,0,0,0,0,0,0,0
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