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Abstract: The aim of this paper is to define the localization LM,, - algebra of an LM, —
algebra L with respect to a topology F on L; In Section 5 we prove that the maximal LM, -
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Introduction

The concept of multiplier for distributive lattices was defined by W. H. Cornish in [7].
J. Schmid used multipliers in order to give a non—standard construction of the maximal
lattice of quotients for a distributive lattice (see [13]). A direct treatment of the lattices
of quotients can be found in [14]. In [10], G. Georgescu exhibited the localization lattice
Lz of a distributive lattice L with respect to a topology F on L mimicking the familiar
construction for rings (see [12]) or monoids (see [15]). For the case of Hilbert and Heyting
algebras see [4] and [8].

The concepts of LM, - algebra of fractions relative to an A— closed system, LM, -
algebra of fractions and maximal LM, - algebra of fractions was defined by the author
in Section 2 and [3].
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1 Definitions and preliminaries

Let n be an integer,n > 2.

Definition 1.1. (/2/)An n — valued Lukasiewicz — Moisil algebra (shortly, LM, - al-
gebra) is an algebra L = (L,A\,V,N,0,1,{¢;} 1<i<n—1) of type (2,2,1,0,0,{1}1<i<n—1)
satisfying the following conditions:
(1.1) (L,A,V,N,0,1) is a De Morgan algebra,
(1.2) @1,y pn_1 : L — L are bounded lattice morphisms such that for every x,y € L:
) wi(x) V Np;(x) =1 for everyi=1,...,n—1,
) wi(x) A Ng;(x) =0 for everyi=1,...,n—1,
1.2.3) @ip(x) = @;(x) for everyi,j=1,...,n—1,
) wi(Nz) = N(p](x) foreveryi,j=1,...,n—1 withi+j=n,
) p1(@) < p2(x) < ... < @ua(@),
) If pi(x) = pi(y) for everyi=1,...n —1, then x = y.

The relation (1.2.6) is called the determination principle. As consequences of the
determination principle we obtain:

(1.2.7) If xz,y € L, then x < y iff ;(x) < pi(y) foralli =1,...,n — 1,

(1.2.8.) ¢1(z) <2 < pp_1(x) for all x € L.

We denote an LM,-algebra £ = (L, A\,V, N,0,1,{p;}1<i<n—1) by its universe L.

Remark 1.2. The endomorphisms {y; }1<i<np—1are called chrysippian endomorphisms.

Examples:
1. Let L, = {0, -1, ..., 2=2,1}.We define VY = max{z,y},zAy = min{z,y}, No = 1—x
(N(:L) = =) and goz L, — Ly, gi(25) =0ifi+j <nand 1if i+ j > n, for
,7=1,...,n—1.
Then (L, A\, V,N,0,1,{¢;}1<i<n-1) is an LM,-algebra.
2. If (B,A,V,,0,1) is a Boolean algebra, then (B, A,V, ,0,1,{¢;}1<i<n—1) is an LM,,-
algebra, where p;, = 15 for every 1 <¢ <n — 1.
3. Let (B,V,A,,0,1) a Boolean algebra and D(B) = {(z1,...,7,1) € B"' : x
. < x,_1}. We define pointwise the infimum and the supremum, N(xy,..., 2, 1)

A

(), 1y .y my) and @i, ooy Ty 1) = (24, ..., 2) for all i = 1,...,n — 1.
Then (D(B),A,V,N,0,1,{¢;}1<i<n—1) is an LM,-algebra.

In the rest of this paper, by L we denote an LM,-algebra.
We denote by C'(L) the set of all complemented elements of L and we call it the center
of L; it is easy to see that (C'(L),V, A, N,0,1) is a Boolean algebra.

Lemma 1.3. (/2])Let L be an LM, -algebra.The following are equivalent:

(i) e € C(L),



F. Chirtes / Central European Journal of Mathematics 3(1) 2005 105-124 107

(77) there are i € {1,....,n — 1} and = € L such that e = ¢;(x),
(17i) thereis i € {1,...,n — 1} such that e = y;(e),

(iv) e = g;(e) for every i = 1,....,n — 1,

(v) wi(e) = pj(e) for every 1,5 =1,...,n — 1.

Remark 1.4. Ifx € L, then ¢;(z) € C(L) for everyi=1,...,n — 1.
Lemma 1.5. (/2])Let L be an LM, -algebra.The following are equivalent:

(1) e € C(L),

(i) N e € O(L),
(ii1) e A Ne =0,
(iv) eV Ne = 1.

Lemma 1.6. If L is an LM,-algebra, then for every x € L, x A ¢1(Nx) = 0 which is
equivalent to x A N, _1(x) = 0.

Proof. For every x € L we have = < ¢,_(x), so

cANe1(Nz) =2 ANy, 1(x) < pp_1(x) AN Np,_1(x) =0 (by(1.2.2)),
hence = A p1(Nzx) = 0. O

Theorem 1.7. ([1]) For an LM,-algebra L (with 0 # 1), the following are equivalent:

(1) ¢(L) ={0,1},
(7i) L is a chain,
(1ii) L is subdirectly irreducible.

Corollary 1.8. (/2]) Every chain which is an LM,-algebra is finite.

Definition 1.9. (/2/)Let L and L' be LM, -algebras. A function f : L — L' is a morphism
of LM, -algebras iff it satisfies the following conditions, for every x,y € L :

Remark 1.10. [t follows (from 1.2.4 and 1.2.6) that
f(Nz) = Nf(x)

for every x € L.

We denote by LM, the category of LM,-algebras.
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Definition 1.11. (/2]) Let L an LM,-algebra. We say that a nonempty subset I C L in
an n — ideal if I is an ideal of the lattice L and if x € I, then v, 1(z) € I.

Remark 1.12. From (1.2.5) we deduce that if I C L is an n-ideal and x € I, then
pi(x) eI foreveryie {1,..,n—1}.

We denote by Idn(L) the set of all n —ideals of the LM,,- algebra L and by Id(C(L))
the set of all ideals of the Boolean algebra C'(L).

If X C L is a nonempty set, we denote by < X > the n-ideal generated by X. We
have that:

<X >={y € L: thereexist p > 1 and 21, ...,z, € X such that y < gpn_l(A\Z xi)}

In particular, for a € L, < a >={zx € L : z < ¢,_1(a)} and if a € C(L), then
<a>={zrelL:x<a}=/al]
Let I be an n-ideal and = € L. We denote by (I : z) ={y € L:x ANy € I}.

Lemma 1.13. The set (I : x) is an n-ideal.

Proof. Let y1,y2 € (I : z). Then xAy1, Ay € I, hence zA(y1Vya) = (xAy1)V(2Ay2) € 1,
that is, y1 Vyo € (I : ).

Ify; € ({:x)and yo <y, then z Ay, € I and 2 Ays < x Ayy, hence z Ayy € I, that
is, yo € (I : x).

If y e (I :x)then x Ay € I, hence v,—1(z) A pn_1(y) = vn_1(z ANy) € 1. But
T A Pn-1(y) < Pn-1(2) A n-1(y), so © A pn_i1(y) € I, that is, p,_1(y) € (I : z).

Remark 1.14. ([10]) If I is an n — ideal of L, then 1> = I N C(L) is an ideal of the
Boolean algebra C(L); also, every ideal J of C(L) induce an n-ideal ©,*,(J) of L. The

mappings I +— 1%, J +— @ (J) establish a bijection between the n — ideals of L and the
ideals of C'(L).

Definition 1.15. ([2/) A congruence on an LM, -algebra L is an equivalence relation on
L compatible with the operations \,V, N, ;, for everyt=1,...,n — 1.

Proposition 1.16. (/2/)For an equivalence relation p on an LM, -algebra L, the following
conditions are equivalent:

(1) p is a congruence on L,

(2) p is compatible with \,V, p;, for everyi=1,...,n — 1.

2 LM, —algebra of fractions relative to an A-closed system

Definition 2.1. A nonempty subset S C L is called A—closed system in L if
(2.1) 1€ S,
(2.2) x,y € S impliesx Ny € S,
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(2.3) x € S implies p,_1(x) € S.
We denote by S(L) the set of all A—closed systems of L (clearly {1}, L € S(L)).

For S € S(L), on the LM,-algebra L we consider the relation fg defined by
(x,y) € Os iff there exists s € S such that x A ¢,,—1(s) =y A pn_1(s).
Lemma 2.2. 0g is a congruence on L.

Proof. The reflexivity (since 1 € S) and the symmetry of fg are immediately. To
prove the transitivity of g, let (z,y), (y,z) € 6s. Thus, there are s, € S such that
TAQn-1(8) =y A@n_1(s) and y A pn_1(s") = 2 A pp_1(s’). If denote s” = s A s’ € S, then
TAPn1(8") =2 ANpn1(sAS) = (AN pn-1(5) Apn1(8) = (Y A pn-1(8)) A pn_1(s') =
YN On1(8)ANpn_1(8) =2 A @n1(8) ANpn_1(s) = 2N pp_1(s As') = 2z A p,_1(s"), hence
(x,z) € Os.

To prove the compatibility of 65 with the operations A,V, and ¢; for every i =
1,...,n—1,let z,y,z,t € L such that (x,y), (z,t) € 0s. Thus there are s, s’ € S such that
A Pn-1(8) =y A pn_1(s) and 2 A @,—1(s") =t A pn_1(s'). If we denote s”" =sAs €8,
then (x A 2) A n_1(8") = (Y ANt) N pn_1(5"), hence (z A z,y A t) € 5.

From z A @,—1(s") =y A pn_1(5"), 2 A @n_1(s") =t N pn_1(s") and the distributivity
of L we deduce (zV 2) A @n-1(5") = (y VA @n_1(s"), that is, (x V z,y V) € Os.

From A v,-1(8) = y A pn_1(s) we deduce that ¢;(x A@,—1(s)) = @i(y An-1(s)), for
every i = 1,...,n—1, that is, p;(2) An-1(s) = ©i(y) Aen_1(s), hence (p;(z), ¢:(y)) € 0s.0

For x € L we denote by x/S the equivalence class of z relative to 05 and by
L[S] = L/0s.

By ps : L — L|[S] we denote the canonical map defined by ps(z) = z/S, for every = € L.
Clearly, in L[S], 0 =0/S, 1 =1/S and for every z,y € L,

/S Ny/S=(zNy)/S

z/SVy/S=(xVy)/S
N(z/S) = (Nz)/S
@i : L[S] — L[S], ¢:(x/S) = (pi(x))/S for every i = 1,....,.n — 1,

(for every i = 1,...,n — 1, ; is correct defined because for x,y € L such that /S = y/S5,
there exists s € S such that A, —1(s) = yApn_1(s), 80, ©i(X)Apn_1(s) = wi(y) ANpn-1(5),
that is, ;(2)/S = ¢i(y)/9).

Remark 2.3. Since for every s € S, n_1(s) AN on-1(8) = 1 A p,_1(s), we deduce that
on-1(5)/S =1/S =1, hence ps(pn-1(5)) = {1}.
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Proposition 2.4. If a € L, then a/S € C(L[S]) iff there exists s € S such that a N
on—1(s) € C(L). So, if a € C(L), then a/S € C(L[S]).

Proof. For a € L, we have a/S € C(L[S]) iff p;(a/S) =a/S for all i =1,...,n — 1, that
is, pi(a)/S =a/S foralli=1,...,n— 1. So, (pi(a),a) € 05, which it means that there
exists s € S such that p;(a) A,—1(s) = aAp,_1(s), that is, @;(aAp,-1(5)) = aANpn_1(s),
hence a A ¢,—1(s) € C(L).

Ifa e C(L),since 1 € Sand aAp,_1(1) = a € C(L), we deduce that a/S € C(L[S]).0I

Theorem 2.5. If L is an LM,-algebra and f : L — L' is a morphism of LM, -algebras
such that f(gn—1(S)) = {1}, then, there is a unique morphism of LM,-algebras f' :
LS| — L', such that the diagram

L 2 L[S
N\ /
f I’
Ll

is commutative (i.e. f'opg = f).

Proof. If z,y € L and ps(x) = ps(y), then (z,y) € 6g, hence, there is s € S such
that © A ¢,_1(s) = y A p,_1(s). Since [ is morphism of LM,-algebras, we obtain that
f(@ A on-1(s)) = f(y Apa-1(s)), that is, f(x) A f(on-1(s)) = f(y) A fl@n-1(s)). But
F(@nr(8) =1, 50 f(2) AT = fy) AT, that is, f(z) = f(3)

We deduce that the map [’ : L[S] — L’ defined for z € L by f'(x/S) = f(x) is correct
defined. Clearly, f’ is a morphism of L M,-algebras. The unicity of f’ follows from the
fact that pg is an onto map. O

Remark 2.6. The previous theorem allows us to call L|S] the LM,—algebra of fractions
relative to the N—closed system S.

Examples:

(1) If S = {1} then 05 is the identity congruence of L, hence L[S]| = L.

(2) If S is an A — closed system such that 0 € S ( for example S = L or S = C(L)),
then for every z,y € L, (z,y) € s (since z A ¢,—1(0) = y A ¢,,—1(0)), hence in this
case L[S]| = {0}.

3 Topologies on an LM,-algebra

Definition 3.1. ([10]) A non-empty set F of n-ideals of L will be called a topology on L
if the following properties hold:
(Th) If I € F,x € L then (I : x) € F,



F. Chirtes / Central European Journal of Mathematics 3(1) 2005 105-124 111

(Ty) If I1, Iy € Idn(L) and Iy € F, if (I : x) € F for all x € I, then I, € F.
Lemma 3.2. (/10]) If F is a topology on L, then:

(1) If I € F and Iy is an n-ideal with Iy C Iy, then Iy € F,
(Z’L) [f [1, [2 € f, then Il ﬂ]g S f,
(1it) (FU{©}, L) is a topological space.

Remark 3.3. (/10]) Any intersection of topologies on L is a topology, hence the set G(L)
of the topologies of L is a complete lattice with respect to inclusion.

Examples:
1. If I € Idn(L), then the set

F(I)={I'eIdn(L): 1 C I}

is a topology on L.
2. A non-empty set I C L will be called regular if for every x,y € L such that eAz = eAy
for every e € I, then z = y. If we denote

R(L) ={I C L: 1 is a regular subset of L},

then Idn(L) N R(L) is a topology on L .
3. For any A— closed subset S of L(see Definition 2.1) we set

Fs={I€Idn(L): NS+ 0}.

Then Fg is a topology on L .

4 F-multipliers and localization LM,,-algebra

Let F be a topology on L. We consider the relation 6 of L

(z,y) € O iff there exists [ € F such that e Ax = e Ay for every e € I.
Lemma 4.1. 0 is a congruence on L.

Proof. The reflexivity and the symmetry of #r are immediate; in order to prove the
transitivity of 0 let (z,v), (y, z) € O£. Then, there exists I, Iy € F such that eAx = eAy
for every e € Iy and f Ay = f Az for every f € I. If weset [ = [, NIy € F, then for
every g € I, g Nz =gA z, hence (z,z) € Or.

For the compatibility of 67 with the operations A,V let z,y,2,t € L such that
(z,y),(2,t) € OF, that is, there exists I,J € F such that e Az = e Ay for every
eecl,and f Az = f At for every f € J. If we denote K = I N J, then K € F and
for every g€ K, gANz =gAyand gAz=gAt. Then gA\(zAz)=gA(yAt)and
gNA(xVz)=gA(yVi), thatis, (x Az,yAt) €0 and (zV z,yVt) € Of.
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For the compatibility of 8 with ¢; for every i = 1,...n — 1, let (z,y) € 6 and
i € {1,...,n—1} fixed. Then, there exists I € F such that eAx = eAy for every e € I. Since
for every j € {1,...,n—1} and e € I, p,(e) € I we deduce that ¢;(e) Az = ¢;(e) Ay. Then,
Pi(#1(OAT) = Pilei (M) © 21(OAR(E) = wi(ENAiY) & Drlengile)) = o3(enily))
for every j € {1,...,n — 1}. By (1.2.6) we deduce that e A p;(z) = e A p;(y) for every
e € I. Therefore (¢;(z), pi(y)) € 05 for every i =1,....n — 1. O

We shall denote by x/07 the congruence class of an element = € L, by L/0x the
quotient LM,-algebra and by
pr:L — L/0F

the canonical morphism of LM, -algebras. We denote the chrysippian endomorphisms of
L/ by @, and we have g,(xz/0r ) = ¢;(x)/0F .

Proposition 4.2. Fora € L,a/0r € C(L/0x) iff there exists I € F such that e Ap;(a) =
eNa foreverye € I andi € {1,....,n—1}. So, ifa € C(L), then a/0r € C(L/0r).

Proof. For a € L, a/0r € C(L/0f) ift §,(a/0F ) = a/0F iff @;(a)/0r = a/0F for every
i=1,..,n—1. So, (pi(a),a) € O, that is, there exists [ € F such that e A p;(a) =eAa
for every e € I and i € {1,...,n — 1}.

So, if a € C(L), then for every I € F and e € I, e A p;j(a) = e A a, hence a/0f €
C(L/0F). O

Corollary 4.3. If F = Idn(L) N R(L), then a € C(L) iff a/0r € C(L/0x).

We recall ([3]) some folklore about multipliers.

Let (A, <) be a poset. A nonempty subset I C A is an order ideal ( also known as a
down-set or decreasing set) in A whenever x < y € I implies z € I; we denote by I(A)
the set of all order ideals in A.

If A is an inf-semilattice and I € I(A), amap f: [ — A is called a multiplier (alias
a partial translation) if f(a Ax) =a A f(x) for alla € A and z € 1.

Such maps have been studied extensively by Cornish in [7].

In this paper, we are concerned with multipliers on an LM, -algebra L; clearly Idn(L) C
I(L).

Definition 4.4. (/3/)By a partial multiplier of L we mean a map f : I — L, where
I € Idn(L), which verifies the following condition:

(2.1) f(eAx)=eA f(z), for every e € L and = € I.
Sometime we will denote the domain of f by dom(f); if I = L we say that f is total.
To simplify the language, we will use multiplier instead of partial multiplier and total
to indicate that the domain of a certain multiplier is L.
Examples:
1. The map 0 : L — L defined by 0(x) = 0 for every x € L, is a total multiplier of L.
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2. The map 1 : L — L defined by 1(x) = 1 for every x € L, is also a total multiplier of
L.
3. Fora € L and I € Idn(L), the map f, : I — L defined by f,(z) = a A x for every
x € 1, is a multiplier of L (called principal).

If dom(f,) = L, we denote f, by f, ; clearly, fo =0 and f, = 1.

Remark 4.5. ([3]) If I € Idn(L), f : I — L is a multiplier of L, then for all z,y € I,
f(f(@) = f(@), f(z) <z, fleny) = f(@) A fly) and z A fy) =y A flz).
For I € Idn(L), we denote
M(I,L)y={f:1— L: fis a multiplier on L}
and
ML) = _u ML),

Remark 4.6. ([3])If we have f € M(I,L) N M(J,L), then I = J, that is, the relation
f e M(I,L) determines uniquely I.

Definition 4.7. ([3])If I, I, € Idn(L) and f; € M(1;,L),i = 1,2, we define fi A fa, f1 V
f2:]1ﬂ12—>L by
(fiAfo)(z) = fi(x) A folz),

(f1V fa)(x) = fi(x) V falz),

for every x € I1N Is.

Lemma 4.8. (/3/) If I, I, € Idn(L) and f; € M(IZ,L),Z =1,2, then fi AN fo, 1V fo €
M(I N I, L).

Definition 4.9. (/3])For I € Idn(L) and f € M(I, L) we define f*: 1 — L by

f (@) = 2 AN f(pn(2)),

for every x € I.

Remark 4.10. For x € L we have 0*(x) = x A NO =z A1 = z, that is, 0* = 1, and
1"(x) =2 A Ng,_1(x) =0 (by Lemma 1.6 ), that is, 1* = 0.

Lemma 4.11. ([3)) If I € Idn(L) and f € M(I, L), then f* € M(I, L).

Definition 4.12. (/3/)For I € Idn(L) and i = 1,...,n — 1 we define ¢; : M(I,L) —
M(I,L) by

@i(f)(@) =z A i f(pn-1(2))),
for every f € M(I,L) and z € I.
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Lemma 4.13. (/3))If I € Idn(L) and f € M(I,L), then ¢;(f) € M(I,L) for all i =
1,....,n—1.

Proposition 4.14. ([3/)(M(L),\,V,*,0,1,01, ..., Pn—1) is an LM,-algebra.

Lemma 4.15. ([3])The map vy, : L — M(L) defined by vy(a) = f, for every a € L is a
monomorphism in LM,,.

Definition 4.16. Let F be a topology on L. By an F -multiplier of L we mean a map
f:1— L/0g, where I € F, which verifies the following condition:
(3.1) flenx)=¢/0r N f(z), for everye € L and x € I.

Remark 4.17. If f : I — L/0F is an F -multiplier of L then, for every x,y € I, f(x) <
v/, f(x Ny) = f(x) A fy) and x/0F N f(y) =y/0z N ().

If 7 = {L}, then 0 is the identity congruence of L and an F— multiplier is a total
multiplier of L in the sense of Definition 4.4.

The maps 0,1 : L — L/0x defined by 0(x) = 0/07 and 1(x) = 2/0x for every x € L
are multipliers in the sense of Definition 4.16.

Also, fora € Land I € F, f, : I — L/0z defined by f,(x) = a/0 N\ x/0F for every
x € I, is an F— multiplier. If dom(f,) = L, we denote f, by f, ; clearly, fy = 0.

We shall denote by M (I, L/0r) the set of all the F— multipliers having the domain
I € F and by

M(L/0F)=U M(I,L/0F).

IeF

If 1,1, € F, I, C Iy, we have a canonical mapping
@[17]2 . M(IQ,L/@]:) — M([l,L/Q}‘)
defined by
@11712(f) = flh for f € M(I27L/07:)'

Let us consider the directed system of sets

<{M(I> L/@]:)}IG]:, {901'1,12}[1,126.7:,11212>

and denote by Lz the inductive limit (in the category of sets):

IeF

—

For any F— multiplier f : I — L/0z we shall denote by (I, f) the equivalence class
of fin Lg.

Remark 4.18. We recall that if f; : I; — L/0x , i = 1,2, are F-multipliers, then

—_—

(I1, f1) = ({2, f2) (in L) iff there exists I € F , 1 C Iy N Iy such that fi; = fo.
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Definition 4.19. If I, I € Idn(L) and f; € M(I;, L/0F),i = 1,2 we define, fi A fa, 1V
f2 . ]1 ﬂIQ — L/@]_‘ by

(i fo)(z) = fi(z) A fo),
(f1V fo)(z) = fi(x) V fo(x)

for every x € I1N I.

— —_—

Let (It f) A (I, f2) = (I Ty fr A fo) and (T, fo) V (s f2) = (N T, iV fo).
Definition 4.20. If I € Idn(L) and f € M(I,L/0F) we define f*: 1 — L/0x by

fH(@) = /0 AN(f(pn-1()))

forany x € 1.

Let (I, )" = (T, ).

Clearly, the definitions of the operations A,V and * on Lr are correct.

Lemma 4.21. If[l,lz S Idn(L) and fz € M(L,L/Q}‘),Z = 1,2, then f1 A fg,fl \ f2 S
M(IyN Iy, L)0F).

Proof. Routine. O

Remark 4.22. For x € L we have 0*(z) = x/0x AN(0/0r) = x /0 N1/0r = x/0f, that
18, 0 =1, and similarly 1* = 0.

Lemma 4.23. If I € Idn(L) and f € M(I,L/0F), then f* € M(I,L/0F).

Proof. If x € I and e € L, then

F(eA3) = (e A2) 05 A NF(pns(e A2)) = /05 A /05 A NF(9nr(€) A ors(2))
= e/0r Nx/0r A N(pn-1(e)/0r A f(pn-1(2)))
— /05 A f0r A (Npur(€)/05V N F(pnr (1))
= (e/0r Nx/0r N Np,_1(e)/0x)V (e/0r Nx/0r NN f(pn_1(z)))
=0/0xV (e/0r Nx/0r NN f(p,_1(x))) =e€/0r A f*(x). O

Definition 4.24. For I € Idn(L) and i = 1,....,n — 1 we define ¢; : M(I,L/0F) —

Pi(f) (@) = 2/0F N @i(f(pn-1(2))) =2/0F N 0i(f(Pn-1(2)))/0F,

for every f € M(I,L/0x) and x € I.

Lemma 4.25. If I € Idn(L), f € M(I,L/0f), then ¢;(f) € M(I,L/0F) for all i =
1,..,n—1
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Proof. If x € [ and e € L, then for all i = 1,...,n — 1 we have:

Gi(f)enx) = (eNz)/0r N Gi(f(pn-1(e A x)))
=e/0r Nx/0r N\ Gi(f(pn-1(€) A pn-1(2)))
=e/0r Nx/0F N i(pn-1(e)/0r N f(on-1(z)))
=e/0r Nx/0r N Gi(pn-1(€)/0F) N @i(f(pn-1(2)))
=e/0r Nx/0r N 0i(pn-1(€))/0F N @i(f(on-1(x)))
=e/0r Nx/0r N pn_1(e)/0F N @i(f(on-1(z))) = e/0r A Pi(f)(T). O

Let o7 : Lr — Ly defined by o7 (I, f) = (I, &:(f)).
Proposition 4.26. (Lz, A, V,*,0,1,07 ..., |) is an LM,-algebra.

Proof. We verify the axioms of LM, — algebras.

In the following we work with f € M(I,L/0F) and f; € M(l;,L/0x) where I,1; €
Idn(L), i =1,2 and we denote I' = I, N I € Idn(L).

(1.1). It is easy to verify that (Lg, A,V,0,1) is a bounded distributive lattice.

To prove that it is a De Morgan algebra, we have for x € I’ :

(f1V f2)"(x) = 2/0r AN((f1V f2)(pn-1(z)))
= 2/0r A N(fi(pn-1(2)) V fo(pn-1(x)))
= x/0r AN fi(pn-1(2)) A N fa(pn-1(z))
= (#/07 NN fi(pn-1(2))) A (x/0F A N f2(on-1(z)))
= fi(z) A f3(z) = (fi A f3)(2),

that is, (f1V f2)* = fif N f5.
Also, for every x € I :

(f)(x) = x/0r AN [ (Pna
=x/0r AN N(p,—1(x
=x/0r AN N(p,—1(x
=z/0r N (Npp_1(z
= (/0 N Np,_1(x
=0/0xV (/0N f
= f(x),

that is, (f*)* = f.
Then,

/—\

z))

/07 AN f(pn-1(pn-1(2))))
/07 AN f(pn-1(x)))

/07 V f(on-1(z)))

[0F)V (/07 A f(pn-1(2)))
on-1(7))) = pn1(x) /07 A f(2)

TN N N N~

(inf) =N =V E)) =V E)T=/V s

(1.2). ¢ : Ly — Lg, for all i = 1,...,n — 1, are bounded lattice morphisms that
satisfy (1.2.1) — (1.2.6).
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For x € I' we have:

Gi(f1V o)(z) = x/0F N Gi( [i(pn-1(2)) V fa2(pn-1(2)))
= 2/07 N (@i(fi(pn-1(2))) V Gi(fo(Pn-1())))
= (/07 N Gi(f1(pn-1(2)))) V (x/0F A Gi( fo(pn-1(2))))
= i fi(z)) V i fo())
= (Gi(f1) V pi(f2)) (),

hence/gbi\(fl V fa) :/-%fl) V @;(f2) for all ii..,n/—ithat is, goi(\([l, fi)Vv (%)) =
o (Tos )V (T f2)) and simailarly oF (s, AT 12)) = o7 (Ta, o)A@ (T, ) for
alle=1,...,n — 1.

Also, for all x € L and i = 1,....,n — 1,%;(0)(z) = /0 A ¢;(0(pn_1(x))) = /0 A
0/6F =0/0F = ( ), that is, $;(0) = 0 and similarly ¢;(1) = 1. So, we have oF(L,0) =
(L, O) and 7 (L 1) = (L, 1).

(1.2.1). For x € I, then:

(@i (f) V(@) Nx) = @i f)(z) V(@i (f))"(2)
= (/07 N @i(f(n-1(2)))) V (x/0F N N@i(f)(pn-1(z)))
= z/07 N(@i(f(on-1(2))) V N(pn-1(2) /07 N @i(f(Pn-1(pn-1(x))))))
= 2/07 N (@i(f(Pn-1(2))) V Nopn-1(2) /07 V N@i(f(on-1(2))))
=x/0rN1/0F =x/0F,

hence @,(f)A(@i(f))* = Loralli = 1,..,n—1, that is, 7 (T, ) A7 (1. )" = (L. 1).
To prove (1.2.2) we use the De Morgan relations and (1.2.1) :

Hi(F) A @) = (@) A @) = (@) Vel =1" =0,
that is, o7 (T, ) V (7 (T, /)" = (L, 0).

(1.2.3). For x € [ and 4,j € {1,...,n — 1} then:

Pipi () (@) = /07 N @i(@;(f)(Pn-1(x)))
= z/0r N @i(on-1(2)/07 N B;(f(Pn-1(pn-1(2)))))
= z/0r N @i(on-1(x)/0F) N Pi(@;(f(Pn-1(2))))
= 2/0F N on-1(2)/0F N 0;(f(pn-1(2)))
= 2/0r N\ 0;(f(pn-1())) = $;(f)(2),

—

that is, G:%;(f) = ¢;(f), hence oF (o7 (I, 1)) = ¢Z (L. ).

(1.2.4). For i = 1,...,n — 1 we have to prove that:

@z(f*) = (@n—z(f))*
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Indeed, for x € I :

Gi(f*)(x) = x/0F N @i(f*(pn-1(2)))
=x/0F N @i(pn-1(x)/0F AN f(Pn-1(pn-1(2))))
2/0F A Gi(pn-1(2)/07) N @i(N f(pn-1(x)))
= 2/0F N pn-1(2)/0F N Gi(N f(on-1(x)))
= z/0F N pi(N f(pn-1(2))),

and

(@n—i()" (@) = 2/0r AN Npn_i(f)(pn-1(2))
=x/0r N N(pn-1(2) /05 N @ni(f(on-1(pn-1(2)))))
z/0r N N(on-1(2)/0F N Gn—i(f(pn-1(2))))
z/0F N (Non-1(2)/07 V N@u_i(f(pn-1(2))))
(@/0F N Npp_1(2)/0F) V (x/0F N N@n_i(f(on-1(z))))
0/07V (x/0F N Non—i(f(pn-1(2))))
= 2/0r N Non—i(f(pn-1(2)))
= /05 N @i(N f(pn-1())),

o~ % —

50, Gi(f*) = (@n—i(f))", that is, o7 (1, f) ) = 7 _i((I, £))-

(1.2.5). For x € I we obtain successively:

P1(f(pn-1(2))) < ... < Gna(f(pn-1(x)))
/0 N o1(f(pn-1(2))) < ... <2/0F A Gn1(f(Pn-1(2)))
o1(f)(x) < ... < P (f) ()
o1(f) < . < @i f),

—

that is, o7 (1, /) < ... < % (T ).

(1.2.6). If o (I, /) = @] (12, fo), that is, (I1, @i(f1)) = (L2, 4i(f2)), for all i =
1,...,n — 1, then we get in turn, for all : = 1,...,n — 1, according to Remark 4.18 there
exists J; C [y N I such that @;(fis,) = @i(fos,). For x € JyN...N J,—1 we have:

@i(fi)(z) = Gi(fo) (),

/075 N @i(fi(pn-1(2))) = z/0r N @i(fo(pn-1(2))),
n—1(2)/0F N Gi(f1(Pn-1(pn-1(2)))) = Pn-1(2)/0F N Gi(fo(Pn-1(pn-1(2)))),
Gi(on-1(x)/07 N [1(n-1(2))) = @i(n-1(2)/07 N f2(Pn-1(2))),
Gi(fi(pn-1(2))) = @i(folpn-1(2))),
filen-1(2)) = folpn-1(x)).
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So,
filz) = file A pna(x) = /07 A fi(pn-1(z)) = 2/0F A fo(pn-1(2))
= fo(x AN pp_1(x)) = fo(x),hence f1 = fo on JiN...NJ_1 C NI,
that is, (71, /1) = (T, ). 0

Definition 4.27. The LM,-algebra Lx will be called the localization LM, — algebra of
L with respect to the topology F .
Lemma 4.28. Let the map vy : L — Ly defined by vr(a) = (L, f,) for every a € L.
Then:

(1) vg is a morphism of %algebms,

(ii) For every a € C(L), (L, f.) € C(L#),
(1i1) ve(L) € R(LF).

Proof. (i). Clearly, vz(0) = (L,/f_\o) = (/L,F), vre(l) = ﬁ = (/L,T) For a,b € L we
have:

vr(@) V ur(b) = (L F) V (L Jo) = (Lo Ja ¥ Jo) = (L ) = vrla V' b),
and

e —

vr(a) Ave(d) = (L, fo) A (L, fo) = (L, fa A fo) = (L, fupy) = vr(a AD).

Also, for every z € L :

e

vr(wi(a)) = (L f o)

and

o —

¢ (vr(a)) = (L, i(fa))-

But &i(fu)(z) = /05 A @i(falpn-1(2))) = 2/05 A @i(a/0F A pu_1(2)/07) = x/07 N
i(a)/0F N pn1(2)/0F = @i(a)/0F AN x/0F = [, (@), hence ve(pi(a)) = @] (vi(a)) for
all i = 1,...,n — 1. Therefore vz is a morphism in LM,,.

(11). Is a direct consequence of (i), since any LM,-algebra morphism preserves the
boolean elements.

(7i1). To prove that vz(L) is a regular subset of Lz, let ml) Elp, LeF,i=1,2,

such that (L, f.) A (I, f1) = (L, fa) A (Ia, f») for every a € L.

Then, for any a € L there exists J, C I; N Iy such that for any = € J, we have
(fi A fa)(@) = (f2 A fa)(@), hence fi(x) Aa/0x Ax/0r = fo(z) Aafbr Aa/OF, that is,
filz) Na/Or = folz) Na/OF.

In particular, for a = 1 we obtain that fi(z) = fa(z) for every z € J, C I; N I, hence

—

(10, f1) = (I, f2), that is, vs(L) € R(Ly). O
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5 Applications

In the following we describe the localization LM,-algebra Lz in some special instances.
1. If I € Idn(L) and F is the topology

F(I)={I' € Idn(L) : I C I'}
(see Example 1 in Section 3), then Lz is isomorphic with M (I, L/0x) and
VFE © L — L]:

is defined by vr(a) = EII for every a € L.
2. If F = Idn(L) N R(L) is the topology of regular sets of Idn(L) (see Example 2 in
Section 3), then O is the identity congruence of L and

Lr =lim M(I, L),
TeF

where M (1, L) is the set of multipliers of L having the domain I (see [3]).
We recall the construction of maximal LM,-algebra of fractions of L from [3](where
is denoted by Q,(L)).
We denote
M, (L) ={f e M(L):dom(f) € Idn(L)N R(L)}.

Lemma 5.1. (/3]) If I, I € Idn(L) N R(L), then I, N I € Idn(L) N R(L).

Remark 5.2. (/3/)By Lemma 5.1, we deduce that M,(L) is an LM, -subalgebra of M(L).

Definition 5.3. Define the relation py on the LM, — algebra M, (L) by the prescription:

(f1, f2) € pr iff f1 and fo agree on the intersection of their domains.

Lemma 5.4. ([3/) p. is a congruence on M,(L).

Definition 5.5. For f € M,(L) with I = dom(f) € Idn(L) N R(L), we denote by [f,I]
the congruence class of f modulo pr, and Ly = M,(L)/py, .

Remark 5.6. For every I € Idn(L) N R(L) and a € L we have [f,, L] = [fa, 1] (because
for every x € INL = I we have f,(x) = f.(x) =aAzx).

Remark 5.7. (/3])As was proved by Cignoli [5](see also [2], Theorem 2.4), the class of
LM, -algebras is equational, therefore Lag is an LM,—algebra, where, for [f,I], g, J] €
Ly, [f, 1IN g ) = [f ng IO T IV g, J] = [f Vg, INJ], and fori = 1,...n—1,3,:
Ly — Ly 05([f, 1) = [#:(f), 1],



F. Chirtes / Central European Journal of Mathematics 3(1) 2005 105-124 121

Lemma 5.8. (/3])Let the map v : L — L be defined by vz (a) = [fa, L] for every a € L.
Then:
(1) v, is a monomorphism in LM,
(i1) For every a € C(L), [fa, L] € C(Ln,),
(i) (L) € R(Lu).

Remark 5.9. (/3]) Since by Lemma 4.15 and Lemma 5.8, for every a,b € L,[f,, L] =

(fo, L] iff fo = fo iff a = b, the elements of L can be identified with the elements of the
sets {[fo, L] :a € L} and {f, : a € L}. So, vy (L) ~vp(L) ~ L (as LM,-algebras).

Definition 5.10. (/3/) An LM, -algebra L’ is called an LM, -algebra of fractions of L if:

(3.1) L is an LM,-subalgebra of L',

(3.2) For every d',b',c € L',a' #V, there is e € L such that e Na' # e ANV and ¢,_1(e) A
cd € L (where by p,_1 we denote the chrysippian endomorphism of L which is the
restriction to L of the chrisippian endomorphism ), _, of L').

Remark 5.11. As a notational convenience, we write L < L' to indicate that L' is an
LM, —algebra of fractions for L.

Remark 5.12. (/3/) If L < L';e € L and a',b' € L' are such that e Na’ # e ANV, then
Spnfl(e) Nad 7é @n71<€) AU

Remark 5.13. ([3]) If L < L'je € L,d € L' and p,_1(e) N € L, then e A ¢ =
e Nn_1(e)] N =eN[pn_1(e) N] € L.

Theorem 5.14. ([3]) For every LM, -algebra L, the LM,-algebra L in Definition 5.5
has the following properties:

(4) (L) < L,

11) For every n-atgebra L such that L < L', there exists a monomorphism o n-

1) Fi LM,-algebra L' h that L < L', th ‘ hi LM,
algebras u : L' — Lxg which induces the canonical monomorphism vy, of L into

L.

Theorem 5.14 provides the motivation for the following:

Definition 5.15. ([3/) For any LM, -algebra L, L is called a maximal LM, -algebra
of fractions of L. To range whith the tradition ( [4], [10], [15], [14]) we denote L by
Qn(L).

So, in the case of the topology F = Idn(L) N R(L) we obtain:

Proposition 5.16. For F = Idn(L) N R(L), L is exactly the maximal LM, -algebra
Qn(L) of fractions of L introduced in [3](where it is denoted by L, ).
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3. If S C L is an A—closed system of L, we consider the following congruence on L :
(x,y) € Os iff there exists s € S such that x A ¢,_1(s) = y A p,_1(s) (see Section 2).

The quotient LM,-algebra L[S] = L/0g is called in Section 2 the LM,-algebra of fractions
of L relative to the A—closed system

Proposition 5.17. If Fg is the topology associated with an A—closed system S C L (see
Example 3 in Section 3), then the LM, -algebra Lg, is isomorphic with L[S].

Proof. Let z,y € L. If (z,y) € O£, then there exists I € Fg (hence NS # ©) such that
xANe=yAeforany e € I. Since NS # © there exists eg € INS such that x Aey = yAep.
But eg € I implies that ¢,,_1(eg) € I, so in particular x A ¢,,_1(eo) = y A ¢n_1(€o), that
is, (z,y) € 0s. So, Ox, C 5.

If (z,y) € Og, then there exists ey € S such that A v,—1(ep) = y A pn_1(eo). If we
set [p =< ey >={x € L:x < ¢, 1(e)}, then Iy € Idn(L). Since ey < p,_1(ep), we
have that eq € Iy, so eg € Iy NS, hence Iy NS # @, that is, Iy € Fgs. For every e € I,
e < pn_1(ep), then e =e A, 1(ep),sox ANe=x A (e Npn_1(en)) = (x ANpn_1(eg)) Ne =
(y A pn_i1(en)) Ne =y A (e N pn_1(en)) = y Ae, hence (x,y) € 0z, that is, s C O,.
Therefore 0, = 0s.

Then L/0z, = L/0s = L[S], hence an Fs—multiplier can be considered in this case
(see Definition 4.16) as a mapping f : I — L[S] (I € Fs) having the property f(e Ax) =
e/S N f(x) for every x € [ and e € L (x/S denotes the congruence class of z relative to

Os).

1t (I, /1), (I, o) € Ly, =lim M(I,L[S]) and (I, fi) = (I», f>) then there ex-
IeF

ists I € Fg such that I C I; NIy and fy; = for. Since I, 1,1, € Fg, there ex-
ists s € INS,sy € [ NS and so € I, NS. We shall prove that fi(g,_1(s1)) =
fo(on-1(s2)). If we denote s" = vn_1(s A $1 A S2) = @n_1(8) A Yn_1(51) A pn_1(s2), then
e lInSand s < v, 1(81), pn_1(s2). Since @, 1(s1) N s = pu_1(s2) N s € I then
filpn-1(s1) As') = folpn-1(s2) A 8'), hence fi(pn-1(s1)) A s'/S = falon-1(s2)) A /S,
sO fi(pn-1(s1)) A1 = folgn-1(s2)) A1 (since s € S implies ,_1(s)/S = 1 by Re-
mark 2.3), that is, fi(¢n—1(s1)) = fa(pn-1(s2)). In a similar way, we can show that
J1(@n-1(51)) = faln-1(s2)) for any s1,s, € I NS.
In accordance with these considerations we can define the mapping:

a: Ly, =lim M(I,L[S]) — L[S]

IeF
by putting
a((1, f)) = f(en-1(s0)) € L[S], where sg € I N S.

We have a(0) = a((L,0)) = 0(p,-1(s)) = 0/S = 0 and «(1) = «a((L,1)) =
1(pn-1(s)) = vn-1(s)/S = 1 by Remark 2.3 for every s € S.
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o ——

Also, for every (I;, fi) € Lzg,i = 1,2 we have:

ol )ALy f2)) = @l N B i A ) = (A A f)punn()
— [1(Pa1()) A foln(s) = (T, 1) A al(Ts, o),
and
AT, )V (Is 2)) = a((h N Ty fi V £2) = (F1 V o) (0n1(5))

o —_—

= fi(en-1(8)) V falpn-1(5)) = (L1, f1)) V (L2, f2))

with S/Eilﬂlgﬁs.
If (I,f) € Lg, and s € INS, for every i = 1,...,n — 1 we have

—

a(@F (L. N)) = al(1,3(1)) = BN (pa1(5)) = @u1(5)/S AB(F (Pnors (n-1(5))))

—

= 1A @i(f(pn-1(5))) = @i(f(n-1(s))) = @i(a((I, /)))-

Therefore, this mapping is a morphism of LM,-algebras.
/ﬂe sh/ai prove that « is injectiv/equ surjective. To prove the injectivity of «, let
(I, f1), (12, f2) € Lgg such that a((I1, fi)) = a((la, f2)). Then, for any s; € [; NS, s9 €
1,NS we have fi(on-1(s1)) = fa(pn-1(52))- If fi(pn-1(s1)) = 2/S and fo(pn-1(s2)) = y/S
with x,y € L, since /S = y/S, there exists s € S such that x A ¢,,—1(8) =y A pn_1(s).
If we consider ' = sA sy Asy € I1NINS, we have that ¢, 1(s") < @u_1(81), Pn_1(s2).
It follows that

fl(@n—l(sl)) = fl(%—l(sl) N pn-1(s1)) = @n—l(S/)/S A fi(gn-1(s1))
= ©n-1(8) /SN fol(pn-1(52)) = fo(@n-1(5") A pn_1(52)) = fapn-1(5)).

If we denote I =< &' >={x € L:x <y, 1(s)},thens € I,sol € Fs , I C L NI
and fi; = for (since if x € I, then < ¢,_1(s'), hence z = x A @,1(5'), so fi(z) =
Fie A guct () = 2/S A i@ncs () = 2/S A folnr () = fola A pua(s) = fale),

hence (I, f1) = (Is, f2), that is, « is injective.
To prove the surjectivity of a, let a/S € L[S] and f, : L — L[S] defined by

fao(x)=a/SAz/S=(anx)/S forevery x € L.
It is easy to see that f, is an Fg—multiplier and a(@)) = fuln_1(5)) = (a A
on-1(8))/S =a/SNp,1(s)/S=a/SN1=a/S, where s € S. So «a is surjective.
Therefore, « is an isomorphism of LM,,-algebras. 0

Finally, it is a pleasure for author to express his gratitude for the helpful remarks of
the referees of his paper.
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