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Abstract: We analyse here a semilinear stochastic partial differential equation of parabolic
type where the diffusion vector fields are depending on both the unknown function and its
gradient J,u with respect to the state variable, x € R™. A local solution is constructed by
reducing the original equation to a nonlinear parabolic one without stochastic perturbations
and it is based on a finite dimensional Lie algebra generated by the given diffusion vector fields.
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1 Introduction

In this paper we consider a nonlinear stochastic partial differential equation of parabolic
type written in the Fisk-Stratonovich sense and described as follows

im1 (1)
lu(O,:I:) =0,te (0,7, zeR", uelk

! dyu = [Au+ f(t, 2,0, pu)ldt + > gilw,u, dyu) O dwi(t),

where w = (wy,...,w,,) is an m-dimensional Wiener process on a filtered complete
probability space {Q, F, {F;}I; P}. The initial condition in (1) can be taken as a bounded
nonvanishing smooth function, provided the integral representation in (29) is written

* E-mail: iftimieb@yahoo.fr
T E-mail: constantin.varsan@imar.ro



368 B. Iftimie, C. Varsan / Central European Journal of Mathematics 3 (2003) 367-381

accordingly. The class of PDE as in (1) arises in a number of applications like filtering
and pathwise stochastic control, mathematical finance, and one may find in [1] a complete
list of the contributions to the subject.

The general remark in [1] remains true and the fully nonlinear drift f(¢,z,u,0u)
is an obstruction for the use of the martingale theory even if the diffusion coefficients
g; are depending only on the unknown function u. The corresponding vectorial case,
u = (uy,...uy), is analyzed in [2] and [3] using a finite dimensional Lie algebraic structure
generated by the corresponding diffusion vector fields g;(x, u1, ..., un). The method used
in [2] and [3] allows one to define a smooth orbit in the space of the unknown functions u €
RY and the influence of the stochastic integration is translated into the parameter-space
of the fixed orbit provided the associated gradient system has a nonsingular algebraic
representation as it is contained in [4]. The solution for (1) is obtained provided the
method of gradient characteristics allows one to get a solution for the reduced stochastic
differential equation

dyu = i gi(z,u, 0yu) O dw;(t), te€][0,T]. (2)

=1

The stochastic integration is shifted into the parameter space of a fixed orbit in the
space of vector functions (u(t, x), dyu(t,)) € R™™ and the solution in (2) is obtained as a
diffeomorphism application acting on the initial conditions yy(¢, ) dof (h(t,z),0.h(t,x)) €
R™*! which are continuous and F;-adapted processes assuming the vector fields defining
the characteristics are not commuting.

The characteristic system associated with the reduced stochastic differential equation
(2) has to behave nicely and a local time (a stopping time which doesn’t depend on the
state © € R"™) is a good measure of this behaviour. In the paper [1] it is accomplished
assuming that the given functions g¢; are depending only on p = d,u which implies the
corresponding vector fields are commuting and the solution can be represented explicitely
using a standard orbit and a local time.

Here we point out that a local time and an extended orbit can be used provided the
vector fields entering the characteristic system are generating a finite dimensional Lie
algebra including the commuting vector fields. The same procedure was used in [4] to
construct an orbit and a local time associated with evolution systems driven by diffusion
vector fields which are not depending on the gradients p; = d,u;, ¢ € {1,...,N}. On
the other hand, the meaning of a solution adopted here includes the verification of the
SDE (1) along the continuous trajectories of the process = z(¢t,\) € R", t € [0,7],
obtained as a component of the solution Z(¢,\) = (z(¢,z),a(t, A),p(t, A)) fulfilling the
characteristic system associated with the reduced SDE (2).

This indicates that the difference between the solution we consider in this paper and
the weak solution appearing in [1] may come from the condition (iii) in the Definition 3.1
appearing in the main results. Here a solution u(t, ) of the original parabolic equation
(1) is obtained provided y(t,z) = (u(t,z), O, u(t,x)) satisfies y(t,z(t,\)) = y(t,\) and
the extended system (46) has to be fulfilled along = = Z(¢,\) not for any x € R™. In
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particular, when 0,¢;(z,u,p) = 0, @ € {1,...,n}, this definition of a solution coincides
with the usual one (see [4]) using any = € R™.

2 Preliminaries

Consider the following Hamilton-Jacobi stochastic system

dyu = Zgi(:v,u(t,:v),p(t,:v)) O dw;(t)
3)

m

l dip = Z Hi(z,u(t,x),p(t,z), 0xp(t, x)) O dw;(t)

i=1

fort € [0,7], u € R, p € R", where

Hi($7u7p7 amp) (126f [aaigz +pau.gz + (amp)apgl] (a:,u,p).

Let k € N be a natural number, B(0, p) C R"*! a fixed ball and denote D = B(0, p) X R",
z = (u,p, ). Define CF(D) the space consisting of all continuous and bounded functions
h(z) : D — R admitting continuous and bounded partial derivatives up to order k with
respect to z € D. It is assumed

gi € CHD) and f € C([0,T];CZ(D)), i € {1,...,m} (4)

Let the function yo(t,z) = (h(t,x),0:h(t,z)) be a continuous and F;-adapted process
obeying yo(t, x), diyo(t,z) € B(0,p/2) for any (t,z) € [0,T] x R", i € {1,...,n}, where
o0y et OY0
iYo =

e The method of characteristics applied to (3) involves an extended system of
£

stochastic differential equations with an F;-adapted process z{()) as initial condition

{ dsz(s,\) = > Zi(2(s,A)) Odw;(s), s€]0,t]

im1 (5)
L=(0,2) = z())

for each t € [0, T fixed, where Z;(2) € R?"*! fulfils

Yi(z
ziz e |0 (6)

Xi(z)

def n def ( li(z) def

where X;(2) = —0,9:(z,u,p) € R", Yi(2) = ,1i(2) = (9:—(p, 0pg:))(x, u, p) and

Li(2)

The ordinary stochastic differential system in (5) can be solved (see [5]) provided the
following associated gradient system has a solution

{ékizt = Zi(2Y), i€ {1,...,m}, (t1,...,tm) € Dy

. (7)
2(0,0) = 200 & (yolt, A), A) € B(0, p1) X R”, £ € [0,T], A € R" py = p/2,
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where Dy, € TT™ (—as, a;), yo(t, A) = (h(t, A), xh(t, \)).

The simpliest case is when the vector fields {Z1, ..., Z,,} commute using the standard
Lie bracket, and if this is the case, we get the solution as a finite composition of local
flows

2o, N) = Si(t)o...0Sn(tn)(25(N), 0 € D,y NER™ t €[0,T] (8)
where S;(7)(z), 7 € (—aj,a;), 20 € B(0,p1) x R", is the local flow generated by the
vector field Z;, j € {1,...,m}, and o & (t1,t2,...,tm). Write the solution in (8) as
(0, 2) = (§{o, A), 24(a, A)), where (o, A) = (it(0, \), (0, A)) € R™ and 3(a, \) €
R"™. Then find A = 9’(0, z) as a unique solution of the algebraic equations

(o) =2, x €R", t €[0,T], 0 € B(0,p) C D,,.

It holds
(oY (o,2) =z, P'(o,3'(0,N) = A, (9)
for any x, A\ € R", t € [0,T] and o € B(0,p) provided p is sufficiently small as will be

explained later when constructing y*(o, x) in (15).

Denote
def . def n ~
y'(0,2) = 7' (0,9 (0, 7)) = (u'(0,2),p'(0, 7)), © €R", 0 € B(0,p), (10)

for each t € [0,7] and it is easy to get the following equations
Opu(o,z) = p'(o,2), y'(0,2) = yolt, ) L (h(t, z), Bph(t, z)). (11)

yt(07 it (07 /\)) - ?)t(U? /\)
019 (o, \) =0,y (0, 2(0, \)) + 0.y (0, 2" (0, ) Xi (2 (0, \)) (12)
=Y;(z*(o,N\)), i €{1,...,m}
for each t € [0,T], A € R", where the vector fields X; € R", Y; € R"! are defined in (6)
with X;,Y; € C}(D). Using (11) we rewrite (12) as an equation expressing the partial
derivative 0y, y' (o, @ (0, \)) along = = #%(o, A)) and we get

Oy (0,2 (0, \)) = Fy(2(0, M), 9" (0, A), 0up' (0, 2% (0, M), i € {1,...,m} (13)

where the vector function F; € R"*! is obtained from the original g; as follows:

Fi($7y,ax ) _ gi($7y) (14)

[amgz + paugz + (aazp)apgl] ($7 y) d:ef Hz (fE, Y, aa:p)

Using the diffeomorphism application S(o)(zg) of zo € B(0, p1) X R™ appearing in (8) we
may and do write y*(o,z) as a diffeomorphism mapping of yf (o, ) dof yo(t,v'(o,z)) as is
shown in the following direct computations.

def , A 3

Write 2*(0, 2) € S(0)(z5(X) = (5(, 1), #(9, 1)) £ (Glo X;wo(t. V). (0 0(t, A); M)
for any zf()\) &of (yo(t, A), A) € B(0,p1) x R™ and find A = ¥'(0, z) as the unique solu-

tion of the equation j(a, Yyo(t,A\); \) = x, for 0 € B(0,p), t € [0,T], x € R". We may
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and do replace the equation .J (0,90(t, A); \) = = by an integral equation with respect to
the unknown \. The associated integral equation is obtained using J (Oo,yo(t, \); A) =
c(0,0,t,\) for 6 € [0,1] and

c—ZUZZ (Oa, N)), c(0) = A\

The equation j(a, yo(t, A\); A) = x is converted into ¢(1, 0,t, A) = = and we get the follow-

m 1
/\—I—Zai/ Xi(2'(s0,N\))ds =
i=1 0

for the unknown \. Here the standard procedure of taking iterations will lead us to the
unique solution A\ = ¢'(o, z) for each x € R" provided o € B(0,5) C D,,, and p > 0 is

sufficiently small. Denote y{ (o, ) o yo(t, 9" (o, x)) and we get

yt(o-7$) = G(O‘, wt(@x); y6(0-7 x)) (15)

ing integral equation

where a—(a, A;yo) is a (n+ 1) x (n + 1) nonsingular matrix.
Yo

In addition, y = (o, z) and A = ¢*(0, x) are continuously differentiable with respect
to t € (0,T] provided yo(t, A) exhibits the same smoothness. The mapping y'(c,x) is
first order continuously differentiable with respect to t € [t',t"] C (0,T] and second order
continuously differentiable with respect to (o, x).

Define the exit time of the ball 7(w) : © — [0,7] such that

o(t)y=w(tAT)e B(0,p) C D,,, foranyt e [0,T] (16)
and write

?j(tvx) = yt(a(t)7$)7:g(t7 /\) = ?)t(o-(t)? /\)7i(t7 /\) - it(o-(t)7 /\) (17)

Let x,(t) be the characteristic function of 7, i.e.

() = (18)

1 form>t tel0,T]
0 forr7<t

Using a smooth approximation of the Wiener process w(t), t € [0,7] we get a stochastic
differential of (¢, z) along x = &(t, \), say D,y(t,z(t,\)) as follows

o 0 . .
Dyy(t,z(t,N)) = dig(t, \) — ai( Lt N))dez(t, N) (19)
and on the other hand we have

t

Dyy(t, z(t, N)) :%—yt(a(t),i(t, A))dt

+ Z Xr (O Fi(2(t, A), (L, N), 0up(t, 2(t, ) O dw(t),
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for any ¢t € [t',¢"] C (0,T], where §(t, \) = g(t, z(t,\)) is used.

The stochastic differential equation (1) is fulfilled for v = a(¢,z) along = = z(t, \)
adding x.(t) in the diffusion part of (1) and provided y = g(¢, z) Lof (u(t,z),p(t,x)) =
(u(t,x), 0,u(t, x)) satisfies (0, x) = 0 and

Deii(t, (6, N)) =[Au(t, &, X)) + F(t, (L, \), §(t, N), Du(t, (£, )] dt

Y G ORE0N). 00, 0550 0) Oditt) )

where Dyy(t,z(t,\)) is computed in (20). By abuse of notation we shall denote
Dyy(t,z(t, \)) = dyy(t, z(t, N)) for t € [t',t"] C (0,T].
Using (20) in (21) we get a parabolic equation

%?f(a(t),f?:(t, A) = Ayt (8, N) + F (6, 2(8A), (8 A), Dup(t, (8, N) - (22)

for t € [t/,¢"] C (0,T], A € R". Here F' € R™"! is obtained from the original f € R as

def f(t7$7y)

F(t,x,y,0.p) = (23)
(02 f + pOuf + (0xp)Op f1(t, 7, y)

Using ¢'(a, \) dof G(o, M\ 0(t, N)) and 3 (0, z) dof 9" (0,9 (0, x)) we compute explicitely

the derivatives appearing in (22) and we get

oy oy oy o
010200 5000+ GO NG00 .
=29 10,3900 220, + 2 o0 02 010, 0,0
0iy(t, z(t, \)) = g?i\t (o(t), o' (a(t), 2(t, M), i € {1,...,n}, (25)
. o -
ory(t,z(t,\)) =0; P L (t, @
3t 3(00) =0, | Diiausas 1.
= (?952 (o(t), /\> Onb(t, & (t, \)), (¢, i (t, /\))] (26)
- g—it(a(t), A) - O2(t, &(t, N).
where O(t,2) & (o (t), ) and g—f(t,@(t, A) - %g;’ N

It is easily seen that

W o). 122 (a0, Aot ) - Ot ) + (), Kol )
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allows one to write

oG - (82y0(t, A)

Ax:lj(t,i(t, /\)) :_(O(t)7/\;y0(t7 /\))Z O\2 ai’(ﬁ(tvi(tv /\))781"(;(757%(757 /\))>

Using (22) we get the following PDE for yo(t, A)

.0 =3 (S0 A00,5(0,0), 000540,

_ote(t),2(t,\) ] (27)
ot

£ Rolo(8), M ot A), Shgo(t, V) [Am,f:(m 3
+ FO(tv U(t)7 i(tv /\)7 yO(tv /\)7 aAyO(tv /\))

for any t € [t',t"] C (0,T], A € R", with yo(0, A\) = 0. Here Fj is a Lipschitz continuous
function of yg, 0;yo € B(0, p1) uniformly with respect to (t,o,x) € [0,7] x B(0,p) x R™.
e a j .
Assuming that the vector fields —X;(z) dof %(9&, u,p) are constant, i.e. X;(2) =b; €
p

R™ j€{1,...,n}, then a direct computation leads us to the following equations

BN = A+ bjwi(tAT), Y(t,) =2 — Y baw(tAT) =1(o(t),)

j=1 j=1

O(t,x) =e;, i € {1,...,n}, and Agah(t, &(t,\)) = 0.

(28)

The solution of the parabolic system in (27) under the additional hypothesis
X;(z) =b; € R", j € {1,...,m}, is found solving the following integral equations

Yo(t,A) = /Ot {/n Fo(s,0(s),2(s, 1), yo(s, 1), Ouyo(s, 1)) P(t — s, A,u)du} ds

t
Ontt, ) = [ [ [ Fuls, (51,205, 1, Bt )P — 5, A,mdu] ds
o L/Rrr
(29)
for t € [0,a], A € R", 0 < a < T, where P(7,z,y), 7 > 0, is the fundamental solution of
the parabolic equation

0. P(t,z,y) = A P(1,x,y), for any 7 > 0,2,y € R"
The analysis given above is summarized in the following

Lemma 2.1. Let f, g; be given such that the hypothesis (4) is fulfilled. Assume the vector
e a j
fields {Z1(2), ..., Zu(2)} defined in (6) are commuting and X;(z) &f —%(Z) =b; € R",

j€{1l,...,m}. Then there exists a local pathwise solution fulfilling stochastic PDE (1)
along z = Z(t,\) given in (28) i.e. there exists an F;-adapted and continuous process
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g(t,z) : [0,a] x R™ — R™! which is second order continuously differentiable with respect
to x € R™ for each ¢ € (0, a] such that (0,z) =0, y(¢t,z(¢t,\)) = y(t, A) and

dt?j(tvj(tv /\)) = [Aa:g(tvi(tv /\)) + ( (t /\) (t /\) axﬁ(tvi(tv/\)))] dt

+ Z Xr () F (2, A), §(t, A), 0op(L, (8, X)) O dwy(t)

for t € (0, a, where §(t,z) = (u(t,z), d,u(t, x))

Remark 2.2. If the original functions g;(z,y) = gi(p), p € R", i € {1,...,m}, then
{Z1(2),... Zn(2)} commute. O

Remark 2.3. Generally, the vector fields {Z1(z),..., Z,u(2), z € D} are not commut-
ing and the basic gradient system in (7) is not solvable by the explicit solution given
in (8). Assuming that the real Lie algebra L(Zi,...,Z,) C C*®(D; R*™™) determined
by {Z1,...Z,} is finite dimensional, there is an extended gradient system associated with
(7) for which the explicit solution is written as an orbit of L(Zy,...Z,,) and it allows one
to extend the computation contained in Lemma 2.1 to include the noncommuting case.
O

Using the same notations as above we replace the hypothesis (4) with the following
one

([ €C(0,T];C5(D)), g; € CG°(D), i € {1,...,m},
and L(Zy, ..., Zy) C C™(D;R*"1) is finite dimensional,

i.e. there exists a system of generators {Z1,..., Zn, Zmi1,---, Zy} C L
(30)

with M > m, such that any Z € L can be written Z(z Z a;jZi(z),z €D,

( where the real constants o; are depending on Z.

Remark 2.4. We notice that any linear functions of z of (u,p,x), gi(2) = a; + (b;, 2),
i € {1,...,m}, generate linear vector fields Z;(z), i € {1,...,m} of z € R* and the
corresponding Lie algebra L(Zy, ..., Z,,) is finite dimensional. O

Assuming the hypothesis (30) fulfilled, we choose an extended system of generators
{21, ... Zmy Zns1, - .- Zy} C L and define the following orbit in L.

2o, A) = Sy(t) 0. .. 0 Sy(tar)(z5(\), (31)
where o = (t1,...,ty) € Dar, Do € T (—aj,a5), 25(0) = (yo(t, \), A) € B(0, p1) X
R, yo(t, \) 2 (h(t,\), Oxh(t,\)). Here S;(7)(z0) with T € (—a;,a;), 20 € B(0, p1) X

R”, is the local flow generated by the smooth vector field Z;, j € {1,...,M}. Tt is a
matter of a finite dimensional Lie algebra to get some smooth vector fields {q,...,qu} C
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C*(Dyr; R™) (they are analytic functions) such that (see [4], Th.2, p.31)

g_i(a, /\) . Qj(O') = Zj(zt(O', /\))7 ] € {17 . '7M}7 Zt(()? /\) d:ef Zé(/\) (32)

for each t € [0,T], A € R™.

In addition, the real Lie algebra L(q,...q,) determined by the first m vector fields
{q1,...qn} is finite dimensional with {q,...,qa} as a fixed system of generators.

It shows that the fixed orbit of L defined in (31) is the solution for the extended
gradient system in (32). Write the vector fields Z;, j € {1,..., M} as

def (Yj(ac,y)\

Zi(y,x) = with Y; € R"" X, € R”, (33)
Xj($7y)

for y € B(0,p) C R"™ 2 € R™ and similarly
2o, M) = (§'(0,\), 2 (0, N\), o € B(0,5) C Dy, A€ R, t€[0,T]. (34)
Define a smooth mapping (o, x) : B(0,p) X R™ — R™ such that
(o, (oa) =7, 90,50, N)) = A (35)

for each t € [0, 7], and the smooth mapping

y'(o,2) £ §'(0.9'(0,2), 0 € B(0,5) C Dy, x €R", (36)
fulfills y'(o, z) = (u'(o, z), p'(0,x)) with p'(o, x) = d,u'(0, ) and it will be the solution
for the following Hamilton - Jacobi gradient system

oyt oyt

%(07 x)qj(a) + %(07 x) ’ Xj(xv yt(07 x)) = Y;(xv yt(07 x))
def .

y'(0,2) = yo(t, ) = (h(t,x),0.h(t,x)), j €{1,..., M}

(37)

for (t,x) € [0,T] x R® and o € B(0, p) C RM.

Lemma 2.5. Let the smooth functions g;(z,u,p), i € {1,...,m} be given such that
the hypothesis (30) is fulfilled. Consider the solution 2!(0,A) ¥ (4o, A), (s, \)) in
(31) associated with the gradient system in (32) and define y’(o,z) as in (36). Then

y'(o,x) = (u' (o, x), p' (0, x)) with p'(o,z) = O,u’(o, z) and

<gia(0, z), Qi(0)> = gi(z,y'(0, 7))
o' def o

55 (0 0)4i(0) = 0elgi(x,y' (0, )] = Hilx,y' (0, @), 0up' (0, 7))

y'(0,2) = yo(t,x) = (h(t,z),0.h(t,z)), i € {1,...,m}
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for o € B(0,p) CR™ x € R" t € [0,T], where yo(t, ), O;yo(t, ) € B(0, p1). In addition,
there exists a smooth diffeomorphism G(o, \; o), yo € B(0,p1) C R™™, p; = p/2, such
that

y'(0.2) = Glo, 0! (0,2)yb(o,2)), G € CA(D) (39)
def

where D = B(0,p) x R™ x B(0, p1), ys(o,z) = yo(t, (o, x)).

Proof. By hypothesis, the computations performed in (32)—(37) are valid and using (37)
for j € {1,...,m} we get p'(0,z) = d,u’(0, ) and the system (38) are fulfilled, recalling
that the vector fields, X, Y; are defined in (6) for j € {1,...,m}.

Using (35) we get y'(0; 2% (0, \)) = 9*(0, \) and relying on (31) one obtains

y'(o,2) = G(o,¥'(0,2); yy(o, ) (40)

where G(o, \; yo(t, \)) o 9'(o, A). The proof is complete. O

Remark 2.6. The smooth mapping ¢'(o,x), t € [t',t"] C (0, 7], fulfilling (35) is contin-
uously differentiable in the variable t provided yo(t, A) dof (h(t, ), Ox\h(t,\)) is smooth.
It can be easily seen writting the application (o, \) as 2'(o, \) = J(o, yo(t, A); A) where
the smooth mapping A = ¢*(0, z) in Lemma 2.5 is obtained as the unique solution of the

following algebraic equations

= J(U7 yo(t, ?Pt(@ z)); W(U, ).

According to the last equations we get a smooth mapping 1'(c,x) with respect to
t € [t',t"] provided yo(t,A) is continuously differentiable of (t,\) € [t/,¢"] x R™ and
as a consequence yf (o, x) dof yo(t, ¥ (o, x)) is continuously differentiable with respect to
t € [t',t"]. Here we use the same standard arguments as we did before for commuting
vector fields. [

Using the same elementary computation we get y*(o, z) defined in (40) as a continu-
ously differentiable mapping of t € [t/,¢"] C (0,T], o € B(0,p) C RM and z € R".

Remark 2.7. The next step is to find o = o(t), t € [0,7] as a continuous and F-
adapted process such that o(t) € B(0,5) C Dy C RM for any t € [0,T] and z(t,\) =
Gt N), 28, N) 2 S(0(8); 20(t,N) = (§4(a(t), A), 3t(o(t), \)) satisfies the following sto-

chastic differential equations

dii(t, ) = 3 X (B)YilE(E A), (8, ) O du(t) + %it(a(t), N
o ) (41)
(1, 0) = D2 X (X6, 2), 900 X)) O (1) + (o), A,

for t € [t',t"] C (0,T], where the diffeomorphism application S(o;zo) is defined in (31)
and the corresponding vector fields X, Y;, 7 € {1,..., M}, are given in (33). Here we
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use the characteristic function x,(t), t € [0, 7], of a stopping time 7(w) : Q — [0, T] taken
with respect to the given filtration {F;}1 such that the solution associated with

dyo = ZXT )gi(0) O dws(t), te€0,T], a(0) =0, (42)

for ¢;, j € {1,..., M}, defined in (32), verifies o(t) € B(0, p). Using (42) and §'(o, \) =
G(o, A; yo(t, /\)) (o, \) = J(o,yo(t, A); A) for some smooth mappings G and J we get
the equations (41) fulfilled, applying the stochastic rule of differentiation for the process
o=o0(t), y=yo(t,\) and using G and J. 0O

In addition, using the mapping y*(o, ) defined in Lemma 2.5 we get y*(o(t), Z(t, \)) =
def
of y(t,x) =

y(t, A) and it allows us to express the differential d,g(¢,z) along v = z(t, \)
y'(o(t),z) as dyy(t, 2(t, N)) = [diy' (o (1), x)]a=s@,n) and we get

Lemma 2.8. Let the hypothesis (30) be fulfilled and define (¢, x) &of y'(o(t), ),
2(t,\) = 2'(a(t), \), where §'(0), 2*(0, \) and y'(o, z) are defined in Lemma 2.5. Then
the continuous and Fi-adapted process (¢, x), t € [t',t"] C (0,T], satisfies the following

SDE dt?j(tvi(tv /\)) = dtﬂ(tv /\) B g_i(tvi(tv /\))dti‘(t? /\) where ?j(tv /\) = ?j(tvii(t? /\)) and

dij(t,#(8,0) = > XT(t)‘;—?i(a(t), (1, M) (o(t)) O dw;(t) + aa—?f(a(t), (t,\))dt

=§mij(t) Fi(2(t,N), §(t, N), 8up(t, #(t, N)) O duw,(t) (43)

oy’ )
+ E( o(t), z(t,\))dt

where the continuous process o = o(t) satisfies the equation (42) in Remark 2.7 and

(ot )

Fi($7y7a
Hy(z, y,é’mp)}

., 1e{l,....,m}.

Proof. By hypothesis, the properties given in Lemma 2.5 hold true and we get a continu-
ously differentiable mapping (o, ) dof 9 (o, ¢ (o, 2)), for t € [t',¢"] < (0,T],
o € B(0,p) C Dy € RM z € R"™ such that g(t,2(t,\)) = §(t,\). Using a smooth
approximation of the Wiener process w(t), t € [0,7], and the Hamilton-Jacobi gradient
system in (37) we get the conclusion. The proof is complete. O

Remark 2.9. Using §'(0,\) = G(o,\;yo(t,N)) and zf(o,\) = J(o,y0(t,\); \) as in
Remark 2.7 we are looking for yo(¢,\) such that

dig(t, &t N)) =[Axg (L, &t A)) + F (&2 A), 9t A), 0up(t, &(t, A)))]dt

£ 3G OREEN, 062,000,850, 0) Oduy(t) Y
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where
/ f(t,z,y)
k[é’mf + pOuf + (0:p)0p f](t, x, y)

F(t,z,y,0p) &

) O (45)

3 Main results

Let f(t,z,u,p), gi(z,u,p), i € {1,...,m} be given such that the hypothesis (30) is

fulfilled for t € [0,T], z € R™, y & (u, p) € B(0, p) C R™! with p > 0 fixed. Consider the

original SPDE (1) and associate the following extended SPDE for the unknown y(¢, z) dof

(u(t,x), Oyu(t,x))
dey(t, ) =[Ay(t, @) + F(t,z,y(t, ), 0py(t, x))|dt

+ Z Xr (O Fi(z,y(t,2), 0oy (L, ) O dwi(t), t € (0,T] (46)

l y(0,z) =0, z € R"

where F, F; € R"! are defined by f and g; correspondingly

def f(t,fE,y)

F(tvxvi%axy) =
[0 f + pOuf + (0up)Op f](t, 7, y)
(47)

def gz(xvy)

Fz(x7y7am): 7i€{17"'7m}
0:9: + pOugi + (0:p)Opgil(, y)

and 7 : Q — [0,T] is a stopping time with respect to the given filtration {F;}1, i.e.
{r>t}eF, tel0,T].

Definition 3.1. We say that y(¢t,z) = (u(t,z),p(t,x)) € R"" t € [0,a],a < T, x € R"
is a solution for (46) along x = 2 (¢, \) if p(t,x) = d,u(t,z), y(t,x) € B(0,p) C R" and
y(t, z(t, N)) = y(t,\) such that

(i) y(t,x), t € [0,qa], is a continuous and F-adapted process for each x € R and is

of O
continuously differentiable with respect to x such that 0;y(¢, ) & 8y (t,z) € B(0,p)
i

is a continuous process for t € [0,al, i € {1,...,n};

(ii) y(¢, ) issecond order continuously differentiable with respect to x € R™ and A,y(¢, x)
is a continuous and F;-adapted process for any t € (0, a;

(iii) there exists a stopping time 7 :  — [0,7] such that SPDE (46) is fulfilled along

)
© = &(t,\) ie. it holds duy(t, #(t, \)) = dyij(t, \) ay (t,&(t,\)) - dyi(t, \) and

T

dey(t, (1, A) = [Aay(t, 2(1,A)) + F (& 2(8A), §(L, A), Oup(t, &, N))] dt

+ Z Xr (O E (2, X), 4t A), Oup(t, &(E, X)) O dwi(t) )
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for any t € [t',t"] C (0,a], A € R", where the continuous processes Z(t, \) and (¢, \)
are defined by (41) in Remark 2.7. O

A solution for SPDE (46) along x = 2(¢, \) is constructed using the continuous pro-
cesses y = y(t,\), x = z(t,\) fulfilling the stochastic differential equations given in
Remark 2.7, and by definition (¢, \) & G(a(t), A); yo(t, \)), (£, A) = J(a(t), yo(t, A); N,
where the continuous process o = o(t), t € [0, T, satisfies the following SDE

dtJ—ZXT )q;(0) © dw;(t), t € [0,T], o(0) = 0. (49)

Here the smooth vector fields ¢; € R™, j € {1,..., M}, are given in (32) and the
diffeomorphism mappings y = G(o,\;y0) € B(0,p), x = J(o,yp; A) for (o, A, y0) €
B(0, 5) x R" x B(0, p1), pr = g, are defined in Lemma 2.5.

We choose yo(t,A) = & (h(t,\),0\h(t,\)) as a smooth function fulfilling yo(t, \),

diyo(t, \) € B(0, p1), for t € [0,T], A € R™, and define A\ = ¢'(0, z), (0,2) € B(0,p) x R",
t € [0, 7], as the unique solution fulfilling J(o, yo(t, A\); \) = x.

Define the smooth function y*(o, x) = G(o, V' (0, x); y5 (0, 2)), yi(o, x) o yo(t, ¥ (o, x)),
for (o,z,t) € B(0,p) x R™ x [0,7], as in Lemma 2.8 and write

it z) = y'(o(t),z), §'(0, A) = G(o, A yo(t, \)) (50)

fort €[0,7], z € R", A€ R", o € B(0,p) C RM, where o = o(t) satisfies SDE (49).

Theorem 3.2. Let f, g;, i € {1,...,m}, be given such that the hypothesis (30) is
fulfilled and 0,¢;(z,u,p) = b; € R", i € {1,...,m}, are constant vectors. Then the
mapping y = §(t,z), t € [0,a], z € R", defined in (50) is a solution of s.p.d.e. (46) along
x = (t, \) provided y = yo(t, A) is a solution of the following parabolic equation

{ atyO(ta /\) = A)\yO(tv /\) + FO(ta /\7 yO(tv /\)7 a)\yO(tv /\))7 vt € (07 CL],

o1
Yo(0,A) =0, A € R", (51)

where Fy(t, A\, yo, O\yo) is obtained as a continuous function performing the computations
(53)—(58) given below.

Proof. By hypotheses, the properties stipulated in Lemma 2.8 hold true for y = g(t, z)
and (9'(a,\), 2% (0, \)) = & 2'(o, \) defined in Lemma 2.5 as smooth mappings §'(c, \) =
G(a; A yo(t; A)), At(U A) = J(o,50(t,A); A). By definition §j(t, x) = §*(o(t), 9" (o(t), 2)),
(o (t),z(t,\)) = A, and g(t,x) is a solution for SPDE (46) along x = &(¢, \) provided
7(0,x) o yo(0, ) = 07 x € R", and

oy 0y oy’

— =A
00, 2) + 20 (1), 1) o (o), (1, 1) =Dih, (1, 1)
+ (2 A), 9(EA), 0up(L, £(t, A)))
(52)
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for any ¢t € (0,a], A € R™.
By a direct computation we get

2 o0):3) = S0 Asaolt: X)) (53)
Jy 97" t oy’
Dit,0) = 2 o(0), 04 (0 (1), 2) 2 (o (1), 2 (54)
and (1, 7) = Y4 (0(t),2) =z — L7 bjw;(t A 7).
As a consequence, it follows
awt . awt ath
S (0,308 = 0. Toot).) = B Thrlolt). ) - (55)
for any i € {1,...,n}, and
82~ 82 Nt ag . ag)t
T N) = T, ). GH6(.0) = Fr(e(). ). (56)
Using .
ot A) = S0 Asaolt \)hanlt. ) + S0, Xt ) (57
and
T (o0.0) =5 (0) Aol )t )
#2558 (1) Aol ))Ouolt. ) + o) Al Y) (59
|0 st X)Dn(0. ). O )
we rewrite PDE (52) as in (51) and the proof is complete. O

Definition 3.3. We say that v = u(t,z) € R, t € [0,a], z € R", is a solution of SPDE
(1) along x = z(t, ) provided y(t, z) = (u(t, z), O,u(t, x)), t € [0,a], x € R, is a solution
of the extended SPDE (46) along z = z(¢t,\). O

Theorem 3.4. Let f, g; be given fulfilling the hypothesis (30) and 0,g;(x,u,p) =
b; € R" i € {1,...,m} are constant vectors. Let yo(t,\) = &of (h(t,A),O\h(t,\)) be
the unique solution fulfilling the associated PDE (51) given in Theorem 3.2. Define
g(t,x) = i (a(t),v(o(t), ), t € [0,a], = € R", where ¢ (o(t),x) = @ — 327 bjw;(t A ).
Then y(t,x) = (u(t,x),d,u(t,x)), t € [0,a], x € R", is a solution of SPDE (46) along
r=x(t,\) = &of (o ( ), A) and in particular, v = a(t,z), t € [0,a], v € R", is a solution of
SPDE (1) along x = 2(t, \).

Proof. By hypotheses, the conclusion of Theorem 3.2 holds true and associate PDE (51)
for the unknown yo(t,\) = (h(t,\), Or\h(t,\)) € R*™L ¢ € [0, al.
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The parabolic system in (51) is solved using the associated integral equations for the
unknowns yo(t, \), O\yo(t, A) via the fundamental solution of a linear parabolic equation

O.P(1, A\, n) = A\P(T, A\, i), 7> 0, \,u€R" (59)

Let (9'(o,\),2"(0,\)) = 2z'(0,\) be the solution given in Lemma 2.5 and define
g(t,x) = 9 (a(t),v(o(t),z)), t € [0,a], * € R™ where ¢ = o(t) satisfies the SDE

dio(t) = 20 xr(H)gi(o(t)) O dwy(t), t € [0,T], o(0) = 0 given in the Remark 2.7.
Applying Theorem 3.2 we get the conclusion. The proof is complete. |
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