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1 Introduction

The aim of this paper is to give versions of the uniformization and rectilinearization the-

orems due to H. Hironaka [5] (see also E. Bierstone and P. Milman ([1]) and Parusi¶nski

([8])), for a larger class of sets which we call K-subanalytic. They can be described

by compositions of globally subanalytic functions and power functions jxj¸ with ¸ 2 K ,

where K is a given sub¯eld of the ¯eld of real numbers R. This class of sets was earlier

studied by J.-Cl. Tougeron ([11]) and by L. van den Dries and C. Miller (for exam-

ple [3, 7]). In 1997, J.-M. Lion and J.-P. Rolin in a paper [6] gave an explicit formula

for a globally subanalytic function using analytic functions and operations of division

and taking roots. This theorem, called the preparation theorem for subanalytic func-

tions is similar to the Weierstrass preparation theorem, and appeared in less explicit

form in a paper of A. Parusi¶nski [9]. Lion and Rolin also give a preparation theorem

for K-subanalytic functions (called by them x¸-functions) and logarithmico-exponential

functions (LE-functions). All these preparation theorems give more exact descriptions

of de¯nable functions in the corresponding o-minimal structures, and do not use model
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theory.

We use the Lion-Rolin formula for K-subanalytic functions, and get uniformization

and rectilinearization for K-subanalytic functions and sets. This gives a partial answer

to a problem formulated by L. van den Dries and C. Miller in [4].

The main results for the K-subanalytic case are Theorem 4.7 and Theorem 4.8. In the

subanalytic case parallel reasoning gives versions of standard uniformization and rectili-

nearization theorems (see Theorem 5.1 and Theorem 5.2). In particular, we get a version

of the characterization of subanalytic continuous functions obtained by A. Parusi¶nski

(Theorem 2.7 in [8]; see also Lemma 5.3 in E. Bierstone and P. Milman [1], which follows

from uniformization). We do not use equidimensionality as Parusi¶nski does, but admit

taking powers in several stages. (An interested reader could also look at Parusi¶nski’s

exposition [10].)

We give our setting of cylinders and cells in Chapter 2. Chapter 3 gives corollaries of

the Lion-Rolin preparation theorem. In Chapter 4, we introduce K-subanalytic modi¯-

cations, and give lemmas and statements of the main results. Chapter 5 gives analogous

theorems for the subanalytic case.

This paper is a rewritten version of my earlier preprint \Rectilinearization and uni-

formization of k-subanalytic sets and functions".

2 Basic notions

2.1 General notation

Let X be any set. Functions f; g : X ! R will be called equivalent (notation: f ¹ g)

on X , when there exists a constant M > 0 such that for x 2 X M¡1 ¢ jf (x)j µ jg(x)j µ
M ¢ jf(x)j. A unit is a function equivalent to the constant function 1.

For Z » Rn, we consider the regular part of Z (denoted reg Z) which is, by de¯nition,

the set of these points of Z where Z is a (topological) manifold. The characteristic

function of Z is de¯ned as 1 on Z , and 0 on the complement of Z . A compact box is a

cartesian product of closed nonempty intervals (possibly degenerated to a point) in R.

By P we denote the real projective line, which is assumed to contain R.

Denote Dn = ( ¡ 1; 1)n for n 2 N, and if 0 µ k < n identify Dk with Dk £ f0gn¡k.

2.2 Cylinders and cells

Let X be any set and let F be a ¯nite family of real functions on X . An F -set is any

subset of X of the form

E =

k[

i=1

l\

j=1

Eij; (k; l 2 N)

where Eij = fx 2 X jgij(x) = 0g or Eij = fx 2 X jgij(x) > 0g or Eij = fx 2 X jgij(x) < 0g
and gij 2 F . Notice that F -sets form a Boolean algebra.

A set C » X £ R is called an F -cylinder when it is of the form
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(1) C = f(x; y) 2 B £ Rj g1(x) < y < g2(x)g, where B is an F -set in X and g1; g2 2
F [ f¡ 1gX [ f+1gX , with g1(x) < g2(x) for every x 2 B,

or

(2) C = f(x; y) 2 B £ Rj y = g(x)g, where B is an F -set in X and g 2 F .

Then B is called the base of C and the functions g1; g2 (or the function g) are called

the generating functions of the cylinder C .

Now assume that for every n 2 N we have a family An of functions from Rn into R.

Denote A =
S1

n=0 A.

An A-cell (more precisely: An-cell) in Rn+1 is an An-cylinder C whose base C 0 is an

An¡1-cell in Rn. (f0g is A¡1-cell in R0, where A¡1 = ;.)

Every A-cell C » Rn+1 is associated with a sequence of cells C = C n+1; C 0 = C n; : : : ; C 0

where C j is an Aj¡1-cell in Rj (j = n + 1; : : : ; 0) and

(1) C j+1 = f(x1; : : : ; xj+1) 2 C j £Rj tj+1;1(x1; : : : ; xj) < xj+1 < tj+1;2(x1; : : : ; xj)g; where

tj+1;1 < tj+1;2 on C j;

or

(2) C j+1 = f(x1; : : : ; xj+1) 2 C j £Rj tj+1;1(x1; : : : ; xj) = xj+1 = tj+1;2(x1; : : : ; xj)g; where

tj+1;1 = tj+1;2 on C j;

with tj+1;i 2 Aj [ f¡ 1gRj [ f+1gRj

(i = 1; 2), and tj+1;i ² ¡ 1 or tj+1;i ² +1 can

hold only in the case (1).

The sequence ftj;igi=1;2
j=1;:::;n+1 is called the sequence of generating functions of the cell C .

We say that C is full-dimensional when C 0 is full-dimensional and C is of the form (1).

The cell f0g is full-dimensional in R0.

We say that C is an analytic cell, when each of the functions ftj;ijC j¡1gi=1;2
j=1;:::;n+1 is a

restriction of some analytic function in an open neighbourhood of C j¡1 » Rn¡1 (or, equiv-

alently, its sequence of generating functions consists of analytic functions on respective

bases as submanifolds).

3 K-subanalytic reduction

3.1 K-subanalytic sets and functions

We call a mapping g : Rn ¼ U ! Rm globally subanalytic if its graph is a subanalytic

subset of the ambient Pn £Pm or, equivalently, the graph of g is de¯nable in the structure

Ran (see [2]).

For totally de¯ned functions, we denote

SAN n = ff : Rn ! Rj f is globally subanalyticg;

and

SAN =
[

n2N

SAN n:
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For every ¸ 2 R, we de¯ne a function

j ¢ j¸ : R 3 x 7!

8
>>>><

>>>>:

1; x = 0; ¸ = 0

0; x = 0; ¸ 6= 0

jxj¸; x 6= 0:

Notice that for ¸ ¶ 0 the function j ¢ j¸ is continuous, and if ¸ > p 2 N, then j ¢ j¸ is of

class Cp. If x 2 Rn and ¸ 2 Rn, then jxj¸ denotes jx1j¸1 ¢ : : : ¢ jxnj¸n .

Let K be a ¯xed sub¯eld of the real ¯eld R. We put

PSK
n = ff : Rn ! Rj f is a composition of functions from SAN

and functions of the form jxj¸(¸ 2 K)g:

Here we allow combinations and functions of any arity to appear in our compositions.

We will assume that PSK
n » PSK

n+1 treating functions from PSK
n as independent on

the last variable. Subsets of Rn which are PSK
n -sets will be also called K-subanalytic.

Mappings will be called K-subanalytic if their graphs are K-subanalytic sets.

We adopt the following notation: K+ = f¸ 2 K j¸ ¶ 0g and K¤
+ = f¸ 2 K j¸ > 0g.

3.2 Preparation on cylinders

Let E » Rn
x £ R1

y be a PSK
n+1-set.

A reducing system R on E is a system of data R = (µ; fÁ1; : : : ; Ásg; a; b; f¸igr
i=1,

f ~̧
kgq

k=1), where s; q; r 2 N¤, µ; Á1; : : : ; Ás; a; b 2 PSK
n , ¸i; ~̧

k 2 K¤
+ and for (x; y) 2 E the

following conditions hold:

(i) y ¡ µ(x) 6= 0 6= a(x); functions y ¡ µ(x); a(x); b(x) are of constant sign,

(ii) if µ(x) 6² 0; then y ¹ µ(x);

(iii) the mapping Ã(x; y) = (Á1(x); : : : ; Ás(x); j y¡µ(x)
a(x)

j¸1 ; : : : ; j y¡µ(x)
a(x)

j¸r ; j b(x)
y¡µ(x)

j~̧1 ; : : : ;

j b(x)
y¡µ(x)

j~̧q ) is bounded.

The mapping Ã(x; y) is called the reducing morphism of R.

A ¯nite family of functions ffºgº » PSK
n+1 will be called R-reducible on E, when

every function fº has on E the form (called R-reduction)

(?) fº(x; y) = jy ¡ µ(x)j°̧ ¢ Aº(x) ¢ Vº(Ã(x; y));

where °º 2 K , Vº is an analytic, nonvanishing function of constant sign on some neigh-

bourhood of the set Ã(E) » Rs+r+q, and Aº 2 PSK
n with Aº(x) ² 0 or Aº(x) 6= 0 on E.

(Thus also fº ² 0 or fº 6= 0 on E.)

The Lion-Rolin preparation theorem can be restated as follows:

Theorem 3.1 (Lion-Rolin [6]). For a ¯nite family of functions ffºgº » PSK
n+1, there

exists a ¯nite family f(C®; R®)g®, where:

(1) fC®g® is a decomposition of Rn+1 into PSK
n -cylinders, and R® is a reducing system

on C®,
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(2) the family ffºgº is R®-reducible on C®.

Remarks.

(1) This statement is a little stronger than the statement in [6]. We have decompositions

not coverings, get only one a(x) and only one b(x) by extracting new functions Ái(x),

and can take subdivisions to obtain constant signs and boundedness of the reducing

morphisms. By a careful proof of the theorem, we also have condition (ii).

(2) We can additionally have the cylinders compatible with a given ¯nite family of

PSK
n+1-sets by adding the characteristic functions of these sets to the considered

family of functions.

(3) By the above theorem, a projection of a K-subanalytic set is K-subanalytic. More

generally: K-subanalytic sets are closed under ¯rst order de¯nability, and are exactly

the class of de¯nable sets in the structure RK
an considered by L. van den Dries and

C. Miller in [3], [4], [7].

(4) We also get

PSK
n = ff : Rn ! Rj f is K-subanalyticg;

i.e. the class of functions on Rn de¯nable in the structure RK
an.

(5) Q-subanalytic sets and functions in Rn are exactly globally subanalytic sets and

functions.

3.3 Cells with reducers

A reducer R on C , where C is a PSK-cell in Rn+1, is a sequence R = (R1; : : : ; Rn+1),

where Rj is a reducing system on C j » Rj.

For a reducer R on C with

Rj = (µj ; fÁj;1; : : : ; Áj;sj
g; aj; bj; f¸j;ig

rj

i=1; f~̧
j;kgqj

k=1); j = 1; : : : ; n + 1;

we say that a ¯nite family of K-subanalytic functions ffºgº de¯ned on C is R-reducible

on C when the following two conditions hold:

(1) ffºgº is Rn+1-reducible on C :

fº(x; y) = jy ¡ µn+1(x)j°̧ ¢ Aº(x) ¢

¢Vº(Án+1;1(x); : : : ; Án+1;sn + 1 (x); jy ¡ µn+1(x)

an+1(x)
j¸n + 1;1 ; : : : ;

jy ¡ µn+1(x)

an+1(x)
j¸n + 1;r ; j bn+1(x)

y ¡ µn+1(x)
j~̧

n + 1;1 ; : : : ; j bn+1(x)

y ¡ µn+1(x)
j~̧

n + 1;q );

(2) the family fµn+1; Án+1;1; : : : ; Án+1;sn + 1 ; an+1; bn+1g [ fAºgº is (R1; : : : ; Rn)-reducible

on C n. (Constant functions on R0 are reducible.)

A cell with a reducer in Rn+1 is a pair ( C ; R), where C is a PSK
n+1-cell, and R is a

reducer on C such that for j = 1; : : : ; n the family ftj+1;1; tj+1;2g is (R1; : : : ; Rj)-reducible

on C j. We say that a ¯nite family ffºgº (de¯ned at least on C ) is reducible on ( C ; R),

when it is R-reducible on C .
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The following proposition gives a kind of \partial desingularization".

Proposition 3.2. For a ¯nite family ffºgº of K-subanalytic functions reducible on a

cell with a reducer ( C ; R) in Rn+1, there exist: an open neighbourhood U of the cell C
and a K-subanalytic and analytic isomorphism ­ : U 3 z 7! ~z 2 ~U of open sets in Rn+1

such that ~U » (0; +1)n+1 and for every º

¡
fº ¯ ­ ¡1j ­ (K)

¢
(~z1; : : : ; ~zn+1) = j~zj°̧ ¢ hº(~z);

where °º 2 Kn+1, hº are zeroes or analytic and K-subanalytic units on ~U . Thus ffº j C g
are restrictions of analytic functions on U .

Proof. This goes by a straightforward induction on n due to the possibility of making

an analytic and K-subanalytic shift ~zn+1 = jzn+1 ¡ µ(~z1; : : : ; ~zn)j, where µ(~z1; : : : ; ~zn) is

already analytic. h

Corollary 3.3. If ( C ; R) is a cell with a reducer, then C is an analytic cell.

Applying Theorem 3.1 recursively, we get the following

Corollary 3.4. Let E » Rn+1 be a K-subanalytic set, and ffºgº a ¯nite family of K-

subanalytic functions de¯ned on E. Then there exists a ¯nite family of cells with reducers

f( C ®; R®)g® such that fC ®g® form a decomposition of E and the family ffºgº is reducible

on every ( C ®; R®).

If the family ffºgº is already R-reducible on E with some reducing system R, then

we can additionally get R = Rn+1
® for every ®.

Applying this to the characteristic functions of K-subanalytic sets, we get

Corollary 3.5 (Miller [7], van den Dries and Miller [4]). The class of K-subanalytic

sets admit analytic cell decomposition and (¯nite) analytic strati¯cation.

4 Rectilinearization and uniformization

4.1 Modi¯cations

A function V : U ! R, where U is a K-subanalytic open set in Rn, will be called

K-analytic if it is of the form V (x) = ~V (£(x)), where £(x) = (x1; : : : ; xn; jx¾(1)j¸1 ;

: : : ; jx¾(m)j¸m ), for some m 2 N, some sequence ¾ : f1; : : : ; mg ! f1; : : : ; ng, ¸i 2 K¤
+ (i =

1; : : : ; m), and ~V an analytic and globally subanalytic function in some neighbourhood

of £(U) » Rn+m .

Remark. K-analytic functions are continuous, analytic outside of fx 2 Rnj x1 ¢ : : : ¢ xn =

0g, and if all ¸i > p 2 N¤ then they are of class Cp.
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Example. The function z(x; y) = jjxj¼ + yj¼ is a composition of R-analytic functions

which is not R-analytic.

A mapping ­ : Rn ¼ A ! B » Rm(m; n 2 N) will be called K-analytic if its

coordinates are K-analytic functions.

A K-analytic isomorphism is a bijective mapping which is K-analytic together with

its inverse. K-analytic isomorphisms are K-subanalytic homeomorphisms of open sets.

A K-power mapping is any composition of mappings of the form

Pi : Rn 3 (x1; : : : ; xn) 7! (x1; : : : ; jxij°; : : : ; xn) 2 Rn;

where ° 2 K¤
+.

A K-analytic function is called a K-normal crossing if it is a product of a monomial

with exponents from K+ and a K-analytic unit. A mapping is called a K-normal crossing

if all its coordinates are K-normal crossings.

We will use the notion of a blowing-up in the most standard sense: any mappping of

the form

Bi;j : Rn 3 (x1; : : : ; xi; : : : ; xj ; : : : ; xn) 7! (x1; : : : ; xi; : : : ;
(j)

xj ¢ xi; : : : ; xn) 2 Rn;

where n ¶ 2, 1 µ i; j µ n and i 6= j.

Remarks.

(1) A composition of K-normal crossings is a K-normal crossing. Substitution of a

K-normal crossing to a K-analytic mapping is a K-analytic mapping.

(2) If a quotient of (functions) K-normal crossings restricted to the regular part of a

compact box in Rn
+ is bounded, then the resulting function is a restriction of a

K-normal crossing.

A K-subanalytic modi¯cation is a mapping © : U ! Rn, where U » Rn is open and

K-subanalytic, and © is a composition of blowings-up, K-power mappings and K-analytic

isomorphisms.

Lemma 4.1. For every compact box K » Rn
+ of dimension k µ n there is a ¯nite family

of mappings m¹ : Dn ! Rn and L » Dk such that:

(1)
S

¹ m¹(Dk) =
S

¹ m¹(L) = K ,

(2) each m¹ is a composition of taking squares (x1; : : : ; xn) 7! (x2
1; : : : ; x2

n) and a linear

isomorphism.

Proof. As we can make cartesian products of m¹-s, it su±ces to consider the case n = 1,

when the proof is easy. h

4.2 Lemmas

In this chapter we choose and ¯x p 2 N. We consider pairs (E; ffºgº) where E is a

compact, K-subanalytic subset of Rn+1, and ffºgº is a ¯nite family of K-subanalytic

functions bounded on E. Such a pair will be called p-smooth if the following holds:
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there exists a ¯nite family of pairs (¼®; I®), where ¼® : N® ! Rn+1 (N® open in Rn+1)

is a K-subanalytic modi¯cation of class Cp, I® is a compact box in Rn+1
+ \ N®, such thatS

® ¼®(I®) = E and for all ®, º the function fº ¯ ¼®j reg I® is a restriction of a function
~fº;® : N® ! R, which is a K-normal crossing of class Cp, or the zero function.

Remarks.

a) Boxes I® do not have to be full-dimensional.

b) If each (Ei; ffºgº) is a p-smooth (i = 1; : : : ; k:) and E =
Sk

i=1 Ei, then (E; ffºgº) is

p-smooth.

c) By Remark (2) from chapter 4.1, we only need to show that nonzero functions ~fº;®

are quotients of K-normal crossings.

d) If fº0 is continuous on E, then, for every ®, ~fº0 ;®jI® = fº0 ¯ ¼®jI®.

Lemma 4.2. If n = 0, then every pair (E; ffºgº) is p-smooth.

Proof. We may assume that E = [t1; t2] (t1; t2 2 R) and ffºgº is reducible on (t1; t2):

fº(y) = jy ¡ µj°̧ ¢ Aº ¢ Vº(jy ¡ µj);

where °º 2 K ; µ; Aº 2 R; Vº is a K-analytic unit on an open interval containing Á(E) »
R, where Á : R 3 y 7! jy ¡ µj 2 R.

Let

¼ : R 3 y1 7! ² ¢ jy1jl + µ 2 R;

where ² = sgn ( 1
2
(t1 + t2) ¡ µ) and l is some su±ciently large positive even integer.

Put I = ~Á(E), where ~Á(y) = jÁ(y)j 1
l . Take an open interval W ¼ I such that every

Vº(j ¢ jl) is de¯ned on W .

Each fº ¯ ¼ is equal on the interior of I to a function

y1 7! jy1jl¢°̧ ¢ Aº ¢ Vº(jy1jl);

which is zero or a K-normal crossing of class Cp on W (for su±ciently large l), and ¼ is

a polynomial mapping. We take the family f((¼jW ); I)g. h

Lemma 4.3. If E is fat (i.e. E = int E), then (E; ffºgº) is p-smooth with full-

dimensional boxes I®.

Proof. We use induction on n. The case n = 0 was proved in Lemma 4.2. Let n > 0

and let us assume that the Lemma holds for n ¡ 1.

By Corollary 3.4 and Remark b) above, we can assume that E = C where ( C ; R) is a

full-dimensional cell with a reducer on which the family ffºgº is reducible. In particular,

on C , we have

fº(x; y) = jy ¡ µ(x)j°̧ Aº(x)Vº(Ã(x; y)), where

Ã(x; y) = (Á1(x); : : : ; Ás(x); jy ¡ µ(x)

a(x)
j¸1 ; : : : ; jy ¡ µ(x)

a(x)
j¸r ; j b(x)

y ¡ µ(x)
j~̧1 ; : : : ; j b(x)

y ¡ µ(x)
j~̧q ):
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Extracting some bounded functions as new functions Ái(x), we can assume that

a(x) = maxfjt1(x) ¡ µ(x)j; jt2(x) ¡ µ(x)jg;

b(x) = minfjt1(x) ¡ µ(x)j; jt2(x) ¡ µ(x)jg;

where t1 and t2 are functions generating the cylinder C . (We can assume that the number

of functions Ái(x) remains unchanged.)

Using again Corollary 3.4, we can assume that on C for each º either Aº or its

reciprocal is bounded, and denote this bounded function by A0
º .

Put b0(x) = a(x) ¡ b(x). Denote by fg¹g¹ the family

fa(x); b(x); b0(x); µ(x); Á1(x); : : : ; Ás(x)g [ fA0
º(x)gº

of bounded K-subanalytic functions on the basis C 0 of the cell C .

We use the induction assumption for ( C 0; fg¹g¹). There exists a ¯nite family of pairs

(©¯ ; J¯), where ©¯ : M¯ ! Rn (M¯ open in Rn) is a K-subanalytic modi¯cation of class

Cp, a J¯ is a full-dimensional box in Rn
+ \ M¯ , such that

S
¯ ©¯(J¯) = C 0 and for all ¯, ¹

the function g¹ ¯©¯ j reg J¯ is a restriction of a function ~g¹;¯ , which is zero or a K-normal

crossing of class Cp on M¯ .

The mappings ª¯ = ©¯ £ idR are K-subanalytic modi¯cations of class Cp. Let

L¯ = f(u; y) 2 ( int J¯) £ Rj (t1 ¯ ©¯)(u) < y < (t2 ¯ ©¯)(u)g. Then
S

¯ ª¯(L¯) = C , so

it su±ces to prove the Lemma for each pair (L¯; ffº ¯ ª¯gº). Fix ¯ (we will drop this

index).

Let J be the compact box [³1; ´1] £ : : : £ [³n; ´n] and J = fjj³j = 0g, KJ
+ = f° 2

Kn
+j °j 6= 0 ) j 2 J g. Set

~b(u) = l1(u)jujc1 ;

~a(u) = l2(u)jujc2 ;

~b0(u) = l3(u)jujc3 ;

where c1; c2; c3 2 KJ
+ , functions l2; l3 are K-analytic positive units on M , and so is l1 if

is not zero (in this case c1 = c2).

Set

C1 = f(u; y1) 2 ( int J) £ R+j ~b(u) < y1 < ~a(u)g

and ¼ : M £ R 3 (u; y1) 7! (u; ² ¢ y1 + ~µ(u)) 2 M £ R;

where ² = sgn ( 1
2
(t1(x) + t2(x)) ¡ µ(x)) for x 2 C 0 (does not depend on x).

Then ¼(C1) = L and

f̂º(u; y1) = (fº ¯ ª ¯ ¼j C1)(u; y1)

= jy1j°̧ ~Aº(u)Vº( ~Á1(u); : : : ; ~Ás(u); j y1

~a(x)
j¸1 ; : : : ; j y1

~a(x)
j¸r ; j

~b(x)

y1

j~̧1 ; : : : ; j
~b(x)

y1

j~̧q );

where

~Aº =

8
><

>:

~A0
º when A0

º = Aº

1
~A0

¸
when A0

º = 1
A̧

:
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By the induction assumption, ~Aº(u) = juj± ¸ hº(u) with ±º 2 KJ and hº = 0 or hº are

K-analytic units on M . Extracting the units from 1
~a
;~b as new functions ~Ái and joining

hº with Vº, we get

f̂º(u; y1) = jy1j°̧ juj± ¸ V̂º(u;
y1

jujc2
;
jujc1

y1

);

where V̂º are zeroes or K-analytic units. By boundedness of the function
~b(u)
~a(u)

on J , we

have c2 µ c1. Put

C2 = f(u; y2) 2 ( int J) £ Rj l1(u) jujc1¡c2 < y2 < l2(u)g

and

R1 : Rn+1 3 (u; y2) 7! (u; y2 ¢ jujc2 ) 2 Rn+1:

Then R1(C2) = C1 and

(f̂º ¯ R1j C2)(u; y2) = jy2j°̧ juj! ¸ V̂º(u; y2;
jujc1¡c2

y2

);

where !º = ±º + °º ¢ c2.

Case 1: ~b(u) 6= 0, c1 = c2.

Then y2 is a unit on C2 and l2 ¡ l1 = l3jujc3¡c2 (c3 ¶ c2).

Let us introduce the mappings

T : M £ R 3 (u; y3) 7! (u; y3 ¢ l3(u) + l1(u)) 2 M £ R

R2 : Rn+1 3 (u; y4) 7! (u; y4 ¢ jujc3¡c2 ) 2 Rn+1

and cells

C3 = f(u; y3) 2 ( int J) £ Rj 0 < y3 < jujc3¡c2 g
C4 = f(u; y4) 2 ( int J) £ Rj 0 < y4 < 1g:

Then T (C3) = C2, R2(C4) = C3 and

(f̂º ¯ R1 ¯ T ¯ R2j C4)(u; y4) = juj! ¸ jy2(u; y4)j°̧ V̂º(u; y2(u; y4);
1

y2

(u; y4)):

Each of the functions (V̂º(u; y2; 1
y2

))(u; y4) is zero or a K-analytic unit on a common open

K-subanalytic neighbourhood Ŵ of a set C4. Now we get the result by substituting a

K-power mapping with su±ciently large exponents.

Case 2: ~b(u) = 0.

Then V̂º does not depend on the last variable. Applying the mapping

T 0 : M £ R 3 (u; y3) 7! (u; y3 ¢ l2(u)) 2 M £ R
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we get

T 0(C3) = C2 and (f̂º ¯ R1 ¯ T 0)(u; y3) = jy3j°̧ juj! ¸ jl2(u)j°̧ ^̂
V º(u; y3)

for (u; y3) 2 C3 = ( int J) £ (0; 1), where
^̂
V º are zeroes or K-analityc units on a com-

mon open K-subanalytic neighbourhood Ŵ of a set C3. Here also we get the result by

substituting a K-power mapping with su±ciently large exponents.

Case 3: c1 6= c2 and ~b(u) 6= 0.

We put

C3 = f(u; y3) 2 int J £ R : jujc1¡c2 < y3 <
l2

l1
(u)g and

T 00 : M £ R 3 (u; y3) 7! (u; y3 ¢ l1(u)) 2 M £ R:

Then

T 00(C3) = C2 and (f̂º ¯ R1 ¯ T 00j C3)(u; y3) = jy3j°̧ juj! ¸ ^̂
V º(u; y3;

jujc1¡c2

y3
):

Making, if necessary, a decomposition of the cell C3, we can assume that j´jc1¡c2 < l2

l1
(u)

on C3 or else J = ;, what reduces the situation to Case 1.

Let 0 = ·0 < ·1 < : : : < ·k = c1 ¡ c2, where ·j 2 KJ
+ and ·j ¡ ·j¡1 = ½j ¢ ei(j), where

½j 2 K¤
+ and ei = (0; : : : ; 0; 1; 0; : : : ; 0) with 1 on the i-th place. We set

C3
0 = f(u; y3) 2 int J £ R : j´j·k < y3 <

l2
l1

(u)g

C3
j = f(u; y3) 2 int J £ R : j´j·k¡·j juj·j < y3 < j´j·k¡·j¡1 juj·j¡1 ; j = 1; : : : ; k:

It su±ces to prove the Lemma for each pair (C3
j ; ff̂º ¯ R1 ¯ T 00gº), j = 0; : : : ; k.

For j = 0, Case 1 holds.

For j = 1; : : : ; k, we put

C4
j = f(u; y4) 2 int J £ R : j´j·k ¡·j jui(j)j½j < y4 < j´j·k¡·j j´i(j)j½j g

R2 : Rn+1 3 (u; y4) 7! (u; y4 ¢ juj·j¡1 ) 2 Rn+1:

Then R2(C4
j ) = C3

j and

(f̂º ¯ R1 ¯ T 00 ¯ R2j C4
j )(u; y4) = jy4j°̧ juj!

0
¸ Hº(u; y4;

jui(j)j½j

y4
);

where !
0

º = !º + °º ¢ juj·j¡1 , Hº is zero or a K-analytic unit in a neighbourhood W of

the set Ã̂(C4
j ), where Ã̂(u; y4) = (u; y4;

jui(j) j » j

y4
). Moreover let

C5
j = f(u; y5) 2 int J £ R : jui(j)j½j < y5 < j´i(j)j½j g

T 000 : Rn+1 3 (u; y5) 7! (u; y5 ¢ j´j·k ¡·j ) 2 Rn+1:
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Then T 000(C5
j ) = C4

j . We can assume that i(j) = n. Set J 0 = [³1; ´1] £ : : : £ [³n¡1; ´n¡1]

and

Ĉ5
j = f(û; y5) 2 int J 0 £ R2j 0 < ûn < 1; 0 < y5 < ´ng

R̂ : Rn+1 3 (û; y5) 7! (û1; : : : ; ûn¡1; jûn ¢ y5j
1

» j ; y5) 2 Rn+1:

Then R̂(Ĉ5
j ) = C5

j and

(f̂º ¯ R1 ¯ T 00 ¯ R2 ¯ T 000 ¯ R̂j Ĉ5
j )(û; y5) = jy5jl

0
¸ jûj!

0
¸ H?

º (û1; : : : ; ûn¡1; jûn ¢ y5j
1

» j ; y5; ûn);

where l
0

º = °º + (!
0

º)n. Thus the above functions are of the form jẑj¾̧ Ĥº(ẑ), where

ẑ = (û; y5), ¾º 2 Kn+1, and every Ĥº is zero or a K-analytic unit in a common open

K-subanalytic neighbourhood Ŵ of the set Ĉ5
j . By substituting a K-power mapping with

su±ciently large exponents, the result follows. h

Lemma 4.4. For a bounded cell with a reducer ( C ; R) in Rn+1 with the functions t1; t2

generating C as a cylinder, if the pair ( C 0; ft1; t2g) is p-smooth, then for any ¯nite family

ffºgº of K-subanalytic functions bounded on C , the pair ( C ; ffºgº) is p-smooth.

Proof. By the assumption, there exists a ¯nite family of pairs (©¯ ; J¯), where ©¯ :

M¯ ! Rn is a K-subanalytic modi¯cation of class Cp, J¯ is a box in Rn
+ \ M¯ , such thatS

¯ ©¯(J¯) = C 0 and for each ¯ the functions ti ¯ ©¯ j reg J¯ (i = 1; 2) are restrictions of

functions ~ti;¯ that are zeroes or K-normal crossings of class Cp on M¯ .

Let ª¯ = ©¯ £ idR. The box J¯ is isomorphic to a fat box ~J¯ in Rk (0 µ k µ n)

through the mapping L¯ : Rk ¼ ~J¯ ! J¯ » Rn. Let L¯;1 = L¯ £ idR. We can assume

that J¯ = fbg £ ~J¯, with b 2 Rn¡k
+ .

Case 1. C is of the form f(x; y) 2 B £ Rj t1(x) = y = t2(x)g.

We de¯ne

C¯ = f(u; y) 2 (reg J¯) £ Rj (t1 ¯ ©¯)(u) = yg
~C¯ = int ~J¯ » Rk:

Then
S

¯ ª¯ ¯ L¯;1 ¯ (idRk ; ~t1;¯)( ~J¯) = C .

We apply Lemma 4.3 to each pair ( ~J¯ ; ffº ¯ ª¯ ¯ L¯;1 ¯ (idRk ; ~t)gº), where ~t(v) =
~t1;¯(b; v).

There exists a ¯nite family of pairs (¼̂®̂; Î®̂), where ¼̂®̂ : N̂®̂ ! Rk is a K-subanalytic

modi¯cation of class Cp, Î®̂ is a fat box in Rk
+ \ N̂®̂, such that

S
®̂ ¼̂®̂(Î®̂) = ~J¯ and for

every ®̂ and º the function fº ¯ ª¯ ¯ L¯;1 ¯ (idRk ; ~t) ¯ ¼̂®̂j int Î®̂ is a restriction of the

function ~fº;®̂, which is zero or a K-normal crossing of class Cp on N̂®̂.

Let N® = Rn¡k £ N̂®̂ £ R, I® = fbg £ Î®̂ £ f0g. The mapping ¼® = ª¯ ¯ ¡ ¯ (idRn¡k £
¼̂®̂ £ idR) : N® ! Rn+1, where ¡(x1; : : : ; xn+1) = (x1; : : : ; xn; xn+1 + ~t(xn¡k+1; : : : ; xn)), is

a K-subanalytic modi¯cation of class Cp.

Then
S

® ¼®(I®) = C and each of functions

fº ¯ ¼®j reg I® = fº ¯ ª¯ ¯ L¯;1 ¯ (idRk ; ~t) ¯ ¼̂®̂ ¯ ½0j reg I®;
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where ½0 : Rn+1 3 (w; v; y) 7! v 2 Rk, is zero or a restriction of a K-normal crossing on

N®. This proves that (C; ffºgº) is p-smooth.

Case 2. C is of the form f(x; y) 2 B £ Rj t1(x) < y < t2(x)g.

The proof of Case 2 is similar to the proof of Case 1.

h

Corollary 4.5. Each pair (E; ffºgº) is p-smooth. Moreover, all ¼®’s can be taken as

combinations of K-normal crossings.

Proof. For the ¯rst part of statement, use Corollary 3.4, Remark b) and (recur-

sively) Lemma 4.4. For the second part, it su±ces to use the fact that (I®; ffº ¯ ¼®g [
f¼®;1; : : : ; ¼®;n+1g) are p-smooth pairs for all ®.

4.3 Rectilinearization and uniformization theorems

Theorem 4.6 (on rectilinearization in Rn ). For any p 2 N, a ¯nite family of K-

subanalytic bounded sets fEºgº in Rn and a family of K-subanalytic continuous functions

ffº : Eº ! Rgº there exists a ¯nite family of mappings ©® : Dl(®) ! Rn such that:

a) every ©® is a composition of an inclusion Dl(®) ! Dn and a K-subanalytic modi¯-

cation of class Cp, which is a K-normal crossing,

b) there are compact boxes L® » Dl(®) such that
S

® ©®(L®) is a neighbourhood ofS
º Eº and each of Eº is a union of some ©®(L®),

c) each of the sets ©¡1
® (Eº) is a Boolean combination of \hyperplanes" H

l(®)
i = fx 2

Dl(®) : xi = 0g,

d) if ©¡1
® (Eº) is dense in Dl(®), then every fº ¯ ©® : ©¡1

® (Eº) ! R is a restriction of a

function f ?
º : Dl(®) ! P, which is the zero function, a K-normal crossing of class Cp

or the reciprocal of a K-normal crossing of class Cp.

Proof. By restricting to smaller sets Eº and taking reciprocals if needed, we can assume

that each fº is bounded. Let F be a compact and K-subanalytic neighbourhood of the

set
S

º Eº.

Each of the sets Eº is a Boolean combination of K-subanalytic compact sets Ej
º ,

j = 1; : : : ; rº. We consider a family of continuous K-subanalytic functions dj
º = dist(¢; Ej

º)

on F , which we add to the family ffºgº.

By Corollary 3.5, there exists a strati¯cation of F into K-subanalytic analytic cells

compatible with the family of sets fEºg. For a stratum S of this strati¯cation, the pair

(S; ffºg) is p-smooth: there exists a ¯nite family of pairs (Á¯; I¯), where Á¯ : M¯ ! Rn

is a K-subanalytic modi¯cation of class Cp and a combination of K-normal crossings, I¯

is a compact box in M¯ \ Rn
+ such that

S
¯ Á¯(I¯) = S, and for any º; ¯ the function

fº ¯ Á¯ jreg I¯ is a restriction of some function ~fº;¯ : M¯ ! R which is zero or a K-normal

crossing of class Cp. We can additionally have
S

¯ Á¯(reg I¯) » S.
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If S \ Eº = ;, then, Á¡1
¯ (Eº) \ reg I¯ = ; for each ¯.

If S » Eº , then, by the continuity of functions fº on Eº ,

fº ¯ Á¯ = ~fº;¯ on Á¡1
¯ (Eº) \ I¯ :

Moreover, dj
º ¯ Á¯ = ~dj

º;¯ on I¯. Thus each of the sets (Á¯jI¯)¡1(Ej
º) = (dj

º ¯ Á¯jI¯)¡1(0)

is of the form I¯ \ H , where H is a union of hyperplanes fx 2 Rn : xi = 0g or the whole

space Rn.

We apply Lemma 4.1 on each box I¯, and the theorem follows. h

The above version of the rectilinearization theorem can be moved to (Hausdor®, sec-

ond countable) analytic manifolds with the analytic-geometric category of locally K-

subanalytic sets corresponding to the o-minimal structure of K-subanalytic sets (see [4]):

Theorem 4.7 (rectilinearization theorem). Let M be an analytic manifold of di-

mension n, fEºgº a locally ¯nite family of locally K-subanalytic subsets of M , and

ffº : Eº ! Rgº a family of continuous functions whose graphs are locally K-subanalytic

in M £ P. Then there exists a locally ¯nite family of mappings ©® : Dl(®) ! M such

that:

a) every ©® is a composition of an inclusion Dl(®) ! Dn, a K-subanalytic modi¯cation

of class Cp, and an inverse chart of M ,

b) there are compact boxes L® » Dl(®) such that
S

® ©®(L®) = M and each of Eº is a

union of some ©®(L®),

c) each of sets ©¡1
® (Eº) is a Boolean combination of \hyperplanes" H

l(®)
i = fx 2 Dl(®) :

xi = 0g,

d) if ©¡1
® (Eº) is dense in Dl(®), then fº ¯ ©® : ©¡1

® (Eº) ! R is a restriction of the

function f ?
º : Dl(®) ! P which is the zero function, a K-normal crossing of class Cp

or the reciprocal of a K-normal crossing of class Cp.

Proof. Take a locally ¯nite strati¯cation of M compatible with all Eº with all strata

locally K-subanalytic, relatively compact, and contained with their closures in domains

of charts (see D.11 and D.12 in [4]). Use Theorem 4.6 in respective coordinate systems.

h

For analytic manifolds M , N , we say that a mapping F : N ! M is locally a K-

normal crossing if for each x 2 N there are charts Á around x, and Ã around F (x) such

that Ã ¯ F ¯ Á¡1 is a K-normal crossing.

Theorem 4.8 (uniformization theorem). Let p 2 N, and E be a closed and locally

K-subanalytic set of dimension k on an analytic manifold M . Then there exists an

analytic manifold N of dimension k and a proper mapping f : N ! M which is locally

a K-normal crossing of class Cp and such that f (N) = E.

Proof. The set E is a locally ¯nite union of compact, locally K-subanalytic sets En

contained in the domains of charts Ãn. Apply Corollary 4.5 to Ãn(En) and the empty set

of functions, and use projections of the torus Pk onto the boxes I®. h
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5 Subanalytic case

In the subanalytic case, we can make parallel reasonings and obtain versions of classi-

cal rectilinearization and uniformization. It is due to the fact that rational exponents

appearing in the Parusi¶nski-Lion-Rolin formula always have a common divisor. (Here,

instead of exponents from K+, we use exponents from N, and de¯ne normal crossings,

subanalytic modi¯cations, and related notions analogously.)

Theorem 5.1 (rectilinearization theorem). (cf. Desingularization II in [5], thm. 0.2

in [1], thm. 2.6 and thm. 2.7 in [8]) Let M be an analytic manifold of dimension n,

fEºgº a locally ¯nite family of subanalytic subsets of M , and let ffº : Eº ! Rgº be a

family of continuous functions whose graphs are subanalytic in M £ P. Then there exists

a locally ¯nite family of mappings ©® : Dl(®) ! M such that:

a) every ©® is a composition of an inclusion Dl(®) ! Dn, a subanalytic modi¯cation,

and an inverse chart of M ,

b) there exist compact boxes L® » Dl(®) such that
S

® ©®(L®) = M and each of Eº is

a union of some ©®(L®),

c) each of sets ©¡1
® (Eº) is a Boolean combination of \hyperplanes" H

l(®)
i = fx 2 Dl(®) :

xi = 0g,

d) if ©¡1
® (Eº) is dense in Dl(®), then fº ¯©® : ©¡1

® (Eº) ! R is a restriction of a function

f ?
º : Rl(®) ! P, which is the zero function, a normal crossing or the reciprocal of a

normal crossing. h

Theorem 5.2 (uniformization theorem). (cf. Desingularization I in [5], thm. 0.1

in [1]) Let E be a closed and subanalytic set of dimension k in an analytic manifold M .

Then there exist: an analytic manifold N of dimension k and an analytic proper mapping

f : N ! M (locally a normal crossing) such that f (N) = E. h
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