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1 Introduction

The aim of this paper is to give versions of the uniformization and rectilinearization the-
orems due to H. Hironaka [5] (see also E. Bierstone and P. Milman ([1]) and Parusinski
([8])), for a larger class of sets which we call K-subanalytic. They can be described
by compositions of globally subanalytic functions and power functions |z|* with \ € K,
where K is a given subfield of the field of real numbers R. This class of sets was earlier
studied by J.-Cl. Tougeron ([11]) and by L. van den Dries and C. Miller (for exam-
ple [3, 7]). In 1997, J.-M. Lion and J.-P. Rolin in a paper [6] gave an explicit formula
for a globally subanalytic function using analytic functions and operations of division
and taking roots. This theorem, called the preparation theorem for subanalytic func-
tions is similar to the Weierstrass preparation theorem, and appeared in less explicit
form in a paper of A. Parusinski [9]. Lion and Rolin also give a preparation theorem
for K-subanalytic functions (called by them z*-functions) and logarithmico-exponential
functions (LE-functions). All these preparation theorems give more exact descriptions
of definable functions in the corresponding o-minimal structures, and do not use model
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theory.

We use the Lion-Rolin formula for K-subanalytic functions, and get uniformization
and rectilinearization for K-subanalytic functions and sets. This gives a partial answer
to a problem formulated by L. van den Dries and C. Miller in [4].

The main results for the K-subanalytic case are Theorem 4.7 and Theorem 4.8. In the
subanalytic case parallel reasoning gives versions of standard uniformization and rectili-
nearization theorems (see Theorem 5.1 and Theorem 5.2). In particular, we get a version
of the characterization of subanalytic continuous functions obtained by A. Parusinski
(Theorem 2.7 in [8]; see also Lemma 5.3 in E. Bierstone and P. Milman [1], which follows
from uniformization). We do not use equidimensionality as Parusinski does, but admit
taking powers in several stages. (An interested reader could also look at Parusinski’s
exposition [10].)

We give our setting of cylinders and cells in Chapter 2. Chapter 3 gives corollaries of
the Lion-Rolin preparation theorem. In Chapter 4, we introduce K-subanalytic modifi-
cations, and give lemmas and statements of the main results. Chapter 5 gives analogous
theorems for the subanalytic case.

This paper is a rewritten version of my earlier preprint “Rectilinearization and uni-
formization of k-subanalytic sets and functions”.

2 Basic notions

2.1 General notation

Let X be any set. Functions f,¢g : X — R will be called equivalent (notation: f ~ g)
on X, when there exists a constant M > 0 such that for x € X M- |f(2)] < |g(z)] <
M - |f(x)]. A unit is a function equivalent to the constant function 1.

For Z C R", we consider the regular part of Z (denoted reg Z) which is, by definition,
the set of these points of Z where Z is a (topological) manifold. The characteristic
function of Z is defined as 1 on Z, and 0 on the complement of Z. A compact bozx is a
cartesian product of closed nonempty intervals (possibly degenerated to a point) in R.
By P we denote the real projective line, which is assumed to contain R.

Denote D" = (—1,1)" for n € N, and if 0 < k < n identify D* with D* x {0}"*.

2.2 Cylinders and cells

Let X be any set and let F be a finite family of real functions on X. An F-set is any

subset of X of the form o

E=J() By, (kiI€N)

i=1j=1
where E;; = {z € X|g;;(x) = 0} or E}; = {x € X|g,j(x) > 0} or E;; = {z € X|g;;(z) < 0}
and g;; € F. Notice that F-sets form a Boolean algebra.

A set ' C X x R is called an F-cylinder when it is of the form
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(1) C =A{(z,y) € BxR|gi(z) <y < ga(x)}, where B is an F-set in X and g;1,¢92 €
F U{—00}* U {+o0}¥, with g,(z) < go(z) for every x € B,
or
(2) C ={(z,y) € BxR|y=g(x)}, where B is an F-set in X and g € F.
Then B is called the base of C' and the functions g1, g2 (or the function g¢) are called
the generating functions of the cylinder C'.
Now assume that for every n € N we have a family A,, of functions from R" into R.
Denote A = {J;_, A.
An A-cell (more precisely: A, -cell) in R"™! is an A,-cylinder C whose base C’ is an
A, _1-cell in R". ({0} is A_;-cell in RY, where A_; = 0.)

Every A-cell C € R*! is associated with a sequence of cells C = C"*'.C' =¢C,...,C°
where C7 is an A;_j-cellin R (j=n+1,...,0) and
(1) Cj+1 = {(acl, c.. ,acj+1) € Cj X R’tj+171($1, c.. ,xj) < Tjt+1 < tj+172($1, c.. ,acj)}, where
tiv11 < tjy12 on C7,
or
(2) Cj—H = {((El, . 7$j+1) S Cj X R’tj+171($1, . ,(Ej) =Tj41 = tj+172($1, . ,ij)}, where

tj+1,1 = tj_:,_LQ on Cj, . .
with ¢j41; € A; U {—00}® U {+00}® (i =1,2), and t;11; = —oc or tj11; = +00 can

hold only in the case (1).
The sequence {t”};anJrl is called the sequence of generating functions of the cell C.
We say that C is full-dimensional when C' is full-dimensional and C is of the form (1).

The cell {0} is full-dimensional in R°.

We say that C is an analytic cell, when each of the functions {t,,|C7~1}:=}?

j=1,..n+1 18 @

restriction of some analytic function in an open neighbourhood of C?~! C R"™! (or, equiv-
alently, its sequence of generating functions consists of analytic functions on respective
bases as submanifolds).

3 K-subanalytic reduction

3.1 K-subanalytic sets and functions

We call a mapping g : R" D U — R™ globally subanalytic if its graph is a subanalytic
subset of the ambient P™ X P™ or, equivalently, the graph of ¢ is definable in the structure
Ran (see [2]).

For totally defined functions, we denote

SAN, = {f : R" — R| f is globally subanalytic},

and

SAN = | J SAN,,.

neN
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For every A € R, we define a function

1, z=0,A=0
P R32—2S0, 2=0A#0
l[:v[’\,:v#o.

Notice that for A > 0 the function |- |* is continuous, and if A > p € N, then | - |* is of
class CP. If x € R™ and A € R", then |z|* denotes |z1|™ - ... |z, |™.
Let K be a fixed subfield of the real field R. We put

PSKE = {f:R" — R| f is a composition of functions from SAN
and functions of the form |z|*(\ € K)}.

Here we allow combinations and functions of any arity to appear in our compositions.
We will assume that PSE C PSE | treating functions from PS% as independent on
the last variable. Subsets of R™ which are PSX-sets will be also called K -subanalytic.
Mappings will be called K -subanalytic if their graphs are K-subanalytic sets.

We adopt the following notation: K, = {X € K|A >0} and K7 = {\ € K|\ > 0}.

3.2 Preparation on cylinders

Let E C RZ X R} be a PSk -set.

A reducing system R on E is a system of data R = (0,{¢1,...,ds},a,b,{\}_;,
{M}9_)), where s,q,7 € N, 0,61,...,bs,a,b € PSE N, N € K% and for (z,y) € E the
following conditions hold:

(i) y — 0(z) # 0 # a(z), functions y — 6(x), a(z), b(x) are of constant sign,
(ii) if O(z) # 0, then y ~ 0(x),

. 0(x 0(x b(x)
(iif) the mapping (z,y) = ($1(x), -, @s(), |Le2 M, a2 P [

]yb—(f(%]’\q) is bounded.
The mapping ¢ (z,y) is called the reducing morphism of R.

A finite family of functions {f,}, C PSE,, will be called R-reducible on E, when
every function f, has on E the form (called R-reduction)
) Sl ) = ly— 0@ - A(2) - Vul(z, ),
where v, € K, V, is an analytic, nonvanishing function of constant sign on some neigh-
bourhood of the set ¢(E) C R and A, € PSX with A,(z) =0 or A,(z) # 0 on E.
(Thus also f, =0or f, #0 on E.)

The Lion-Rolin preparation theorem can be restated as follows:

Theorem 3.1 (Lion-Rolin [6]). For a finite family of functions {f,}, C PSX,,, there

exists a finite family {(Cy, Ry )}, where:

(1) {C.}a is a decomposition of R into PSX-cylinders, and R, is a reducing system
on C,,
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(2) the family {f,}, is R,-reducible on C,.

Remarks.

(1) This statement is a little stronger than the statement in [6]. We have decompositions
not coverings, get only one a(x) and only one b(x) by extracting new functions ¢;(z),
and can take subdivisions to obtain constant signs and boundedness of the reducing
morphisms. By a careful proof of the theorem, we also have condition (ii).

(2) We can additionally have the cylinders compatible with a given finite family of
PSE, |-sets by adding the characteristic functions of these sets to the considered
family of functions.

(3) By the above theorem, a projection of a K-subanalytic set is K-subanalytic. More
generally: K-subanalytic sets are closed under first order definability, and are exactly
the class of definable sets in the structure RE

C. Miller in [3], [4], [7].
(4) We also get

considered by L. van den Dries and

PSK = {f:R" — R| f is K-subanalytic},

i.e. the class of functions on R™ definable in the structure RE .
(5) Q-subanalytic sets and functions in R™ are exactly globally subanalytic sets and
functions.

3.3 Cells with reducers

A reducer R on C, where C is a PS¥-cell in R"*!, is a sequence R = (R',..., R"1),
where R/ is a reducing system on C7 C R7.
For a reducer R on C with

RJ = (0j7 {¢j,17 CI) (/bj,Sj}? Qj, bj? {AJ,Z}:]:17 {xj,k}Z]:1)7j = 17 cee + 17

we say that a finite family of K-subanalytic functions {f,}, defined on C is R-reducible
on C when the following two conditions hold:
(1) {f.}, is R"-reducible on C:

fulz,y) = ly — 9n+1($)’% cAy() -
'VV(¢TL+1,1($)7 s 7¢7’L+178n+1 ($)7

Yy— en—&-l(“;) Mt bn-&-l(x) a1 ’ bn-&-l(x) ’XHM)
an—&-l(x) Yy — 9n+1($) Ty - 9n+1($)
(2) the family {6n11, Pni11,- s Onitsyirs @1, bur1} U{A}, is (RY, ..., R™)-reducible
on C". (Constant functions on RY are reducible.)

A cell with a reducer in R"*! is a pair (C,R), where C is a PSk  -cell, and R is a
reducer on C such that for j = 1,...,n the family {¢;111,¢;112} is (R',..., R?)-reducible
on C/. We say that a finite family {f,}, (defined at least on C) is reducible on (C,R),
when it is R-reducible on C.

’y _ 0”+1($) ’>m+1,1
an+1($)

g e ey

) )
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The following proposition gives a kind of “partial desingularization”.

Proposition 3.2. For a finite family {f,}, of K-subanalytic functions reducible on a
cell with a reducer (C,R) in R™"!, there exist: an open neighbourhood U of the cell C
and a K-subanalytic and analytic isomorphism Q: U 3 z — Z € U of open sets in Rt
such that U C (0, +00)"*! and for every v

(fo 0 Q7N QK)) (21, Zugr) = 2™ - hu(2),

where v, € K™t h, are zeroes or analytic and K-subanalytic units on U. Thus {f,|C}
are restrictions of analytic functions on U.

Proof. This goes by a straightforward induction on n due to the possibility of making
an analytic and K-subanalytic shift Z,.1 = |z,41 — 0(Z1, ..., 2,)|, where 6(Z1,...,2,) is
already analytic. O

Corollary 3.3. If (C,R) is a cell with a reducer, then C is an analytic cell.
Applying Theorem 3.1 recursively, we get the following

Corollary 3.4. Let E C R""! be a K-subanalytic set, and {f,}, a finite family of K-
subanalytic functions defined on E. Then there exists a finite family of cells with reducers
{(Ca, Ra)}o such that {C,}, form a decomposition of E and the family {f,}, is reducible
on every (Co, Ry).

If the family {f,}, is already R-reducible on E with some reducing system R, then
we can additionally get R = R"*! for every a.

Applying this to the characteristic functions of K-subanalytic sets, we get

Corollary 3.5 (Miller [7], van den Dries and Miller [4]). The class of K-subanalytic
sets admit analytic cell decomposition and (finite) analytic stratification.

4 Rectilinearization and uniformization

4.1 Modifications

A function V : U — R, where U is a K-subanalytic open set in R"™, will be called
K-analytic if it is of the form V(z) = V(O(x)), where O(z) = (21,..., %, |T.m [,
oy [To@my|*™), for some m € N, some sequence o : {1,...,m} — {1,...,n}, \; € K% (i =
1,...,m), and V an analytic and globally subanalytic function in some neighbourhood
of O(U) C R™™ .

Remark. K-analytic functions are continuous, analytic outside of {z € R™|x;-... 2, =
0}, and if all \; > p € N* then they are of class C?.
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Example. The function z(z,y) = ||z|” + y|™ is a composition of R-analytic functions
which is not R-analytic.

A mapping Q : R* D A — B C R™(m,n € N) will be called K-analytic if its
coordinates are K-analytic functions.

A K-analytic isomorphism is a bijective mapping which is K-analytic together with
its inverse. K-analytic isomorphisms are K-subanalytic homeomorphisms of open sets.

A K-power mapping is any composition of mappings of the form

PR3 (zq,...,2,) — (T1,..., |z, ..., z,) € R,

where v € K.

A K-analytic function is called a K-normal crossing if it is a product of a monomial
with exponents from K, and a K-analytic unit. A mapping is called a K-normal crossing
if all its coordinates are K-normal crossings.

We will use the notion of a blowing-up in the most standard sense: any mappping of
the form

i
Bij :R" > (21,...,%,...,%5,...,2,) (:Ul,...,:Ui,...,qu):vi,...,xn) e R",
where n > 2, 1<4,j <nandi#j.

Remarks.

(1) A composition of K-normal crossings is a K-normal crossing. Substitution of a
K-normal crossing to a K-analytic mapping is a K-analytic mapping.

(2) If a quotient of (functions) K-normal crossings restricted to the regular part of a
compact box in R} is bounded, then the resulting function is a restriction of a
K-normal crossing.

A K -subanalytic modification is a mapping ® : U — R", where U C R" is open and
K-subanalytic, and ® is a composition of blowings-up, K-power mappings and K-analytic
isomorphisms.

Lemma 4.1. For every compact box K C R’} of dimension k < n there is a finite family
of mappings m,, : D" — R™ and L C D* such that:
(1) Uu m, (D) = Uu m,(L) = K,
(2) each m,, is a composition of taking squares (x1,...,x,) — (2%,...,22) and a linear
isomorphism.

Proof. As we can make cartesian products of m,,-s, it suffices to consider the case n = 1,
when the proof is easy. O

4.2 Lemmas

In this chapter we choose and fix p € N. We consider pairs (F,{f,},) where E is a
compact, K-subanalytic subset of R"*! and {f,}, is a finite family of K-subanalytic
functions bounded on E. Such a pair will be called p-smooth if the following holds:
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there exists a finite family of pairs (74, I,), where 7, : Ny — R™ (N, open in R™*1)
is a K-subanalytic modification of class C?, I, is a compact box in R’}fl N N,, such that
U, ma(lo) = E and for all a, v the function f, o m,| reg I, is a restriction of a function

fra : No — R, which is a K-normal crossing of class C?, or the zero function.

Remarks.
a) Boxes I, do not have to be full-dimensional.
b) If each (E;, {f,}.,) is a p-smooth (i =1,...,k.) and E = Ule E;, then (E,{f,},) is
p-smooth.
¢) By Remark (2) from chapter 4.1, we only need to show that nonzero functions fyva
are quotients of K-normal crossings.
d) If f,, is continuous on F, then, for every «, fwvalla = fu, © Tal|ly-

Lemma 4.2. If n = 0, then every pair (E, {f,},) is p-smooth.
Proof. We may assume that E = [t1, 5] (t1,t2 € R) and {f,}, is reducible on (t1,t5):

foly) = ly =01 - A, - Vi(ly = 0)),

where v, € K; 0, A, € R; V, is a K-analytic unit on an open interval containing ¢(F) C
R, where ¢ : R >y — |y — 6] € R.
Let
7R3y eyl +6 R,

where € = sgn (%(tl +t3) — 0) and [ is some sufficiently large positive even integer.

Put I = ¢(E), where ¢(y) = |¢(y)|7. Take an open interval W D I such that every
V(] - ') is defined on W.

Each f, o m is equal on the interior of I to a function

yi = |yl - A Vo (Jnlh,

which is zero or a K-normal crossing of class C? on W (for sufficiently large ), and 7 is
a polynomial mapping. We take the family {((w|W),I)}. O

Lemma 4.3. If F is fat (i.e. F = int F), then (E,{f,},) is p-smooth with full-
dimensional boxes I,,.

Proof. We use induction on n. The case n = 0 was proved in Lemma 4.2. Let n > 0
and let us assume that the Lemma holds for n — 1.

By Corollary 3.4 and Remark b) above, we can assume that £ = C where (C,R) is a
full-dimensional cell with a reducer on which the family {f,}, is reducible. In particular,
on C, we have

fo(x,y) = |y —0(x)|" Ay (2)V, (¥ (2, y)), where

$Go) = (@ulo). .o

PERERER
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Extracting some bounded functions as new functions ¢;(x), we can assume that
a(z) = maxi[ty(z) = 0(z)], [t2(z) — 0(2)|},

b(x) = min{|t,(z) — 0(z)|, [t2(z) — 0(2)]},
where ¢; and ¢, are functions generating the cylinder C. (We can assume that the number
of functions ¢;(x) remains unchanged.)
Using again Corollary 3.4, we can assume that on C for each v either A, or its
reciprocal is bounded, and denote this bounded function by A’.
Put 0'(z) = a(z) — b(z). Denote by {g,}, the family

{a(x), b(x), ¥ (2),0(x), ¢1(2), . .., ¢s(2)} U{A (7)),

of bounded K-subanalytic functions on the basis C’ of the cell C.

We use the induction assumption for (C’, {g,},). There exists a finite family of pairs
(®g, J3), where @5 : Mz — R"™ (Mg open in R") is a K-subanalytic modification of class
C?, a Jg is a full-dimensional box in R” N Mp, such that gz ®5(J5) = C' and for all 3,
the function g, 0 ®3| reg Js is a restriction of a function g, g, which is zero or a K-normal
crossing of class C? on Mg.

The mappings Vg = ®j X idg are K-subanalytic modifications of class C?. Let
Ly = {(u,y) € (int Jy) x R| (t 0 @y)(u) < y < (t20 Og)(u)}. Then U, ¥s(L5) =T, so
it suffices to prove the Lemma for each pair (Lg, {f, o ¥s3},). Fix § (we will drop this
index).

Let J be the compact box [C1,m] X ... X [Co, ] and T = {j|¢; = 0}, KY = {y €
K%~y #0=j¢€ J}. Set

where ¢y, ¢y, c3 € K:Z, functions [y, I3 are K-analytic positive units on M, and so is [y if
is not zero (in this case ¢; = ¢9).
Set
C" = {(u, 1) € (int J) x Ry b(u) < 1 < a(u)}
and 7: M xR 3 (u,y1) — (u,e-y; + 0(u)) € M xR,
where € = sgn (3(t1(z) + t2(z)) — 0(x)) for x € C' (does not depend on z).
Then 7(C1) = L and

fu(uvyl) = (fu oWo W’ Cl)(u7y1)

= ’yly’yyfiu(u)vu(él(u% c '7§b~s(u)7 ’&(;) ’M? tt ’

yi o (0@) 5, b(x) 5,
o I e e e )
a(:r:) Y1 Y1

where
- { A’, when A', = A,
A, =

when A’, = L

1
Al Ay
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By the induction assumption, A, (u) = |u|*h, (u) with 6, € K7 and h, = 0 or h, are

K-analytic units on M. Extracting the units from %, b as new functions ¢; and joining

h, with V,,, we get

C1
; _ AL Vs yi o Jul
folon ) = bl Vo, i )
where V,, are zeroes or K-analytic units. By boundedness of the function bluw) g , wWe

a(u)

have ¢y < ¢;. Put
C? = {(u,y2) € (int J) X R| Iy (u) |u|"™? <y < lo(u)}

and
Ry : R™™ 3 (u,45) — (u,y, - |u|?) € R™.
Then R,(C?) = CT and

’ ’61—62

(fV o Rl’ 02)(u7y2) = ’yQWV ’u’wy‘?y(uvy% )7

Y2

where w, = 9, + 7, - Ca.

Case 1: b(u) # 0, ¢; = c.
Then y, is a unit on C? and Iy — I; = I3]u]®™2 (c3 > c3).
Let us introduce the mappings

T:MxR>(uys) = (u,ys - l3(u) + L (u)) € M xR

Ry i R™ 3 (u,y) = (u,yy - |u|® ) € R*H

and cells

Cc? = {(u,y3) € (int J) x R| 0 < y3 < |u]®"?}
C* = {(u,ys) € (int J) x R|0 < yy < 1}.

Then T(C3) = C?, Ry(C*) = C3 and

N ~ 1
(fV o Rl oTo RQ’ 04)(u7 y4) = ’u’wy ’yQ(u7 y4)”yyvu(u7 yQ(u7 y4)7 ;(u7 y4))

Each of the functions (V, (u, s, y%))(u, Yyy4) is zero or a K-analytic unit on a common open

K-subanalytic neighbourhood W of a set C*. Now we get the result by substituting a
K-power mapping with sufficiently large exponents.

Case 2: b(u) = 0.
Then VV does not depend on the last variable. Applying the mapping

T M xRS (u,y3) = (u,y3 - lo(u)) € M xR
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we get
T'(C3) = C% and (f, © Ry o T")(u, ys) = lys|™ [ul**|la(w)[* V', (u, ys)

for (u,ys) € C® = (int J) x (0,1), where V, are zeroes or K-analityc units on a com-
mon open K-subanalytic neighbourhood W of a set C3. Here also we get the result by
substituting a K-power mapping with sufficiently large exponents.

Case 3: ¢1 # co and l;(u) # 0.
We put

l
C? = {(u,y3) € int J xR: [u]""® < y3 < l—Q(u)} and
1
T": M xR (u,ys) = (u,y3 - Li(u) € M XR.
Then

T"(C3) = C? and (f, 0 Ry o T"| C*)(u, ys) = |ys|™ [u|“" V., (u, ys, [ul

).

Making, if necessary, a decomposition of the cell C3, we can assume that |n|~® < ﬁ—f(u)
on C? or else J = 0, what reduces the situation to Case 1.

Let 0 = ko < k1 < ... < kg = ¢ — Cg, Where r; € KY and k; — kj_1 = p; - €i(j), where
p; € K7 and ¢; = (0,...,0,1,0,...,0) with 1 on the i-th place. We set

. . l
C’g’ ={(u,y3) € int JxR: |n|™ <ys< l—Q(u)}
1

CF ={(u,y3) € int J xR |n™ ¥ ul™ <y < ™" ul" j =1, k.

It suffices to prove the Lemma for each pair (C’_j?’, {f,oRy 0 T"},),7=0,... k.
For j = 0, Case 1 holds.
For j=1,...,k, we put

CF = {(u,ya) € int J X R ™~ |uip|* < ya <[] |y |1}

Ry : R™™ > (u,yy) — (w,yy - Ju|™-") € R™.

Then R? (C’_j‘) = C’_j?’ and

f wl ’uz j ’p]'
(fVORloT”oRQIC;l)(uvyél) = ’y4”\/y’u’ VHV(u7y47 ?(j4) )7

where w,, = w, + 7, - |u|%-*, H, is zero or a K-analytic unit in a neighbourhood W of
~ ~ o |Pg
the set 1(C}), where ©(u,ys) = (u, ys, m(y]%) Moreover let

C? = {(u,ys) € int J x R: [uiy|” < ys < |ni|” }

T" :R™™ > (u,ys) — (u,ys5 - |n|™ ) € R™.
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Then T”’(C’_?) = C’_j‘. We can assume that i(j) = n. Set J' = [¢1,m] X ... X [Ca=1, Pn—1]
and
C? ={(t,y5) € int J' x R*[ 0 <@, <1,0<ys <n,}

~ 1
R:R"™ 3 (G,y5) = (G, ..., 1, [, - ys] 77, y5) € R™

Then ]%(C’_f) = C? and

J
N ~ ~ ’ 7 1
(fy o Rl o T” o RQ o T/” o R’ Cf)(ﬂy%) = ’y5’lV’a’wa:(al7 s 71171—17 ’an : Z/SW 7y57/&n)7

where I, = 7, + (w,)n. Thus the above functions are of the form || H,(2), where
2 = (,y5), 0, € K™ and every H, is zero or a K-analytic unit in a common open
K-subanalytic neighbourhood W of the set C’f By substituting a K-power mapping with
sufficiently large exponents, the result follows. O

Lemma 4.4. For a bounded cell with a reducer (C,R) in R™"! with the functions ti,,
generating C as a cylinder, if the pair (C’, {t,,t5}) is p-smooth, then for any finite family
{f,}, of K-subanalytic functions bounded on C, the pair (C,{f,},) is p-smooth.

Proof. By the assumption, there exists a finite family of pairs (®g, Jg), where @4 :
Mg — R" is a K-subanalytic modification of class C?, Js is a box in R?, N My, such that
Us ®s(J5) = C’ and for each (3 the functions t; o ®4| reg Jz (i = 1,2) are restrictions of
functions ¢; g3 that are zeroes or K-normal crossings of class C? on Mjg.

Let Vg = ®g x idg. The box Jg is isomorphic to a fat box jg in RF (0 <k <n)
through the mapping L : RF D jg — Jz C R". Let Lg1 = Lg X tdg. We can assume
that J3 = {b} x Js, with b € R"¥.

Case 1. C'is of the form {(z,y) € B x R| t1(x) =y = ta(x)}.
We define

Cp = {(u,y) € (reg Jg) X R[ (t1 0 Py)(u) =y}
Cs = int Jy C R¥.

Then U, Wg 0 Lgy o (idge, t1,)(J5) = C.

We apply Lemma 4.3 to each pair (Jg,{f, o ¥g o Lg; o (idgs,1)},), where ¢(v) =
t1.5(b,0). A )

There exists a finite family of pairs (74, I5), where 74 : Ny — RF is a K-subanalytic
modification of class C?, I, is a fat box in R’i N ]\7&, such that (J, ﬁ&(f&) = jg and for
every & and v the function f, o Wgo Lg; o (ide,f) o 7rg| int f& is a restriction of the
function fy,a, which is zero or a K-normal crossing of class C” on Nj.

Let Ny = R"™F x Ny x R, I, = {b} x I x {0}. The mapping 7, = g 0T o (idg—r x
g X idg) : Ny — R where T'(z1, ..., %py1) = (21, ..o, T, Tpg1 + E(Tppr1s - -5 Tn)), 18
a K-subanalytic modification of class C?.

Then |, ma(1,) = C and each of functions

fyoﬂ-oz’ reg I, = fV olIIﬂOLﬂ,l ° (Zd]Rk?f) 0 T4 Op/’ reg I,
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where o' : R"! 5 (w,v,y) — v € R¥, is zero or a restriction of a K-normal crossing on
N,. This proves that (C,{f,},) is p-smooth.

Case 2. C is of the form {(z,y) € B x R| t;(z) < y < to(x)}.
The proof of Case 2 is similar to the proof of Case 1.
[

Corollary 4.5. Each pair (E,{f,},) is p-smooth. Moreover, all 7,’s can be taken as
combinations of K-normal crossings.

Proof. For the first part of statement, use Corollary 3.4, Remark b) and (recur-
sively) Lemma 4.4. For the second part, it suffices to use the fact that (I,,{f, o 7o} U
{Ta1, -, Tant1}) are p-smooth pairs for all «.

4.3 Rectilinearization and uniformization theorems

Theorem 4.6 (on rectilinearization in R” ). For any p € N, a finite family of K-
subanalytic bounded sets { E, }, in R™ and a family of K-subanalytic continuous functions
{f,: E, — R}, there exists a finite family of mappings ®, : D'® — R" such that:
a) every ®, is a composition of an inclusion D"® — D™ and a K-subanalytic modifi-
cation of class CP, which is a K-normal crossing,
b) there are compact boxes L, C D"®) such that U, ®a(La) is a neighbourhood of
U, E, and each of E, is a union of some ®,(L,),
c) each of the sets ®_'(E,) is a Boolean combination of “hyperplanes” Hf(a) ={z €
DY) . g, =0},
d) if ®;(E,) is dense in D'®)| then every f, o ®, : ® '(E,) — R is a restriction of a
function f* : D'® — P, which is the zero function, a K-normal crossing of class CP
or the reciprocal of a K-normal crossing of class C?.

Proof. By restricting to smaller sets F, and taking reciprocals if needed, we can assume
that each f, is bounded. Let F' be a compact and K-subanalytic neighbourhood of the
set |, E,.

Each of the sets E, is a Boolean combination of K-subanalytic compact sets EJ,
j=1,...,7r,. We consider a family of continuous K-subanalytic functions d’, = dist(-, EY)
on F', which we add to the family {f,},.

By Corollary 3.5, there exists a stratification of F' into K-subanalytic analytic cells
compatible with the family of sets {E,}. For a stratum S of this stratification, the pair
(S,{f.}) is p-smooth: there exists a finite family of pairs (¢g, I5), where ¢ : Mz — R®
is a K-subanalytic modification of class C? and a combination of K-normal crossings, /3
is a compact box in Mz MR’} such that Uﬂ ¢s(Is) = S, and for any v, 3 the function
fvo¢plreg I3 is a restriction of some function fyﬁ : Mg — R which is zero or a K-normal
crossing of class C?. We can additionally have Uﬂ ¢p(reg Ig) C S.
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If SNE, =0, then, ¢5'(E,) Nreg I = for each j3.
If S C E,, then, by the continuity of functions f, on E,,

fV o (bﬁ = fu,ﬁ on (bgl(Ey) N Iﬂ
Moreover, dJ, o ¢5 = d’, ; on I5. Thus each of the sets (¢5]I5) " (EY) = (d o ¢5|15)7*(0)
is of the form Iz N H, where H is a union of hyperplanes {z € R" : 2; = 0} or the whole
space R™.
We apply Lemma 4.1 on each box Ig, and the theorem follows. O

The above version of the rectilinearization theorem can be moved to (Hausdorff, sec-
ond countable) analytic manifolds with the analytic-geometric category of locally K-
subanalytic sets corresponding to the o-minimal structure of K-subanalytic sets (see [4]):

Theorem 4.7 (rectilinearization theorem). Let M be an analytic manifold of di-
mension n, {E,}, a locally finite family of locally K-subanalytic subsets of M, and
{f, : E, — R}, a family of continuous functions whose graphs are locally K-subanalytic
in M x P. Then there exists a locally finite family of mappings ®, : D"® — M such
that:
a) every ®, is a composition of an inclusion D'® — D" a K-subanalytic modification
of class CP, and an inverse chart of M,
b) there are compact boxes L, C D'® such that |J, ®4(Ls) = M and each of E, is a
union of some ®,(L,),
¢) each of sets ®_'(E,) is a Boolean combination of “hyperplanes” Hf(a) = {z € D'@ .
z; = 0},
d) if ® %(E,) is dense in D'¥ then f, o ®, : ® 1(E,) — R is a restriction of the
function f*: D'®) — P which is the zero function, a K-normal crossing of class C?
or the reciprocal of a K-normal crossing of class C?.

Proof. Take a locally finite stratification of M compatible with all E, with all strata

locally K-subanalytic, relatively compact, and contained with their closures in domains

of charts (see D.11 and D.12 in [4]). Use Theorem 4.6 in respective coordinate systems.

[

For analytic manifolds M, N, we say that a mapping F' : N — M is locally a K-

normal crossing if for each x € N there are charts ¢ around x, and ¥ around F'(z) such
that v o F o ¢! is a K-normal crossing.

Theorem 4.8 (uniformization theorem). Let p € N, and F be a closed and locally
K-subanalytic set of dimension k on an analytic manifold M. Then there exists an
analytic manifold N of dimension k£ and a proper mapping f : N — M which is locally
a K-normal crossing of class C? and such that f(N) = E.

Proof. The set E is a locally finite union of compact, locally K-subanalytic sets E,
contained in the domains of charts v,,. Apply Corollary 4.5 to ¥, (E,) and the empty set
of functions, and use projections of the torus P¥ onto the boxes I,,. O
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5 Subanalytic case

In the subanalytic case, we can make parallel reasonings and obtain versions of classi-
cal rectilinearization and uniformization. It is due to the fact that rational exponents
appearing in the Parusinski-Lion-Rolin formula always have a common divisor. (Here,
instead of exponents from K, we use exponents from N, and define normal crossings,
subanalytic modifications, and related notions analogously.)

Theorem 5.1 (rectilinearization theorem). (c¢f. Desingularization II in [5], thm. 0.2
in [1], thm. 2.6 and thm. 2.7 in [8]) Let M be an analytic manifold of dimension n,
{E,}, alocally finite family of subanalytic subsets of M, and let {f, : E, — R}, be a
family of continuous functions whose graphs are subanalytic in M x P. Then there exists
a locally finite family of mappings ®, : D"® — M such that:
a) every ®, is a composition of an inclusion D!® — D" a subanalytic modification,
and an inverse chart of M,
b) there exist compact boxes L, C D% such that U, ®a(La) = M and each of E, is
a union of some ®,(L,),
¢) each of sets ®7'(E,) is a Boolean combination of “hyperplanes” H.*) = {z € D!() .
Ty = 0},
d) if @ 1(E,) is dense in D!®) | then f,0®, : & 1(E,) — R is a restriction of a function
fr: R{® — P which is the zero function, a normal crossing or the reciprocal of a
normal crossing. O

Theorem 5.2 (uniformization theorem). (c¢f. Desingularization I in [5], thm. 0.1
in [1]) Let E be a closed and subanalytic set of dimension % in an analytic manifold M.
Then there exist: an analytic manifold N of dimension £ and an analytic proper mapping
f: N — M (locally a normal crossing) such that f(N) = E. O
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