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Abstract: The crystal structures of a new family of super-
conductors containing a Bi square net and their electronic 
structures around the Fermi level have been reviewed. The 
structures of these compounds can be viewed as stacked 
layers denoted by [Bi][(RE)(M2Bi2)(RE)] RE = rare earth 
or alkaline earth metal, M = transition metal. Flat/steep 
band features are shown to exist in all these new super-
conductors, though the pairing mechanisms may be very 
different. The Dirac Fermion behavior is reviewed and its 
implications are discussed.
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1  �General overview
Since its discovery in mercury [1], superconductivity has 
remained at the frontiers of condensed matter physics and 
material science. Because of the zero-electric resistance 
property and the Meissner effect below the critical tran-
sition temperature, TC, superconductors have been used 

to produce superconducting magnets for high and stable 
magnetic field applications. Such magnets have been 
widely used in various applications, e.g. magnetic reso-
nance imaging (MRI) nuclear magnetic resonance (NMR), 
mass spectrometers, SQUIDS, etc., including large scien-
tific devices, e.g. the Large Hadron Collider (LHC) in CERN 
and the superconducting Tokamak “Eastern Super Ring” 
(East) in Hefei. Maglev trains, smart grids, and quantum 
computing may be further future applications [2–4].

On the other hand, the attempt to understand the origin 
of superconductivity has never come to an end because 
new exotic superconductors continue to be discovered. 
Among the proposed models or theories, the Ginzburg–
Landau theory [5] is the most successful phenomenologi-
cal model which provided a heuristic explanation for the 
macroscopic properties of superconductors. In particular, 
it predicted the 2e charges for a superconducting charge 
carrier and the type-I and type-II classification for the 
superconductors according to their behavior in a mag-
netic field [6]. The microscopic understanding for con-
ventional superconductivity was accomplished with the 
establishment of the BCS theory [7]. This theory explained 
the superconducting state as a phase coherent conden-
sate of Cooper pairs which are formed due to second-order 
electron-phonon interactions. The BCS theory provided 
explanations for the isotope effect, the Meissner effect 
and the characteristic electronic specific heat, etc. and 
could be reduced to the Ginzburg–Landau theory when 
the temperature is close to TC as shown by Gor’kov [8]. The 
BCS theory encountered serious difficulties when organic, 
heavy-fermion, high-TC cuprates, and the magnesium 
boride superconductorswere discovered [9]. The appear-
ance of iron-pnictide(Pn)-based superconductors [10], 
and the superconductivity of H2S (TC = 80 K) at ~160 GPa 
[11] as well as that of the LaH10 (TC = 250 K) at ~170 GPa [12] 
challenged further the basis of the conventional theories. 
To understand these exotic superconductivities, a few 
theories or models have been developed along the lines 
as described in Ref. [9]. Though none of these theories 
has so far been unanimously accepted, some radical ones 
such as anyon superconductivity [13] have gradually been 
abandoned due to the lack of experimental supports. A 
growing consensus on a correct theory is that it should 
consider at least (1) the pairing of charge carriers; (2) the 
pairing mechanism mediated by bosons beyond phonons 
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such as the spin excitation, etc. (3) the multiband elec-
tronic structures around the Fermi level. The most chal-
lenging problem is that simple physical models lack the 
capacity to include many important degrees of freedom 
such as spin, orbital, dynamics, defects as well as chemi-
cal complexity [9, 14], whose quantitative knowledges are 
also beyond the capability of cutting-edge first-principle 
methods.

An evident disadvantage of the physical models is 
that the relevance of chemical bonding to superconduc-
tivity was completely ignored, though early on Bilz et al. 
drew attention to the “dynamic covalency” [15]. In 1997, 
Simon proposed a hypothesis, calling for a simultaneous 
presence of flat and steep band portions at the Fermi level 
as a necessary condition for a metal to become a supercon-
ductor [16]. Later on, a flat/steep band model as a normal 
state character of superconductors was developed based 
on the chemical pairwise interactions [9, 17–21].

	
Σ ε Σ ε+ += +s f

e k k k k k k k kH s s f f � (1)

where εsk and ε f
k in eq. (1) represent the energy disper-

sions in the steep and flat band, respectively [20, 21]. 
These two kinds of electrons interact with phonons in a 
very different way [20, 21], and thus naturally lead to a 
two-band superconductivity mechanism [22] for conven-
tional superconductors. The inter-band pairing which is 
important for enhancing TC was shown to be due to the 
breakdown of the Born-Oppenheimer approximation by 
Whangbo et  al. [23]. Recently, Deng et  al. have shown 
that the generalized coherent state constructed by pure 
group theory can be used to describe the superconduct-
ing state. Within this framework the flat band feature in 
the normal state can be explained as a residue of the pair-
wise interaction between the charge carriers [24]. After 
the proposal of the flat/steep band model, it was tested 
by using many superconductors with phonon glued 
Cooper pairs [9, 25–27], and the results corroborated the 
model. Though the model has also been checked with 
high-TC cuprates [9] and iron-based [28] superconduc-
tors; it needs to be scrutinized more with further super-
conductors of exotic nature.

The recently discovered new family of superconduc-
tors [29–34] containing Bi square nets, though having 
relatively low TC, are very interesting because it may be 
based on topological superconductivity [35]. In this work, 
we provide a survey with a focus on the electronic struc-
tures around the Fermi level. In cases where the electronic 
structures are not available from the literature, we have 
calculated them by using the first-principles method 
implemented in the VASP [36, 37] code.

2  �Method of calculations
The calculations for CeNi0.8Bi2 were performed by using 
the Vienna ab initio simulation package (VASP) [36, 37] 
based on the density functional theory (DFT) [38, 39] and 
the generalized gradient approximation (GGA) of Perdew–
Burke–Ernzerhof (PBE) [40] for the exchange-correlation 
functional. The LSDA + U method [41] was used to treat 
the strongly correlated 4f and 3d electrons. The values 
of the parameter U and the exchange integral J for the 4f 
electrons of the Ce ions are chosen as 8 and 1 eV, while 
those for the 3d electrons of the Ni ions are chosen as 4 
and 1 eV, respectively [42, 43]. In this work, the basis sets 
for Ce, Ni and Bi are 4f15s25p65d16s2, 3d84s2 and 5d106s26p3, 
respectively. The convergence tolerance of the total energy 
was set at 1 × 10−5 eV, and that of the maximum force in 
geometry optimization at 0.001 eV Å−1. The Monkhorst-
Pack scheme for a k-points grid 6 × 6 × 3 was used, and the 
plane wave basis set energy cutoff was set at 400 eV. The 
tetrahedron method with Blöchl corrections was utilized 
in the integrations.

3  �Electronic structure features 
around the Fermi level

So far, superconducting phases containing Bi square nets 
in their structures have been found in only four types of 
compounds [29–34]. It is well-known that the Bi square 
net has a strong spin-orbit coupling effect due to the 
relativistic effect, which is a favorable condition to realize 
the time-reversal breaking topological superconductivity 
and to search for the Majorana fermions [35]. It is thus also 
crucial to find the location of the Bi-p states in the actual 
electronic band structure for their relevance to the possi-
ble topological superconductivity.

3.1  �RE2O2Bi (RE = La–Er, or Y)

The crystal structure of RE2O2Bi belongs to the tetragonal 
ThCr2Si2 structure type, in which the Bi2− anions form a 
square net sandwiched between (RE2O2)2+ cations made up 
of edge-sharing ORE4 tetrahedra (Fig. 1) [44–46]. In 2011, 
Mizoguchi and Hosono systematically studied the elec-
tric transport properties of the RE2O2Bi compounds and 
found that a metal-insulator transition can be induced 
by changing the size of the rare earth ions RE, an effect 
of chemical pressure [47]. Because of the well-known 



J. Fu et al.: “Flat/steep band model” for superconductors containing Bi square nets      185

lanthanide contraction, the radius of the rare earth ele-
ments decreases from La3+ to Er3+ and accordingly the 
Bi–Bi distance in the Bi square net of the corresponding 
compounds RE2O2Bi decreases from 4.08 to 3.85 Å. It was 
found that the metallic behavior becomes more prominent 
with the size decrease of the rare earth ion RE3+, however, 
no superconducting transition was detected down to 1.8 K 
[47]. The formal charge of a pnicogen (Pn) was considered 
important for the stability of its square nets against the 
Peierls distortions by Tremel and Hoffmann [46]. Recently, 
the 2D electronic transport property characteristic of 
the strong spin-orbital coupling in a Bi2− square net was 
revealed with experiments on Y2O2Bi thin films [48]. Kim 
et al. further analyzed the importance of the spin-orbital 
coupling of the Bi-6p electrons in suppressing the charge 
density wave (CDW) instability of the Bi square nets in the 
structures of RE2O2Bi compounds [49].

Superconducting transitions at T ~2 K were observed 
in the oxygen doped Y2O2Bi samples by Sei et  al. [33]. 
The nominal superconducting phase range of Y2O2+xBi, 
within which the TC does not change much (∆TC ~0.19), 
is 0 ≤ x ≤ 0.67. Because of the tiny amount of the doping, 
the locations of the O atoms are not determined by experi-
ment, though it is suggested that they are located nearby 
the (Y2O2)2+ layer [33]. By using the first-principles method, 
our group [50] found that the energetically most favora-
ble location for the additional O atoms are the centers of 
the Bi squares. Our calculations have indicated that the 

parent Y2O2Bi phase has a metallic conductivity (Fig. 2a) 
without the presence of flat bands around the Fermi level. 
With the additional O atoms introduced into the Bi square 
nets, a surprising effect occurs, namely the flat bands far 
below the Fermi level are pushed up to the Fermi level due 
to the antibonding interaction between the O-2p orbitals 
and the Bi-6p orbitals (Fig. 2b), creating a flat/steep band 
condition for superconductivity. According to our results, 
both the metallicity and the superconductivity are con-
fined in the 2D Bi square nets which are sandwiched by 
the insulating (Y2O2)2+ layers. The topological properties of 
the current system is worth further studies because Majo-
rana fermions have been predicted to exist at the interface 
of a superconductor and a topological insulator [51].

According to a recent report [34], a partially oxidized 
“Er2O2Bi”, a new superconducting phase, was prepared by 
sintering Er, Er2O3 together with CaO. If the actual compo-
sition of the sample is close to Er2O2Bi, one may expect that 
a similar situation as in Y2O2Bi occurs, though the crystal 
and electronic structure of the superconducting phase is 
not yet known.

3.2  �REMBi2 (RE = rare earth or IIA metals; 
M = transition metals)

Compounds with the chemical formula REMBi2, RE = rare 
earth or alkaline earth metal and M = transition metal, 
crystallize in the tetragonal ZrCuSi2-type structure. As 
shown in Fig. 3, the structure of these compounds can 
be readily described by [Bi][(RE)(M2Bi2)(RE)] comparable 

Fig. 1: The crystal structure of RE2O2Bi shown with a 
2 × 2 × 1 supercell, the figure is drawn by using the data of Y2O2Bi. 
(RE = La–Er, or Y).

Fig. 2: Band structures of Y2O2Bi (left) and Y2O2.125Bi (right) 
calculated using a (2a, 2b, c) supercell. Γ = (0, 0, 0), X = (0.5, 0, 0), 
M = (0.5, 0.5, 0), Z = (0, 0, 0.5), R = (0, 0.5, 0.5), A = (0.5, 0.5, 0.5). 
The inset shows why a flat band far below the Fermi level is pushed 
up to the Fermi level from the undoped case (a) to the oxygen-doped 
case (b) [50].
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to [Bi][Y2O2] of Y2O2Bi, with alternating layers of square 
nets of Bi [Bi], the rare earth layers (RE) and (M2Bi2) core 
layers. The core layer has the PbO-type structure as the 
FeAs layers in the Fe-based superconductors [30]. The 
distance between the rare earth layer and the core layer 
is in general very small (~0.9 Å in CeNiBi2), however, the 
RE–Bi distance can be large (e.g. 3.33~3.45 Å in CeNiBi2). 
The metric details may change with the size and formal 
charge of the rare earth elements RE and those of the 
transition elements M, however, the bonding feature of 
the structure is the same. The function of the embedded 
layers of rare earth or alkaline earth atoms can be under-
stood in terms of a charge reservoir to donate electrons 
into the adjacent layers [52], thus shifting the Fermi level 
outside of the band region of the Bi square nets. Conse-
quently, the Bi–Bi bond lengths in the Bi square nets are 
shortened from ~3.87 Å in Y2O2Bi to ~3.2 Å in the REMBi2 
compounds and any physical phenomena may be affected 
by this.

3.2.1  �REMBi2 (RE = alkaline earth metal; M = transition 
metal)

SrMnBi2 is an interesting representative of the REMBi2 
family, for RE = IIA (alkaline earth) metals [53], in which 
a strong anisotropic Dirac point has been identified [54], 
and thus a new platform for studying Dirac Fermions was 
suggested. In Fig. 4 the calculated band structure based 
on a Néel-ordering ground state at the GGA + SOC level 
is shown. It is evident that a Dirac point occurs along 
the Γ–M line, which results from the Bi-6px,y orbitals 

of the Bi square net. Based on this band structure it is 
hard to explain the observed Fermi surface and the 
metallicity, because bands crossing the Fermi level are 
absent. The band gap was considered as resulting from 
the spin-orbital coupling by Park et al. [54]. In a subse-
quent study more Dirac points around the Fermi level 
have been found, and a checkerboard antiferromagnetic 
ground state (cAFM) has been detected by using GGA +  
spin polarized calculations [55]. This study [55] provides 
a more reasonable explanation for the observed metal-
licity and the Fermi surface [54], at least qualitatively. 
However, the discrepancies of these two studies have 
not been resolved to date. On one hand, the latter work 
did not consider the spin-orbital coupling, on the other 
hand, none of them considered the strong correlation 
effect of the Mn-3d electrons, which was found to be 
important by the authors of Ref. [55]. As can be clearly 
seen from Fig. 4 or fig. 8 in Ref. [55], the flat/steep band 
condition is not satisfied for the ground state of SrMnBi2. 
In fact, it is a cAFM state instead of a superconducting 
one below T ~290 K [54, 55].

It was predicted that doping the Mn-3d band away 
from the half-filled condition may suppress the magnetic 
order and lead to superconductivity [55]. An interesting 
fact is that the calculated band structure (Fig. 5) for the 
paramagnetic phase (PM) of SrMnBi2 evidently meets 
the flat/band condition [55]. However, it has remained 
unclear whether the superconductivity observed for a 
SrMnBi2 + Bi sample at T ~5.7  K [32] is related to the PM 
phase. The flat bands shown in Fig. 5 are mainly of Mn-3d 
character, while the steep bands are mainly of the Bi-6px,y 
character, which implies very heterogenous Fermi surface 

Fig. 3: The crystal structure of ZrCuSi2-type REMBi2 compounds, 
(RE = rare earth or alkaline earth metal; M = transition metal). The 
figure is drawn with the crystallographic data of LaPd0.85Bi2.

Fig. 4: Band structure of cAFM-SrMnBi2 with a Dirac point around 
the Fermi level indicated in a dotted blue circle. The spin-orbital 
coupling is considered in the calculations [53].



J. Fu et al.: “Flat/steep band model” for superconductors containing Bi square nets      187

pieces and new coupling between them. Dirac electron 
behavior and possible topological superconductivity in 
this system is an issue worth of further investigations. 
Originally, this superconductivity was explained as an 
interface superconductivity between SrMnBi2 and Bi [32]. 
A precise theoretical description of the doping effect on 
the SrMnBi2 system is still lacking.

Anisotropic Dirac fermion behavior was also 
observed in the BaMnBi2 structure [56, 57] which has a 
cAFM ground state at low temperature too. The calcula-
tions carried out early indicated that the Bi-6p and Mn-3d 
hybridization is significant. This compound has a super-
conducting transition at ~3.4  K under ~2.6  GPA [58], an 
effect of physical doping. An explanation for the super-
conductivity is not available, because the variations of 
the electronic structure under high pressure are not yet 
known.

3.2.2  �REPdBi2 (RE = La, Ce, Nd)

Superconducting transitions at TC ~2.1 K were observed 
in the LaPd1−xBi2 phase, 0.2 ≤ x ≤ 0.45, and within this 
range the transition temperature remains almost 
unchanged [30]. A similar transition at TC ~3.2 K was also 
observed in NdPd0.77Bi2 [59]. The normal oxidation state 
of the lanthanoid ions is +3, which means that they can 
donate one more electron than the alkaline earth (IIA) 
metal atoms, e.g. Sr in SrMnBi2, to the adjacent layers, 
i.e. the core (Pd2Bi2) layers or the [Bi] layers of Bi square 
nets. Considering the non-stoichiometry, the Bi-6px,y 

bands of the Bi square net may have a fractional filling 
as discussed by Papoian and Hoffmann [60] for similar 
compounds. As mentioned in the last paragraphs, the 
ground state of the REMBi2 family has in general a mag-
netic order which is absent in the LaPd1−xBi2 phases. 
It was argued by Han et  al. [30] that the vacancies on 
the Pd sites have a pronounced influence on the Fermi 
surface to suppress the putative CDW. However, whether 
the absence of the magnetic ordering is also due to the 
vacancy scattering at the Pd sites has not been men-
tioned. As shown in Fig. 6, the feature that the steep 
bands cross the Fermi level is not lacking, while the zero 
group velocity states are also present around the Fermi 
level. The latter band feature has been defined as “flat 
band” states in our earlier work [17]. In fact, even if one 
shifts the Fermi level down, due to the Pd vacancies, it 
may also meet such states nearby R and Z points and 
those along the X–A line in the first Brillouin zone (BZ). 
As shown in Fig. 6, the Pd-4d orbitals dominate the con-
tributions at the Fermi level, while the contributions of 
Bi and La in the (La2Bi2) core layer and of the Bi square 
nets are smaller and nearly the same between each 
other. The scattering role of the vacant defects at the 
Pd sites was emphasized by Han et al. to infer a single-
band and s-wave superconductivity. However, it must 
be pointed out that in Han et al.’s calculations a rigid-
band approximation was assumed, without considering 

Fig. 5: Band structure of PM-SrMnBi2 showing the flat/steep band 
feature around the Fermi level. A few Dirac-like points around the 
Fermi level are indicated in dotted blue circles [54].

Fig. 6: The band structure of stoichiometric LaPdBi2 near the Fermi 
level. The flat band shows up as a small portion of a band with 
vanishing group velocity. A few Dirac-like points around the Fermi 
level are indicated in blue dotted circles. In the right panel, Bi(1) 
denotes Bi atoms in the core layer (Pd2Bi2), and Bi(2) denotes Bi 
atoms on the Bi square net [30].
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the actual vacancy structure of the LaPd1−xBi2 phase. The 
question, how the electronic structure changes when 
vacancies are introduced, has yet remained an elusive 
issue. The ground state of CePd1−xBi2 was characterized 
as AFM below 6 K by Han et al. [30].

3.2.3  �RENixBi2, (RE = La, Ce, Nd, Gd, Tb, Dy, and Y)

Mizoguchi et  al. described the structure of CeNi0.8Bi2 
as alternate stacking of [CeNixBi]δ+ and Biδ− layers, 
which is equivalent to our universal description, 
[Bi][(Ce)(Ni2xBi2)(Ce)]. A Bi square net also occurs in 
CeNi1−xSb1+yBi1−y phases [61]. The original reports [29] on 
the superconducting transition at 4.2 K based on a poly-
crystalline CeNixBi2 sample was questioned by another 
measurement on single crystal samples [62]. Super-
conductivity was observed in a single crystal sample 
of LaNixBi2 only, while for RENixBi2 (RE = Ce–Nd, Sm, 
Gd–Dy) local moment like behavior and AFM ground 
states were observed at low temperature. Kodama et al. 
[63] used a neutron powder diffraction method to study 
the magnetic structure of CeNi0.8Bi2 and suggested the 
coexistence of the AFM order and superconductivity. 
So far, this controversy has not been resolved, though 
the single crystal data may be more convincing. Never-
theless, the two studies based on powder samples have 
suggested that the superconductivity is due to the light 
electrons from the Bi square nets, while heavy electrons 
from the Ce-4f states are responsible for the AFM order. 
To understand the physical properties of CeNi0.8Bi2, 
we calculated the band structure of CeNi0.8Bi2 with the 
spin-polarized LSDA + U method (see computational 
details).

Our calculations indicate that the flat bands along 
the Γ–Z direction consist of ~80% Ce-f orbital (Fig. 7). 
The steep bands along the X–Γ direction are composed of  
~50–67% Ce-4f plus 40–26% Bi-6p, respectively. For the 
other steep bands, the Ce-4f orbital contributes even more 
than for those along the X–Γ direction. Our calculations 
indicate that the electronic structure around the Fermi 
level is dominated by the Ce-4f contributions. However, the 
steep bands around the Fermi level is a result of the hybrid-
ization between Bi-4p and Ce-4f orbitals. This hybridiza-
tion provides mobility to the heavy fermions on the Ce-4f 
bands. Regardless of the superconductivity mechanism, 
the flat/steep band feature is present in the calculated 
band structure. Our calculations do not support the expla-
nation of independent Bi-6p and Ce-4f states. Magnetic 
moments are not found at any atomic sites, which can be 
compatible with the absence of any weak AFM order [29]. 

The latter possibility was not investigated in this work; 
however, it will be part of future studies.

4  �Summary and perspective
The crystal and electronic structures of a new family of 
superconductors containing Bi square nets have been 
reviewed with focus on their universal features. The 
structures of these compounds can be viewed as stacked 
layers denoted as [Bi][(RE)(M2Bi2)(RE)], where the alkaline 
or rare earth layers (RE) can be removed as in the Y2O2Bi 
structure and vacancies are present in the core layers 
(M2xBi2). In fact, the Bi atoms can also be replaced by other 
pnictogen elements. The flat/steep band feature appears 
in all the reviewed superconductors, though the actual 
pairing mechanism may be unknown. For Y2O2Bi, both 
the flat and steep bands are dominantly of Bi-6px,y char-
acter. In LaPd1−xBi2, the flat bands consist of Pd-4d orbit-
als, while the steep bands have mainly Bi-6px,y character. 
In CeNixBi2, the flat bands stem from Ce-4f orbitals, while 
the steep band originates from a hybrid of Ce-4f and Bi-
6px,y orbitals. A Dirac fermion behavior is more prominent 
in SrMnBi2 and LaPd1−xBi2, while in Y2O2Bi and CeNixBi2 
this character is not visible or less prominent due to the 
smearing effect of the strong spin-orbital coupling and 
correlation effects. Due to the vacancies a rugged energy 

Fig. 7: Band structures of CeNiBi2 showing the presence of flat/
steep feature around the Fermi level. A few Dirac points around the 
Fermi level are indicated in the blue dotted circle. Red dots indicate 
the steep bands we analyzed.



J. Fu et al.: “Flat/steep band model” for superconductors containing Bi square nets      189

landscape is created in the systems, however, their influ-
ence has not been well studied. The interaction between 
the Bi square nets and the core (M2Pn2) layers is worth to 
be further studied with the inclusion of strong correlation 
and spin-orbital coupling.
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