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Abstract: In this study, we present a modified quantum
theory, denoted as QT*, which introduces mass-dependent
decoherence effects. These effects are derived by averag-
ing the influence of a proposed global quantum fluctuation
in position and velocity. While QT™* is initially conceived
as a conceptual framework — a “toy theory” - to demon-
strate the internal consistency of specific perspectives in
the measurement process debate, it also exhibits physical
features worthy of serious consideration. The introduced
decoherence effects create a distinction between micro-
and macrosystems, determined by a characteristic mass-
dependent decoherence timescale, 7(m). For macrosystems,
QT can be approximated by classical statistical mechan-
ics (CSM), while for microsystems, the conventional quan-
tum theory QT remains applicable. The quantum measure-
ment process is analyzed within the framework of QT*,
where Galilean decoherence enables the transition from
entangled states to proper mixtures. This transition sup-
ports an ignorance-based interpretation of measurement
outcomes, aligning with the ensemble interpretation of
quantum states. To illustrate the theory’s application, the
Stern—Gerlach spin measurement is explored. This example
demonstrates that internal consistency can be achieved
despite the challenges of modeling interactions with macro-
scopic detectors.

Keywords: quantum measurement problem; decoherence;
ensemble interpretation

1 Introduction

The foundations of quantum theory, an extremely success-
ful theory for 100 years, continue to be the subject of con-
troversy. A central aspect of this discussion is the question
of the “semantic consistency” of quantum theory, a term
coined by C. F. von Weizsédcker in [1], chapter 11.2. According
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to this author, “the semantic consistency of a physical theory
should mean that its pre-understanding, with the help of
which we physically interpret its mathematical structure,
itself satisfies the laws of the theory” (p. 514, my transla-
tion). Applied to quantum theory, this raises the question
of whether quantum mechanical measurement processes
themselves can in turn be correctly described using the tools
of quantum mechanics.

We will try to roughly classify the different positions
on this “problem of the quantum mechanical measurement
process”. The references to the position of individual physi-
cists and their schools of thought are intended for illustra-
tive purposes only and not as a serious contribution to the
history of physics. One possible position, which we would
like to call “dualism”, would be the requirement to describe
the measuring apparatus classically in principle, whereby
the cut between the measuring apparatus and the microsys-
tem to be investigated can still be shifted. This position
could be associated with one of the variants of the so-called
“Copenhagen interpretation”. For the strict dualist, the mea-
surement problem does not arise. It can only be formulated
if one attempts to analyze the measuring apparatus itself as
a quantum mechanical system.

Historically, this attempt goes back to J. von Neumann
[2]. A strong argument in favor of such an approach is atom-
ism, i.e., the insight that macroscopic bodies (e.g., measuring
apparatuses) are made up of microsystems (e.g., atoms or
molecules). But even an atomist can doubt whether macro-
scopic systems can be described by quantum theory in the
same way as microsystems. For example, in his early text-
book [3], G. Ludwig discussed the problem of the macro-
scopic arrow of time and relates this to the irreversible act
of measurement. One can imagine a more general theory
that is responsible for micro- and macrosystems and con-
tains both the quantum mechanics of microsystems and,
for example, the classical mechanics of macrosystems as a
limiting case, see for example [4], §2.2. This comprehensive
theory should then also describe the quantum mechani-
cal measurement process in a semantically consistent way.
We will refer to the two non-dualistic positions that result
from this as “Q(uantum)-monism” and as “G(eneralized)-
monism”.

For the Q-monist, the measurement problem presents
itself in the following form: After the interaction between
the microsystem and the measuring apparatus has been
completed, the total system is in an entangled state, i.e.,
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in a superposition of product states. On the other hand,
it appears that exactly one term of this superposition is
selected by reading the measurement result. This transition
from the superposition to a term is called “reduction (or
collapse) of the wave packet”. In a corresponding formula-
tion of quantum theory, there are therefore two different
types of time evolution: the unitary, deterministic, continu-
ous evolution based on the dynamics of the quantum sys-
tem, and the non-unitary, non-deterministic, discontinuous
evolution due to measurement and the associated collapse
of the wave packet. Because the latter cannot be reduced
to the former, quantum theory appears to be semantically
inconsistent.

There are various attempts to solve the measurement
problem within Q-monism. One attempt, going back to von
Neumannn [2], London, Bauer and Langevin [5], combines
the reduction of the wave packet with the act of conscious-
ness of reading the measurement result. Building on this,
von Weizsacker proposes to interpret the wave function y
as the quintessence of the knowledge a physicist can have
about a microsystem S. Further measurements on S then
change this knowledge in a comprehensible way, and von
Weizsdcker considers quantum theory to be semantically
consistent with this interpretation, see [1].

Other approaches intended to solve the measurement
problem are the “many worlds interpretation” of H. Everett
III [6] and B. DeWitt [7], Bohm’s theory of hidden vari-
ables [8], the “consistent history interpretation” [9], the
Ghirardi-Rimini-Weber theory of the collapse of the wave
function [10] and theories of decoherence [11]. Furthermore,
R. Penrose’s idea that the collapse of the wave packet is
triggered by gravitational effects [12] should be mentioned
here, although this is not elaborated further.

An alternative to these solutions would be to unmask
the measurement problem as a pseudo-problem. Although
we are more concerned with the possible positions than
with the people who hold them, it should be mentioned here
that this position can be found quite clearly in the work of
L. E. Ballentine [13], [14]. To this end, he brings the interpre-
tation of (pure or mixed) quantum mechanical states into
play. In the “individual system interpretation”, a pure state
provides a complete and exhaustive description of an indi-
vidual system, whereas in the “ensemble interpretation”
a (pure or mixed) state provides a description of certain
statistical properties of an ensemble of similarly prepared
systems, [13], p. 360. Therefore, according to Ballentine,
the paradoxical character of the superposition of product
states after the interaction between microsystem S and
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measuring apparatus A disappears in the ensemble inter-
pretation. It no longer refers to a fictitious state of the indi-
vidual system S + A but to an ensemble of such individual
systems.

It goes without saying that this is not the place to
discuss the various proposed solutions in detail. However,
we would like to take a closer look at Ballentine’s posi-
tion outlined above. To do so, we will, after some general
remarks in Section 2.1, sketch the elaboration of the ensem-
ble interpretation by Ludwig [15] in Section 2.2. Then we will
argue, against Ballentine, that the measurement problem
also poses a difficulty in Q-monism with ensemble interpre-
tation, see Section 2.3.

This leaves the supporters of the ensemble interpreta-
tion with G-monism. However, one weakness of G-monism
is that it is based on a theory that is supposed to unite the
micro and macro worlds, but which does not yet exist. Is
such a theory even possible? What effects could play a role
that only occur in a gradual transition from micro to macro
systems? Motivated by such questions, we propose in the
main part of the paper, starting with Section 3.1, as a toy
theory a modified quantum theory QT* that has the desired
properties. It uses elements from the decoherence theories,
but differs from them by assuming a global fluctuation in
position and velocity (“Galilei fluctuation”). On states that
are understood in terms of the statistical interpretation
these fluctuations act as averaged Galilean transformations
and thus lead to a mass-dependent decoherence, see the
Sections 3.2 and 3.3. Similarly as in the well-known work
on decoherence, this explains why certain superpositions
of states of heavy particles are not possible, see Sections 3.1
and 3.5. The description of quantum measurement pro-
cesses in the modified theory QT is given in Section 4, but
under a restrictive condition, see Assumption 1. In Section 5
we apply the theory QT* to the example of a spin measure-
ment by a Stern-Gerlach experiment. To ensure that the
interaction between the microsystem (spin) and the measur-
ing apparatus remains calculable, we simplify the detection
of the silver atom by the elastic collision with a macro-
scopic particle whose location can be read off directly, see
Section 5.1. Despite this drastic simplification, the descrip-
tion of the Stern-Gerlach experiment can be carried out
consistently, as shown by the choice of concrete numbers
for the relevant physical quantities in Section 5.2.

Finally, our results are summarized and discussed in
Section 6. In particular, we discuss whether the theory QT*
outlined here has physically plausible features beyond its
toy character.



DE GRUYTER

2 Ensemble interpretation of
quantum states

We will focus on the contributions to the ensemble inter-
pretation of Ballentine [13], [14] and Ludwig [4], [15]. For a
broader overview see [16].

2.1 General remarks

We begin with a few remarks that somewhat soften the sup-
posed contrast between “individual system interpretation”
and “ensemble interpretation” of quantum states. In doing
so, we emphasize the differences to classical theories, for
which we consider classical statistical mechanics (CSM) as
a generic example. Thereby we ignore mathematical sub-
tleties that are irrelevant to this discussion. For example,
pure states in CSM would be represented mathematically by
points in phase space, whereas in any physical application
finite uncertainty arises. Realistically, pure states are not
realized by delta functions on phase space but approxi-
mated by functions with a finite width.

First, we consider pure states in quantum theory that
are represented by projectors P = |y )(y| in a Hilbert space
H with v € H and |ly|| = 1. If an ensemble of individual
systemsis prepared in a pure state P, it is permitted to assign
this pure state P to each system S of the ensemble in the
sense that any subsequent measurement on S cannot lead
to a contradiction to this assignment. For example, a yes-no
measurement with the projector P will definitely return the
result “yes” (or “1”) while another yes-no measurement with
a projector Q L P would return the result “no” (or “0”) with
certainty. All other yes-no measurements can result in “1”
or “0” without the possibility of predicting the outcome. The
difference to the CSM is that the existence of a pure state for
an individual system is not only a permissible assumption
here, but can also be fully verified by a single test measure-
ment. In quantum mechanics no single measurement can
detect a pure state without using additional information,
see, e.g., [17] §9.4.

Next, we consider genuinely mixed states, which are
represented mathematically by statistical operators W in
the Hilbert space H, excluding the case W = P. Here
we have to distinguish between “proper mixtures” and
“improper mixtures”. For proper mixtures, a partition of the
corresponding ensemble into sub-ensembles correspond-
ing to pure states P,, satisfying W = Y, p;P;, can be distin-
guished due to the closer circumstances. Again, it is allowed
to assume that each individual system S of the ensemble
corresponding to W “has” one of the states P; but one
does not know which one (“ignorance interpretation”). This
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assumption cannot lead to a contradiction with the result
of a subsequent measurement. For example, in the case of
mutually orthogonal P;, a measurement of an observable
with the eigenprojectors P; will give the result which of the
pure states P; can be assigned to S, and is hence consistent
with the assumption. In CSM the situation is similar except
that the partition of the ensemble into pure states is unique
and need not be given as an additional information for the
test measurement.

In the case of improper mixtures, it is not possible to
distinguish such a decomposition of the ensemble depend-
ing on the closer circumstances. Below we will give an
example where an assignment of pure states to individual
systems of the ensemble can even be ruled out. In CSM the
case of improper mixtures does not occur since the decom-
position of a mixed state into pure states is always unique.

The announced example consists of the
EPR-experiment, where a pair of particles is prepared in an
entangled, rotationally invariant spin state %(Tl —117) so
that one particle is sent to Alice and the other one to Bob.
If Alice makes a measurement of the spin into direction
a, corresponding to the observable (Hermitean operator)
A = a - o, the probability of “spin up” will be 1/2 regardless
of the direction a. Hence Alice will find that her particle has
a mixed spin state described by W = % [l The same applies
to Bob. Whether W represents a proper or an improper
mixture depends on the circumstances of the experiment.

If Bob has made a spin measurement of the observable
B =Dbh- o then it would be legitimate to call the mixed state
W of the particle sent to Alice “proper” and the correspond-
ing decomposition W = Y p;P; is given by the two eigen-
projectors P;, P, of B, with p, = p, = 1/2. According to the
above it would be permissible to assume that each particle
arriving at Alice “has” either spin up or spin down w.rt. the
direction b chosen by Bob and corresponding to the perfect
anti-correlation of spin measurement results of Alice and
Bob.

The situation is different in the case where Bob has
not made any spin measurement. Although the particles
sent to Alice are characterized by the same mixed state
W = % [Las before, this mixture has now to be classified as
“Improper”. Imagine that Alice adopts a “double ignorance
interpretation” in the sense that she assumes a proper mix-
ture of the form W, = p,P; + p,P,, but without knowing
the direction of 1. The analogous assumption will be made
by Bob. To account for the anti-correlations as much as
possible, Bob should choose the same unknown spin direc-
tion as Alice. Both assumptions can be combined so that,
taking into account the anti-correlation, the overall state
has the form W = %PT L+ %Pu. This results in a mixture of
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product states for the combined system, which is different
from the pure state given by the projector V on %(Tl — M.

However, the difference between V and W with unknown
direction of 1 cannot be detected by a single measurement,
but only by a long series of measurements.

We conclude that the “individual system inter-
pretation” of quantum states is possible in some cases,
namely for pure states and proper mixtures, but for the
general case, including improper mixtures, the “ensemble
interpretation” is indispensable. In this respect, our
argument goes beyond Ballentine [13], who sees in the
“individual system interpretation” a conceivable but
superfluous supplement to the “ensemble interpretation”,
against which, among other things, Ockham’s razor
argument speaks.

2.2 Preparation and registration procedures

We have seen in the preceding subsection that the distinc-
tion between “proper” and “improper” mixtures cannot be
made at the level of statistical operators W but depends on
the “closer circumstances” of the experiments. This can be
taken as a motivation for introducing a refined vocabulary:
A state described by W is not represented by a single ensem-
ble of identically prepared systems but by a class of ensem-
bles corresponding to different “preparation procedures”.
Such a refined theory has been elaborated by Ludwig [15]
and need not be reproduced here in all details. We will focus
on the aspects relevant to this paper.

The attempt to interpret a quantum mechanical state
as a single ensemble E of quantum systems leads to another
problem: Every conceivable measurement of an observable
(Hermitian operator) A, which has a complete system of
eigenprojectors, leads to a corresponding partition of E con-
sisting of subsets of E where the observable A has a definite
value. For arbitrary finite sets of non-commuting observ-
ables and a dimension of the Hilbert space >3, however, the
existence of these partitions of a single ensemble E leads
to a contradiction according to the theorem of Kochen and
Specker [18].

A characteristic feature of Ludwig’s approach is the
extension to preparation and registration procedures. Both
types of procedures contain the description or construction
manual of macroscopic devices in a classical language and
can be realized by concrete processes as often as required. A
single experiment consists of a combination of a realization
of a preparation procedure and of a registration procedure
and can be in turn be repeated as often as you want. The
problem arises that there are obviously different combina-
tions that differ in the relative spatio-temporal position of
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their parts. Ludwig solves this problem by demanding that
the construction manuals refer to an abstract coordinate
frame, which is replaced by a concrete coordinate frame
for each realization. If you combine a preparation proce-
dure and a registration procedure, you only need to identify
the abstract coordinate frames. Another advantage of the
introduction of abstract coordinate frames is that it enables
a natural definition of time-translations or, more general
Galilei transformations, operating on the coordinate frames
of preparation procedures (Schrédinger picture) or, alterna-
tively, of registration procedures (Heisenberg picture).

The purpose of an experiment is to obtain results.
Ludwig’s formalism takes this aspect into account by assign-
ing a probability A(a, by, b) to the triple of a preparation
procedure a, a registration procedure b, and an event b
that can occur during the measurement. This leads to a
function u: Q@ X F — [0, 1], where Q is the set of (non-empty)
preparation procedures and F the set of “effect processes”
consisting of pairs (by, b) and describing generalized yes-no
measurements. Different events b; for the same registration
procedure b give rise to “coexistent effect processes”. Each
preparation procedure therefore induces a real function
defined on 7, but two different preparation procedures can
induce the same function. Proceeding to the corresponding
equivalence classes of preparation procedures, one obtains
“states” (we have avoided Ludwig’s notion of “ensembles” as
it could be confused with the previously discussed concept).
Analogously, one considers “effects” as equivalence classes
of statistically equivalent effect processes, and a derived
probability function

wKxL—[0,1], 6]

where K denotes the set of states and L the set of effects.
Coexistent effect processes generate “coexistent effects”. In
his work [15] Ludwig further provides physical axioms for
the structure (K, L, u) such that K can be represented as
the set of statistical operators W on a Hilbert space H
and L as the set of Hermitean operators F on H such that
0 < F < [land the statistical function y is represented as
Tr(WF).

The description of a particular experiment with the
terms developed by Ludwig can sometimes be done in
different ways, which is reminiscent of the shiftability of
the cut in the Copenhagen interpretation. Consider, for
example, the EPR experiment mentioned in the Section 2.1
of two measurements of Alice and Bob, resp., on a pair
of particles. On the one hand, these measurements can bhe
understood as coexistent effects measured for a pure state
given by the projector onto %(N — |1). On the other hand,

the preparation of the entangled pair together with the
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measurement of Bob can be understood as the prepara-
tion a of a mixed state W = % fLon which Alice performs
a measurement. The decomposition of the set of individ-
ual systems prepared according to a, corresponding to the
result “yes” or “no” of Bob’s measurement, can be under-
stood as a decomposition of a into two partial preparation
procedures, a = a; U a,, which further leads to the con-
vex linear combination W = %PT + %Pl at the level of the
states. We have referred to this as a “proper mixture” in
Section 2.1.

2.3 Ensemble interpretation and the
measurement problem

To fix the notation we will assume that, after the interaction
between the microsystem and the measurement apparatus,
the total system assumes the pure state

D= c,|¥,) ® Iw,), @

a=1

where the states |¥,) refer to the microsystem and the
states |y, ) to the various outcomes which can be read off
the measurement apparatus. Ballentine has argued [13] that
this only then contradicts the experience that the measuring
apparatus shows an unambiguous result if one assumes
the individual system interpretation for the pure state ®.
There is supposedly no such problem with the ensemble
interpretation for ®.

We will discuss this position using Ludwig’s elaboration
of the ensemble interpretation outlined in the last subsec-
tion. Then the state @ is realized by a preparation pro-
cedure a. One could of course object that the preparation
of a pure initial state for the measuring apparatus, which
leads to (2) after time ¢, is extremely unrealistic. But this
would be an argument against Q-monism. The discussion we
analyze here, however, takes place within the framework
of Q-monism, and is thus based on the premise that such a
preparation procedure a is conceivable.

In Ludwig’s language, the states y, of the measuring
apparatus can be interpreted as mutually exclusive coexis-
tent effect processes, which enable a disjoint decomposition
of the preparation procedure a of the form a = | J,, a,, sim-
ilar to the EPR example from the Section 2.2. But this would
result in a mixed state @, in contradiction to the assumption
that @ is a pure state.

We therefore come to the conclusion that the measure-
ment problem persists, regardless of the interpretation of
the state @ according to the individual system interpreta-
tion or the ensemble interpetation.
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3 Modified quantum theory QT*

3.1 Definitions

We consider non-relativistic quantum theory based on
Galilean space-time M which is assumed to be a 4-
dimensional affine space. Let G denote the (proper) Galilei
group acting on M by means of affine bijections g: M —
M, g € G.W.rt. afixed Galilean coordinate system y: M —
R x R3, y(m) = (t,x), Galilean transformations can be
identified with the quadruple g = (b,a,u,R) € R X R3 X
R3 X SO, such that

gt,x)=(t+b,Rx+ut+a). 3)

The connection to quantum theory is given by a projec-
tive, unitary, irreducible representation (“irrep”) R of G. This
representation is characterized by a positive real number
m (“mass”), a positive half-integer number s (“spin”), and a
Hilbert space

Hm,s — CZS+1 ® LZ(RS, d3p)’ (4)
such that
(Rh,a,u,R) y) (p)

= exp(%(Eb -p- a))

X Y D5,(R) wy(R7(p — mu)), ®)
p=-s

see, for example, [19], [20]. Here E = % and D? is the (2s +
1)-dimensional projective, unitary irrep of SO or, equiva-
lently, the (2s + 1)-dimensional unitary irrep of SU,.

For the following we neglect the rotational degrees
of freedom and thus set s = 0. Time translations are not
considered since they correspond to a free time evolution
and we will instead consider a more general unitary, Galilei
invariant time evolution U(t). Moreover, for the purposes of
this paper it will be convenient to pass from the momentum
representation to the velocity representation of wave func-
tions and hence to consider the Hilbert space

H, = I*(R%, dv), ©6)
Then (5) will be reduced to

(R(0,a,u,[) y)(V) = exp(—%mv . a)u/(v —uw, @
wherey € H - Inthe position representation of wave func-
tions obtained by an inverse Fourier transformation we use
the Hilbert space
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H,, = L*(R®, d®%). ®)

Explicitly, the transformation from ¢ € H,, toy € ﬁm
can be written as

m >3/Z/exp(—%mv'x> dx) dx. (9

w(v) = (2771

Then we obtain the positional representation of the
reduced Galilean irrep analogous to (7) (denoted by the
same letter)

(R(0,a,u,[) ¢)(x) = exp(imu . x)qb(x —a)),

7 (10)

where ¢ € H,,.

3.2 Postulates and first results

So far, we have only sketched the well-known form of
non-relativistic quantum theory. We will modify this the-
ory by postulating that the “pure” time evolution described
by a unitary family U(¢) that commutes with the reduced
Galilean irrep (10) is superimposed by a global quantum
fluctuation:

Postulate 1 (Preliminary form)

Between the points in time t and t + 6t, the total time
evolution, in addition to the pure time evolution U(d1), is
given by random, independent spatial translations a and
Galilean boosts . 6t > 0 is a fixed time difference that is very
small compared to the typical duration At of measurements.

The distribution of the two random variables a and u
is left open, except that it is identical for all intervals (¢, t +
6t) and will be later restricted by certain assumptions on its
statistical parameters. The order of space translations and
boosts is irrelevant since, according to Weyl’s commutation
relation, the commutator of their irreps is a constant phase
factor that cancels if calculating probabilities.

We will discuss the consequences of Postulate 1 for the
statistical interpretation of quantum theory, as outlined in
Section 2.2. We will concentrate on the influence of ran-
dom translations and boosts on the ensemble W, since the
pure time evolution commutes with their representation.
For two different time intervals (¢;, ¢, + 6t) and (¢,, t, + 6¢)
the values of the random variables a and u and their irreps
R(0, a, u, D will be different. But due to the statistical inter-
pretation of the state W the individual Galilean fluctua-
tions are not important but only the mean value of the
corresponding irreps over many time intervals (¢, t + 0¢).
Additionally we use the assumption 6t < At to invoke the
central limit theorem. Let At = Not with a large integer N
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then the sum of N random spatial translations and boosts
has asymptotically a normal distribution with mean values
and variances proportional to N and hence to At. The mean
values of a and u are assumed to vanish. This leads to the
modified Postulate

Postulate 1 (Final form)

Between the points in time t and t + At, the total time
evolution, in addition to the pure time evolution U(At), is
given by random, independent spatial translations a and
Galilean boosts u which are normally distributed with zero
mean values (a) = 0 and (u) = 0 and variances

o%a) = a At, (1D

o’(u) = f At, (12)

where a > 0 and f > 0 are free parameters of the theory

QT*.

In the language of stochastic processes we thus assume
that a, and u, are independent 3-dimensional Brownian
motions with variances o%(a, — a,) = a (t — s) and ¢%(u, —
u,) = f (t—s) for s < ¢, resp,, see, e.g., Def. 2.1 in [21]. In
other words, the components of a, and u, are Lévy processes
with vanishing jump term in the Lévy-Khintchine formula,
cf. theorem (42.6) in [21].

In order to calculate the effect W — W’ = T3W of the
spatial quantum fluctuations a on the statistical operator
W we assume its velocity representation by means of the
integral kernel W(v, w). According to Postulate 1 and (7) we
obtain

W, w) » W (v,w) = QraAt)~3/?

X / exp(—%m(v— w) - a)

2
X exp (— ﬁ > W(v,w) d°a (13)

= exp <— %(v - w)2> W(v,w). (14)

Note that the transformation W+ W' = T,W pre-
serves positivity and trace, and hence maps statistical oper-
ators onto statistical operators, although it is not unitarily
induced. Being a mixture of unitarily induced transforma-
tions it is completely positive [22] and, moreover, increases
the von Neumann entropy S(W) = —kzTr(W logW) since
W — S(W) is a concave function.

It will be convenient to introduce new velocity coordi-
nates by
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_ L
V2

and to rewrite (14) in the form

A V+wW), p= iz(v —w), (15)

\/'

2
m ;Z‘ZAtM) WA, p). (16)

WA, u)~» W (A, u) = exp<—

Analogously, we calculate the effect W —» W' = T,W’
of the quantum boost fluctuations u on the statistical oper-
ator W’ in terms of its position representation given by the
integral kernel W’(x, y) and using (10):

W' (x,y) » W (x,y) = QrfAt)%/?

X / exp(%m(x -y)- u)

o

_ ’ 3
xexp( 2ﬂAt>W(X’y)du 17

2
= exp (— PR - y)Z) W(xy).  8)

Also this result will be rewritten by introducing new
position coordinates

1 1
= ——x+y)., n=-_(x-y),
N Y S

and assumes the form

'3 (19)

2
W'(En - W'(En = exp<—m£2Atn2) W'(E, ). (20)

Due to the similar structure also the transformation
W' — W' = T,W' preserves positivity and trace, is com-
pletely positive and implies an increase of von Neumann
entropy. This underlines the dissipative character of the
modification of the unitary time development that we are
looking at.

Differentiating (18) w.r.t. the time parameter At gives
the term —’;—;f(x —y)? W”(x,y) to be compared with the
term —A(p(t) — T[p(t)]) in eq. (3.1) of [10], where the posi-
tion representation of the localization operator T is given
in eq. (2.10). This shows that, despite some similarities, our
ansatz differs significantly from the GRW approach, and
not only with respect to individual system versus ensemble
interpretation of quantum states.

For later purposes we will prove the following

Lemma 1. 1. If the integral kernel W(x,y) of W in the posi-
tional representation is uniformly bounded in absolute value,
[W(x,y)| <w for all (%,y) € RS, then the mappings T, and
T will decrease this bound,

2. The analogous statement holds for the integral kernel
W(v, w) of W in the velocity representation.
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Proof. Tt will suffice to prove the first statement concerning
the positional representation of the integral kernel of W. For
the effect of boost fluctuations it is clear that 7; decreases
the absolute value of |W(x,y)| since it consists of a multi-
plication with a positive function <1, see (18). For the effect
of spatial fluctuations 7 we consider

-3/2 _ a’
)(TSW)(X, y)| < @raAb) /exp( 2aAt>
X |[W(x—a,y —a)|d®a

2
< (szAt)'B/z/exp<—2:At> w d’a

(22)
(]

(21

=W.

3.3 Illustration of decoherence effects

It is plausible that the damping of the “off-diagonal” regions
of the integral kernels W (v, w) and W’ (x, y) by the transfor-
mations (14) and (18) possibly leads to decoherence effects.
Nevertheless, it will be instructive to study these effects by
means of an example.

We consider only one spatial dimension x and a sta-
tistical operator W’ with integral kernel W’(x,y) given
by the projector onto a wave function representing a
superposition of two wave functions sharply localized
at x=A and x =B, resp., such that A < B. It follows
that W’ (x, y) almost vanishes everywhere except for four
small regions located around the points (x = A,y = A), (x =
A,y=B),x=B,y=A) and (x =B,y =B), see Figure 1.
Through the transformation W’ — W, see (18), the integral
kernel W'(x,y) is multiplied by the “damping” Gaussian

exp(— mzzzm (x— y)2> which has the width

n=_"n @3)

my/ At

in the #-direction orthogonal to the diagonal x = y.

The effect of this multiplication depends on the size of
An relative to |A — B|: If A > |A — B| the integral kernel
W’(x, y) remains practically unchanged. The converse case
An <« |A — B| leads to a complete suppression of the off-
diagonal peaks of W’(x,y)at(x =A,y=B)and(x =B,y =
A), see Figure 1. The resulting integral kernel W' (x, y) no
longer represents a pure ensemble but a statistical mixture
of two pure ensembles corresponding to localized wave
functions at x = A or x = B. In the regime between these
two extremal cases W’ (x, y) is a mixture of ensembles cor-
responding to localized wave functions or superpositions
where the statistical weight of the superpositions is gradu-
ally diminished for decreasing width Az of the Gaussian.
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B X

Figure 1: Illustration of decoherence effects. The integral kernel W’ (x, y)
(dark yellow surface) corresponds to a wave function that is strongly
concentrated at the points x = A and x = B. By multiplication with a
Gaussian damping function that fulfills the condition Ay < |A — B| (blue
surface), where Az is the width of the Gaussian in the direction
orthogonal to the diagonal x = y, defined in (23), the off-diagonal peaks
of W(x, y) are suppressed. In contrast, multiplication with a Gaussian
damping function that satisfies Ay > |A — B| (green surface) leaves
W'(x, y) practically unchanged.

Before returning to the general case, we note that a
simulation of the transformation W’ — W' as a single pro-
cess, starting from a superposition ¢(x) of localized wave
functions and performing a sequence of random boosts,
would not change the double-peaked structure of |¢(x)|%.
There is no “collapse of the wave packet” that accompanies
the decoherence process W’ — W' for the case of Ay <
|A — B|. However, we would not see this as a disadvantage
of the decoherence approach but rather as an argument
against the interpretation of the wave function as the state
of an individual system, see the discussion in Section 6.

3.4 Effect of Galilean fluctuations on
composite systems

Due to the present approach, the fluctuation of translations
and boosts affects the quantum system via the representa-
tion of the Galilean transformations. These representations
influence the constituents of a quantum system and can
thus be captured by reducing the product representation to
irreducible representations (irreps). It is therefore not nec-
essary to recalculate the composite effect of the fluctuations
(possibly a further difference to GRW).

The reduction of a product of two representations
results in a direct integral over irreps of the form y (R, ...)
with R as the center of mass coordinate, and the sum
M = m; + m, of the individual masses as a parameter of
the irrep, see [19]. This can be generalized directly to the
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product of N representations, where R is again the cen-
ter of mass coordinate of the N constituents. If all con-
stituents have the same mass, R is symmetric under permu-
tations, and thus the irrep lies in the Bose sector. A problem
arises here because the constituents of matter are fermions,
mainly quarks and electrons. To a good approximation,
however, one can restrict oneself to atomic nuclei as con-
stituents (this is sufficient to obtain macroscopic masses).
Atomic nuclei with an even mass number are co-bosons
and can therefore be treated as bosons as long as their
density is as low as that of normal matter. For atoms with
odd mass numbers, pairs of atomic nuclei can in turn bhe
regarded as constituents. The approximate description of
co-bosons by bosons, which is also important in the con-
text of Bose—Einstein condensation of ultracold atoms, has
been discussed in various places, see e.g., [23], Ch. 6, [24],
and [25].

3.5 The classical world

In the example of the preceding subsection we have only
considered the effect of random boosts that lead to the
multiplication of the integral kernel W’ (x, y) of a statistical

operator with a Gaussian damping function exp[—ﬁ],

where n = % (X - y). It is clear that, analogously, random
translations transform the integral kernel W(v, w) by a mul-
tiplication with exp[—("—zl, where A and u are defined in

Apy
(15) and !
n

m\/aAt.

In a similar way as sketched in Section 3.3 this trans-
formation could possibly destroy superpositions of pure
ensembles with different velocities, depending on the size
of Ay and the integral kernel W(v, w).

It seems at first sight that decoherence effects will be
arbitrarily strong for increasing At. However, there is a time
threshold 7, so that the decoherence reaches its maximum
for At ~ 7 and does not increase further when At > 7.
can be obtained by the condition that the two widths A and
Ay satisfy the Heisenberg uncertainty relation:

Au= (24

(23,24)

(An) (MAp) ~ h/2e=—= At 7. (25

h

2my/ap
For At ~ 7, the attenuation of W’(x, y) near the diago-

nal causes a broadening of W’ (v, w) due to the uncertainty
principle, and vice versa, which brings the decoherence
process to a standstill. 7 may be called the “maximal deco-
herence time” due to Galilean decoherence. It is the simplest
quantity with the dimension of time that can be formed
from the parameters of the quantum system and Galilean
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fluctuation. In general, typical decoherence times will be
shorter than 7, depending of the initial ensemble W.

Generalizing the example discussed in Section 3.3 we
expect that Galilei decoherence will lead to a statistical oper-
ator W which is approximately “classical”, i.e., a mixture of
pure states sharplylocalized in phase space (o, in this paper,
position-velocity space). An example of such pure states is
provided by the projectors onto (squeezed) coherent states
|Q2), see, e.g., [26]. These coherent states initially will have
general variances o2, 6% w.rt. position and velocity, that
sharply satisfy the uncertainty relation, i.e., (o,) (mo,) =
7/2.To fix the values of o, and o, depending on the masses
m, we define

I [0 S SO S
o i=ar = 5o’ o,:=ftr= %o’ (26)
which entails n
(o) (mo,) = —. 27)

2
In the A we will present some calculations which con-
firm the expectation that Galilean decoherence leads to an
approximately classical state if the following condition for
decoherence is satisfied:

M> L

5 (28)

Here M > 0 a dimensionless parameter defined by

o, 2320 [m 1/4(2426) &
M:= X = — = U,
An 2h (af) Au

Note that for At = 7 this parameter assumes the value

(29)

1
MIAt:T =5

3 (30)

There is an extensive literature on the problem of
whether quantum mechanics contains classical mechan-
ics as a limiting case, see [27], Chapter X, and in which
sense decoherence plays a role in this, see [28] for a recent
account. We can only address a few aspects of this debate
here, in particular the controversy between Ballentine and
Schlosshauer on the latter question [29]-[31], insofar as it
indirectly affects issues of our paper.

First, it should be noted that in the so-called
“Ehrenfest regime” there are approximate correspondences
between classical trajectories and certain solutions of the
Schrédinger equation, independent of any decoherence
effects. The conditions for this are that the initial states are
products of wave packets that are sharply localized with
respect to position and momentum, and that the potential
energy function is practically constant within the widths
of the wave functions. Furthermore, this approximate
correspondence is only valid for limited times, which can
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be relatively short for chaotic movements. For example,
the trajectory of a billiard ball after 11 collisions is no
longer uniquely determined even macroscopically due to
Heisenberg’s uncertainty principle for the initial conditions,
see [32].

In this respect, Ballentine has a point here, even if his
research relates less to the Ehrenfest regime than to the
so-called “Liouville regime” [33]. On the other hand, rep-
resentatives of decoherence theories emphasize the aspect
that an approximate reduction of classical mechanics to
quantum mechanics must also explain why certain super-
positions of macroscopic states (such as states of living
and dead cats) cannot be prepared. A representative of
Ballentine’s position could reply to this that such a super-
position can indeed be prepared, but in the sense of the
ensemble interpretation and not in the sense of individual
systems in a superposition. We have already criticized this
view in the Section 2.3 and would therefore recognize the
need to explain the limited preparability of states in the
CSM, but would point out that our variant of decoherence
also provides the desired explanation.

In the case of the chaotic dynamics mentioned above,
the theory QT* leads to a transformation of the relatively
rapidly spreading pure state into a “proper” mixture. It
thus also contains the limiting case of stochastic classical
mechanics, which, as far as I can see, is not possible in the
usual decoherence theories.

4 Quantum measurement

A quantum measurement consists of coupling a microsys-
tem to a macrosystem (“measuring apparatus”) such that
the time evolution of the total system leads to final states
that can be classically distinguished. The problem is that,
using only the pure time evolution, the final state will be
an entangled superposition of different product states. In
this section we will examine the extent to which the picture
changes when Galilean fluctuations are taken into account.

We assume, for the sake of simplicity, that the Hilbert
space H, of the microsystem will be finite-dimensional and
that the action of the Galilei group onto H; is trivial (repre-
sented by the identity). The Hilbert space of the measuring
apparatus is assumed to be of the form

H, = Hy ® H,,, 31)

where H,, and the corresponding action of the reduced
Galilei group has been defined in (8) and (10). H,, physically
represents the center of mass degrees of freedom of a part of
the measuring apparatus (“pointer”) that is used for the ulti-
mate reading of the measurement result. The Hilbert space
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Hj represents the other parts of the measuring apparatus
and the remaining degrees of freedom of the pointer.
The total Hilbert space is hence

H=H; @Hy @ H,, (32)

and the pure time evolution between ¢ and ¢ + At is given
by a unitary operator U(At): H — H. We assume that the
total system is initially in a pure product state &, = ¢, ®
¥, ® y,. The next assumption is crucial for the further
discussion and can be seen as an implicit definition of when
a macrosystem with an interaction that leads to U(At) is
considered a “measuring device”.

Assumption 1. Using the preceding notation we assume:

UAD (o ® ¥ ® i) 9403 ¢,, @, ®Q,

pu=1

= D(AD), (33

where ¢, > 0 for 1 < u <r and the coherent states 2, are
macroscopically distinct, i.e, (€2,|Q2,) = 6, for1 < y,v <r
and g(At) is a real function.

This assumption on the state after the pure time evolu-
tion U(At) resembles the bi-orthogonal Schmidt decomposi-
tion of a twofold product state, see [17], Chapter 5.3, but note
thatin general there does not exist a Schmidt decomposition
of triple product states. Physically, the Assumption 1 means
that, besides the fundamental entanglement between the
microsystem and the measuring apparatus which is repre-
sented in the superposition (33), the further entanglement
between the pointer and the remaining degrees of freedom
of the measuring apparatus can be neglected. We will not
specify the form of the unitary representation of the Galilei
group in the Hilbert space Hj but only assume, as always,
that the pure time evolution U(At) commutes with the total
representation of the Galilei group restricted to translations
and boosts.

The projector onto the state vector ®(A¢) is hence of the
form

W(AD) = |P(AD)(D(AD)] 34

;
= 2 CCld (B @ 1Y, NP, ® 12,01 (35)
u,v=1

The effect of the Galilei fluctuations will only be calcu-
lated for the last factor |€2,,)(€2, | of (35). This already shows
that after the time At the pure state decays into a mixture
of macroscopically distinguishable pointer states. It seems
highly plausible that additional decoherence effects cannot

affect this result.

DE GRUYTER

We set
W (x,y):= <x)TBTS 19,9, |y> (36)
W can be explicitly calculated with the result
W), (x,y) = (27 (aAt + o')%))_?’/2 exp

1 ax—xy
X[ B(adt+ o7y CX X

+2Ay—x)+ (x— X, +X, _y)zao_At>

X

T M? 2 M? 2
(=) = 2 (x—y)

_Z(At+1)0'3 2
- 4'%(05&( (x+x,+%x,+Y)
+ (v, - (X—Xﬂ -Xx,-Y))

+20%(v, - x—V, y))] (37
Here we have set |QM) = |xu,vu) forit<u<r.
By assumption, for 4 # v the pointer states 2, Q, will
be macroscopically distinguishable. This means that x,, x,
orv,, v, will be macroscopically distinguishable. The latter

can be translated into the condition ’vﬂ -V,

w

analogously, |x -

First, the factor exp[— % Amm( _VV)Z] in (37)

implies that for y # v the absolute values |W}/ (x, y)| can
be, for all practical purposes (fapp), considered as zero since

Z(TA?:[- 3 & 2 1, except for the case v, ~ v,. In this case we can,

however, assume that (x,, — x,| > o, and argue as follows.

We collect the Gaussian terms in (37) which depend on
x or y and transform the argument of the exponential them
according to

2017
@+ 10

_8M2+1<

_ nuv )
402 8M? +1

)(§ g

(aAt + o2 (38)

where we have used (19) and the analogous definitions

1
(x, +x,),

1
§yv = % 11/4\/ = %(X” - XV)- (39)
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Analogously as above, the first term in (??) will lead to
a fapp vanishing of |W;’4 ' (%, y)| also in the remaining case of
|xﬂ - xv‘ > o,.

Summarizing, the decoherence effects due to Galilean
fluctuations will lead to fapp vanishing W,Z ! (x,y) except for
the diagonal elements W;’M(x, y). This implies that (??) can
be replaced by

r
W' AD & Y Ald N @ ¥, NP, ® 1Q,)Q,I. 40)
u=1
After the time At the pure state W(At) decays into
a statistical mixture of product states that correspond to
definite pointer states Qﬂ, u=1..,r

5 Example: Stern-Gerlach
experiment

5.1 Simplified model

As an example to illustrate our previous considerations,
we choose a simplified theoretical description, adapted to
our definitions, of the historical Stern—Gerlach experiment
(1922), in which the quantization of the electron spin was
demonstrated (at least in retrospect).

A beam of silver atoms is sent through an inhomoge-
neous magnetic field and split into two partial beams due to
the interaction of the magnetic moment of the outer 5s elec-
tron with the magnetic field, see Figure 2. In the simplified
representation, we consider the spin of the 5s electron as
a microsystem with 2-dimensional Hilbert space Hg = C2.
This microsystem is initially coupled to another, auxiliary
microsystem, namely the center of mass of the silver atom
with a Hilbert space Hy = L?(R3, d°r, ). The interaction with
the inhomogeneous magnetic field can be described by the
Pauli equation applied to spinors in the Hilbert space Hg ®
Hp.

After this part of the measurement the silver atom
in turn interacts with a macrosystem (“detector”) and is
finally detected in a rudimentary position measurement.

beam of silver atoms

detector

Figure 2: Schematic representation of the Stern-Gerlach experiment.
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We model this last part of the measurement by an elastic
collision of the silver atom with another macroscopic parti-
cle P (the “pointer”) with Hilbert space H,, = L*(R3, d°r,).
Pis initially located at the point (4, 0, C) where the upwards
deflected silver atom is expected to arrive at the screen. It
must be ensured that the downwardly deflected silver atom
does not interact with P. Furthermore, it will be sufficient to
simplify the collision as a one-dimensional problem by con-
sidering only the coordinate in the direction of the upward
deflected beam, which we again denote by x (neglecting the
small z component of the heam direction for this part of the
calculation).

For future reference, we recall that a Gaussian
wave packet satisfying the 1-dimensional free Schrédinger
equation can be written in the form

Y(r,t;m,v;,d) =
d*m?

2
V \/2d2m+|th p( 4d4m2+t2h2( tv))

< (mtrin? — ad*miu(tv; —Zri)))
exp

8d*m?h + 2t*h®
(41)
with initial value
1 1 r2 .muv;r;
W(r, 0;m, v, d) = i \/ZieXp[_‘h}Z +i hl l]. (42)

Here r; is one coordinate of the position vector r, m
denotes the mass of the particle, v; a velocity parameter
such that mv; will be the expectation value of r-momentum
and d will be the standard deviation of the r;-position
observable at ¢ = 0. Generally we have

th?
4d®m*’
which describes the well-known spreading of the wave

packet with increasing time. This spreading can be
neglected for short times, more precisely, for

ol =d+ 43)

2d*m
n

A general element of the product space H; @ Hy =
C?® L*(R%,d%r,) can be written in the form of a spinor

IS (44)

(i*glg ) We will first concentrate on the first component
Ay

W, (r,, t). Initially, ‘PT(rl, t = t;) will be chosen as a Gaussian
wave packet at rest. During the first part of the measure-
ment, corresponding to its flight through the magnet, the
silver atom will be accelerated into the direction, say, of
increasing z,. The exact calculation of the motion of the
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silver atom in an inhomogeneous magnetic field would be
difficult, but we may assume that, at the end of the first part,
at time t,, the first component ‘¥, (ry, t,) is approximately
given by

W, (r, t) ~

Y(x,,0;my,u, d;) Y(y,,0;my, 0,d;) ¥(z;,0;my, 0, d,),
(45)
where we have set r; = (xy, y;, 2, ), inserted the mass m, of
the silver atom into (41) and chosen our space-time coordi-
nate system such that ¢, = 0 and the wave packet has the
position expectation value (r;) = (0,0,0) at t = t, = 0. The
width d; > 0 is left unspecified and will be chosen later.
The next part of the measurement is the free time evolu-
tion of the silver atom described by v (ry, t) until it collides
with the macroscopic particle Pat x; = A. Attimet=1t, =0
the macroscopic particle with mass m, will be represented
by the Gaussian wave packet written in product form

II/T(rz, tz) = ‘P(Xz - A, 0; mz, 0, dz)
X lF(yz, 0;m,,0,d,) lP(Zz —C,0;m,,0,d,),
(46)

where we have set r, = (X,,y,,2,) and introduced C as
the vertical coordinate of the point where the upwards
deflected beam hits the screen. The distance A > 0 and the
widths d,, d, have to be chosen such that the two wave pack-
ets, that of the silver atom and that of the pointer, practically
do not overlap at time t = 0.

As noted above, we will simplify the treatment of the
collision by considering only the horizontal coordinates x;
of the silver atom and x, of the pointer. Then the collision
dynamics is most conveniently calculated by passing to cen-
ter of mass and relative coordinates

_ Xy 4 myX,
m, +m,

X: X=X — Xy, 47)

since the motion w.r.t. X will be free if the interaction only
depends on x. The inverse transformation is given by
m,

x=X+—=""—x x=X-

X. (48)
Here we encounter the following problem: If we insert
(48) into ‘I’T(xl, Dy, (x,, t) the result can, in general, not be
factored into a wave function depending on X and another
one depending on x. This would call our Assumption 1 into
question. Fortunately, we can achieve the factorization

¥, 0, Oy, O, £) = @, (X, O, (X, ) 49)
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for all ¢ by the special choice
(50)

as can be shown by a short computation. This condition can
be reformulated equivalently by saying that the “dissipation
time” t® = Mz—m i =1,2, of the two wave packets is the
same.

The Schrodinger equation describing the collision
between the silver atom and the pointer can then be decou-

pled into two equations of the form

;. _ hz 02
Iha(DT(X’ t) - —mW(DT(Xy t)7 (51)
126 on=-"29 b O+ V0G0, G2
ot 210 e

Here M and y are the total and the reduced mass, resp.,
defined in the usual way by
mm,

, 53

M:=m+m,, u:=
and V(x) is the interaction potential. Equation (51) describes
a free time evolution for the center of mass wave function
@, (X, t). For the interaction potential we choose a repulsive

delta function of the form

V(x) =v, 6(x), such thatv, > hu, (54)

which entails that the transmission probability can be
neglected and the silver atom will be reflected by the pointer
with probability ~1. Otherwise we would not be able to
maintain our Assumption 1. Hence the solution of (52) is
practically identical to a perfect reflection at an infinite wall
potential and is thus given by a superposition of an incom-
ing wave packet qu(x, t) and a reflected one —qST(—x, t) for
X < 0 and a vanishing wave function for x > 0. At the time
t =t, = 0 practically only the incoming wave is present
and at the time t > t; :=2A/v only the reflected wave. This
presupposes that the dispersion of the wave packet ¢, (x, ©)
has not become too large at t = t; which will be checked
later when concrete number values have been chosen.

We conclude that at time ¢ > t; the collision is practi-
cally finished and that the total wave function will be of the
form

— ©,(X, 0, (=X, O ="¥] 0, ) w0, 1), (55)

where we have again invoked the condition (50) in order to
factorize the result in the specified way.

In order to confirm the Assumption 1it has to be shown
that, for ¢t > t,, the final pointer state u/T+ (x,,t) is approxi-
mately a coherent state (up to a time-dependent phase fac-
tor). To this end we will use the condition (44) for the pointer
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state which can be translated into 8 < 1 if the dimension-
less parameter @ is implicitly defined by setting

d2m,
h

The details of the calculation will be given in B.

So far we have only considered the first component of

the spinor (\I’T (r1.0) ) It would be a straight forward task to

Y, (r;,t
repeat the forle(gloi)ng considerations for the second compo-
nent by considering the silver atom with spin down being
deflected downwards and colliding with a second pointer.
But in order to keep the example as simple as possible we
do not consider a second pointer and only argue that in
this case the silver atom practically will not interact with
the first pointer which hence is, for < 1, represented by a
Gaussian wave packet v, *(r,, t) at rest.

It remains to confirm that, for some time ¢ > t, the two
pointer states A *(xy, t) and v, *(x,, ), which according to
B can be approximated by coherent states €2, and £, can
be macroscopically distinguished. Recall that €2, = |x,, v)
with x, = Azz;zi + ni"j::l t~A+ nf"f” t for my < my, see
(B8), whereas Q = |A, 0). Hence the COl’ldlthIl of Q and
€, being macroscoplcally distinct is equivalent to

t=

6. (56)

2myu

t>d,.

(57
The consistency of the various assumptions will be
examined in the following subsection.

5.2 Choice of concrete values

It is the aim of this subsection to show, by choosing con-
crete values for the physical quantities of the simplified
Stern—Gerlach experiment and for the free parameters «
and g of the theory QT", that the various assumptions we
made in the previous subsection are consistent and also in
agreement with the general theory of Galilean decoherence
that we have developed.

Thus let us assume that a silver atom with mass m; =
1.79 X 1072 kg moves with a horizontal velocity of u =
600 ? through a magnet of length L = 0.25m with an
inhomogeneity of ‘;—f =120 % The time of flight through
the magnet is therefore |¢;| = 4.17 X 10~*s. The spin 1/2
electron in the outer shell of the silver atom has a mag-
netic moment of 1 y; = 9.274 X 10~ % Due to the vertical
acceleration in the inhomogeneous magnetic field, the silver
atom finally reaches a vertical velocity of

oB
_ o Msltil m

= 2.5905 . (58)

my
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After leaving the magnet, the silver atom moves hor-
izontally for the time 2 =3333x10~* s until it hits the
screen at a horizontal distance of A = 0.2 m.

Next we choose the mass of the macroscopic particle
P as my, =10%m; = 1.79 x 107V kg, approximately corre-
sponding to the mass of a 18 corona viruses. Further let

2 2
a=25%x10"8 m? and f = 5.0x 1077 % (59)
which, by virtue of (25), (50) and (26), implies
1/4
a h _
d, =0, = <ﬂ> 27lz=3.618><10 8 m,  (60)
4 =dy /72 =10 d, =3618x 107 m,  (61)
my
1/4
o, = <ﬂ> T _sex100 B @)
a 2m, S
h =5235x1073 (63)

=2mz\/W

Using these values we will check the consistency of our
assumptions. First we estimate the vertical distance Az =
2C between the two partial beams when they hit the screen
as

Az =2t;0 =3454 X107 m~9.5d, =9.5x10* d,, (64)

It can therefore actually be ruled out that the silver
atom deflected downwards interacts with the particle P,
which is initially located at z, = J Az = C.

Next we assume that the duration At of the total mea-
suring process will be At = 10t = 0.5235 s. The times ||
and t, for the first parts of the measurement can therefore
be neglected in comparison with At. During the time At, the
pointer moves by the horizontal distance

2myuAt
m; +m,

AX & =628x10°m~174d,.  (65)
This means that the two coherent states Q, and 2, can
indeed be considered as macroscopically distinct and in this
sense the condition (57) can be regarded as fulfilled.
The condition # < 1 which guarantees that the wave
packet of the pointer practically will not spread during the
measurement process is satisfied in the sense that

2

2d m,
At =0.5235 s« —4—=

=70.71 s.
fl

(66)

With the shorter collision time t; = 6.667 X 10~* s the
wave packet of the silver atom will not spread either due to
(50).
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Finally, we consider the decoherence process after the
time 7. The width Az in the Gaussian function (20) assumes
the value

n

/B

Hence the superposition of the two pointer states €2,
and Q, is damped by a factor which is fapp zero. In contrast,
the analogous width A#, for the damping factor of the silver
atom, calculated for the whole duration At of the measure-
ment, assumes the value

An = =7.2353%x10"% m = 0.0115176 Ax. (67)

A = = 0.72353 m = 2,000 d,, (68)

n
m, /Pt
which means that Galilean decoherence of the state of the
silver atom can be safely neglected.

To summarize, we can say that a consistent choice
of physical quantities is possible for the Stern—Gerlach
experiment, which confirms our theory of decoherence by
Galilean fluctuations.

6 Discussion and summary

There are numerous versions of the measurement problem
in quantum mechanics in terms of its formulation and pos-
sible solutions. What justifies the publication of yet another
version? On the one hand, it is the impression that the actual
debate is too one-sidedly based on an “individual system
interpretation” of quantum states. Furthermore, the discus-
sion mostly seems to assume that macrosystems can also be
described by quantum mechanics without further modifi-
cations, a position that we referred to in the Introduction as
“Q-monism”.

We have therefore presented and discussed the ensem-
ble interpretation in relative detail in the Section 2, follow-
ing Ludwig’s approach. However, in our opinion, the the-
sis of Ballentine, another representative of the ensemble
interpretation, that the measurement problem is a pseudo-
problem, is not tenable, see Section 2.3.

There is a connection between the two points, ensem-
ble interpretation and Q-monism. If, following Ludwig’s
approach, one formulates an axiomatic basis of quantum
mechanics with the basic concepts of “preparation” and
“registration procedures”, there are obvious problems in
applying these basic concepts to the preparation and mea-
surement of all macroscopic quantum states. In this case,
Ludwig therefore speaks of an “extrapolation” of quan-
tum mechanics [4]. However, one does not necessarily have
to follow this “skeptical semantics”, since there are other
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examples of physical theories with successful extrapola-
tion: Nobody will doubt that the diameter of the sun is
1,392,700 km only because terrestrial scales would evapo-
rate inside the sun.

The focus of our work is on the sketch of a modified
quantum theory QT*, in which the measurement problem
can be solved if the ensemble interpretation is adopted.
The modification consists in the postulate of a global quan-
tum fluctuation with respect to the position and velocity of
quantum systems, which is effective in addition to the pure
time evolution, whereby an arrow of time is distinguished.
The average effect of these fluctuations leads to decoher-
ence effects dependent on the mass m of the system with
a (maximal) decoherence time z(m). This does not allow
an absolute distinction between micro- and macrosystems,
but a distinction that depends on whether z(m) > At or
7(m) < Atapplies with a time At typical for the duration of
experiments. The restriction of QT* to macrosystems leads
to a classical statistical mechanics (CSM) with a phase space
with Cartesian (p, q)-coordinates. This is at least highly
plausible, even if we have not worked out the details. The
approximate reduction QT* — CSM is not surprising, but
essentially a consequence of the postulate of phase space
fluctuations, analogous to the identification of a “pointer
basis” by the form of the interaction in decoherence theo-
ries. In our case, the role of the pointer basis is taken over
by the overcomplete basis of coherent phase space states
|Q2). The analogous restriction to microsystems leads to the
usual quantum theory QT, since Galilean decoherence can
be neglected for microsystems and times At < 7(m). As the
time evolution of QT™ differs from that of QT, these theories
will not be empirically equivalent. Especially for systems
at the boundary between micro and macro decoherence
effects should be measurable and provide estimates for the
parameters « and f.

The quantum mechanical measurement process was
treated in the theory QT* under the restrictive condition
that the entangled total state after the pure measurement
interaction has the form of a superposition of triple product
states. This can be heuristically justified by the fact that
the transition to a mixture of macroscopically distinguish-
able pure states by virtue of Galilean decoherence is then
particularly easy to handle. To show the consistency of the
various assumptions with each other and with the choice
of the free parameters in QT*, we have considered the spin
measurement in a Stern—Gerlach magnet as an example.
The tricky point here is the interaction of the deflected
silver atom with a macroscopic detector, which we have
roughly modeled as an elastic collision with a macroscopic
particle.
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We should emphasize that the theory QT* in no way
describes the occurrence of a concrete measurement result
in a single experiment. This would not be expected simply
because of the underlying ensemble interpretation of quan-
tum states. Rather, the Galilean decoherence transforms the
entangled state into a “proper” mixture, which allows an
ignorance interpretation. This ignorance is eliminated by
reading the measurement result.

It is an interesting question whether the dissipative
modification of the unitary time evolution we consider can
be described by a dynamical semigroup. For reasons of
time and space, we were unable to pursue this question
further in our work. Preliminary calculations indicate that
this is indeed the case, but that the dynamical semigroup
has unbounded generators. Thus, it is not covered by the
characterization of covariant norm-continuous semigroups
found by Holevo [34], see also the related papers [35], [36]
which consider Galilean covariant dynamical semigroups.

Finally, we would like to discuss the role of the QT*
theory. It is initially intended as a toy theory that can be
used to demonstrate the fundamental possibility of a the-
ory comprising QM and CSM. On the other hand, there
are also physical arguments that make a modified quan-
tum theory along the lines of QT* does not appear to be
completely arbitrary. We recall that in Ludwig’s statistical
interpretation of quantum mechanics, the effect of Galilean
transformations on states (or, alternatively, on effects) was
indirectly defined by the effect of these transformations on
(classical) coordinate frames. The construction manuals for
preparation apparatus refer to these coordinate frames. In
this respect, the arbitrary accuracy with which a Galilean
transformation and its representation is specified is an
extrapolation of a classical inaccuracy. However, this accu-
racy can be questioned in terms of semantic consistency
(this time in a different context than mentioned in the Intro-
duction): The devices, scales, clocks and optical measuring
instruments, for the numerical determination of a Galilean
transformation are again quantum objects. They therefore
exhibit typical uncertainties and fluctuations that stand in
the way of an arbitrarily precise determination of a Galilean
transformation.

We mention as an additional source of uncertainty the
classical description of (non-relativistic) gravity by a New-
ton—Cartan geometry with a curved connection [37], which
isreminiscent of Penrose’s idea. This replaces the definition
of Galilean transformations in the classical sense with path-
dependent parallel transport of Galilean frames.

However, a mathematical formulation of this funda-
mental uncertainty of Galilean transformations is com-
pletely open. The requirement of Galilean fluctuations
between two points in time ¢ and ¢ 4+ ¢ can be seen as a first
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attempt at such a formulation. One can therefore speculate
whether other formulations lead to similar decoherence
effects and thus explain the emergence of a classical world
for times larger than z(m).

Acknowledgments: I would like to thank Thomas Brdcker
for numerous discussions on the topics covered in this paper
and for his encouragement in writing it.

Research ethics: Not applicable.

Informed consent: Not applicable.

Author contributions: The author has accepted responsibil-
ity for the entire content of this manuscript and approved its
submission.

Use of Large Language Models, AI and Machine Learning
Tools: None declared.

Conflict of interest: The author states no conflict of interest.
Research funding: None declared.

Data availability: Not applicable.

Appendix A: Decay into a mixture
of coherent states

We consider the (squeezed) coherent states Q) = |x,, V,)
defined in the position representation by

(XIQ) = (x[xg, V) = (276%) /" exp

_ (x- X )2]
4o

i

n
This definition is in accordance with [26] except that we

consider the position-velocity space instead of phase space.

Due to the completeness relation

X exp [ mx - vo] . (A1)

L= / IQNQ| dQ (A2)

we may represent any statistical operator W in the form
W= // 1Q'WQ | WIQNQ| dQ dQ'. (A3)

The corresponding mixture of coherent states has the
form

W= [i@wiee a, (a9
which is formally obtained from (A3) by setting
(@ WIQ) = (QIW|Q) 5(, Q). (A5)

Hence an ensemble W is approximately a mixture of
coherent states, W ~ W, if the integral kernel (Q'|W|Q) is
sharply peaked about the diagonal Q' = Q.

The following calculations will show that this is the
case for the statistical operator W’ resulting after the two
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transformations W - W' =7, Wand W » W = 7, W’
considered in Section 3.2. The treatment is not mathemat-
ically rigorous; if only for the reason that the formulation
“«(Q'|W|Q) is sharply peaked about the diagonal Q' = Q”
should be mathematically made more precise. Moreover,
will restrict ourselves to the case where the absolute val-
ues of the integral kernels W(x,y) and W(v,w) are uni-
formly bounded. This would be certainly true for examples
using superpositions of Gaussians multiplied with exponen-
tial phase factors, but not generally for square-integrable
W(x,y). As a side note, the rigorous use of integral ker-
nels is tricky; even the innocent-looking equation Tr W =
[ W(x, x)d°x requires some non-trivial mathematical inter-
pretation work, see [38].

First we consider (Q'|W"|Q) = (x}, v |W"|x,, V,):
(QwW"1Q) =
= / (@R W (x, y)yIQ)dx By (46)

(Y —x)
4o?

27m

_(x=x)
40')2(

|

xexp[ﬁ VA X'Vf))] W'xy) dxd’y (A7)

- _ 5 B 5
Xexp[ (§ Ho — 0)] W"(g,fl) d3§ dSrI (AS)

Here we have, additionally to (19) and (15), defined

& = %(XO +X)), M= %(XO -x)), (A9
and
Ay = 7 (Vo+V)), My = %(vo—vg). (A10)
Using
W(E )= ex < mhat 2) wiEn e
E exp(—Mﬁ) W' ) (a2

we collect all terms of (A8) arising in the #-integral:
-3/2 (m—ny) i
I,:=(2ncl) / / exp [—" M _ Lmg. /10]

4o? /)
2
X exp <—MZZ2

X

) W&, n) dn (A13)
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According to our assumptions and Lemmal there
exists a least upper bound w > 0 such that |W'(&,n)| <
|W(E,m)| < wforall (£,1) € RE. This enables the following
estimate:

~3/2 m—nY _\om
‘In| < (270?) /exp _Tzo -M o w dn
X

X

(A14)

(A15)

1 M?
= exp|-— 2| w. (a16)
87%/2 (aM? +1)*/° pl (1+ 4M%) 2"“] (

In the next step we insert this result into the remaining
&-integration and obtain

(1w 1)
1 exp
" g2 (am? +1)"?
(€&

Mz
T (1+4M )o? o

Sl e
___ 5% m?
—Mexl’[ A+ 4 )az”o] (19

If At assumes the maximal decoherence time = we have
M? = 1 see (30), and for 1/4 < M? < oo the factor a +4MZ) in
the Gau531an (A18) varies from 1/8 to 1/4. The radius of the
tube around the diagonal x, = x;, where Q' \w" |Q)‘ can-
not be neglected is hence of the order of o,. This shows that
(Q'|W"|Q) is sharply concentrated at 5, = 0, or, by (A9)
equivalently, at X, = x/. Itisremarkable that the mentioned
radius of the tube is small but not arbitrarily small. This is
the first part of what we want to show.

The remaining task is to show that (Q'|W”|Q) is
sharply concentrated at u, = 0. Here we can argue quite
analogously to the previous discussion by using the velocity
representation instead of the position representation and
the fact that the order of action of 75 and 7, can be swapped
to obtain W”'. Hence the radius of the tube around the
diagonal v, = v} where |(Q'|W"|Q)| cannot be neglected
is of the order of 5,

Summarizing, (Q'|W" |Q) is sharply peaked about the
diagonal Q" = Q and due to the Galilean fluctuations the
statistical operator can be approximated by a mixture of
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classical states. We have shown that this happens for At = =
but for concrete examples the effective decoherence time
may be much smaller than the maximal decoherence
time 7,

Appendix B: Approximation by
coherent states in the
Stern-Gerlach example

We explicitly calculate the pointer state u/T+ (x,, t) after the
collision with the silver atom and find that it is of the form

q/;r(xz, t) = f(t)exp[R(X,, 1) + i 1(xy, 1)], (B

where f(t) is a complex function used for normalization
(except for a time-dependent phase factor) and R(x,, t) and
I(x,, t) are real functions of the following form:

R(X27t)=
— _ d%mg oA =M 2myv ¢ ’
CoAdm+ e\ Tmy+mg omy+m,
(B2)
1 6>

=(-> + % +owe

( 2 Ve T )>
m,—m 2myv 2

X (x,—AT2=M _ 2T ) (B3)
m,+m,  m+m,

where 6 was the dimensionless parameter defined in (56).
Moreover,

I(x,, 1) = [,()x, + (DX, (B4)
where
8d*m,m3v + A(m, — my)m,th?
)i — e ) 1 277152 B
1® (my + my)h(4dim2 + t2h?) (®5)
2m,m,v Almy —my) g 2
= 0(6%), B6
(my+my)h ~ 4d;(my + my) +0(%") (B6)
and " 0
L= Y Lo @

8dim? + 2020 ~ 8d2

We conclude that, if all terms of linear or higher order
in 0 are neglected, the wave packet u/;r (x5, t) can be, up to
a time-dependent phase factor, approximated by a coherent

state Q; = |x,, vy) With

m, —m 2myv
m,+m = m+m,

2myv

. (B8
m; +m, (B8)

Xy =A

t, andy, =
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It has to be checked that the standard deviation o, = d,
of this coherent state is in accordance with the other data of
the Stern—Gerlach example and the general theory outlined
in this paper, see Section 5.2.
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