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Abstract: We investigate spin Hamilton operators and
compare spin coherent states and Bell states concerning
entanglement, Husimi distributions, uncertainty relation
and Bell inequality. The distances between spin coherent
states and Bell states are derived. The Rayleigh quotients of
spin Hamilton operators for spin coherent states and Bell
states are evaluated and compared.
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Bell states [1-7], Dicke states [6, 8, 9] and spin coherent
states [10—23] play a central role in quantum computing.
The Bell states are fully entangled whereas among quan-
tum states the spin coherent states (also called atomic
coherent states or Bloch coherent states) are the “most clas-
sical states”. Spin Hamilton operators are provided which
admit the Bell states and the Dicke states as eigenvectors.
We also show how the Bell states can be constructed from
the spin coherent states in C? and the Kronecker product.
The measure of entanglement for these states is compared.
The Husimi distributions are evaluated and discussed. The
distances between the Bell states and spin coherent states
are derived and shown that the distances cannot be 0.
The uncertainty relations for the spin matrices S, and S,,
Bell states and spin coherent states are derived and com-
pared. Furthermore we look at the Bell inequality for Bell
states and spin coherent states. We find for spin coherent
states that the Bell inequality can be violated depending
on the parameter values. The Bell matrix is expressed
with spin matrices and the Rayleigh quotients for spin
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coherent states and Bell states are derived and compared
to the eigenvalues of the Bell matrix. We show that the
spin coherent state cannot provide the ground state. With
spin coherent states we can define a semi-classical density
distribution. The Wehrl entropy for spin coherent states is
evaluated.
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Let |0) = <(1)), 1) = (?) be the standard basis in the
Hilbert space C?. The four Bell states are given by

1
V2

10_) = 110y ® [0) — 1) ® |1).

V2
1

V2

1
W)= $(|0> ® 1) - 1) ® |0))
where |W_) is the singlet state. The four Bell states form
an orthonormal basis in the Hilbert space C*. Let |e,), |e,),

le;) and |e,) be the standard basis in the Hilbert space C*.
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Then the Bell states are given by
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=2V25M? @ sM? + 25?1,

|CD+> =Ble)), |0_)=Ble,), where I, is the 2 X 2 identity matrix. The Bell matrix is
|¥,)=Ble,), [¥_)=Ble,) hermitian and unitary with B = I, tr(B) = 0 and det(B) =
1. Hence, the eigenvalues are —1 (twice) and +1 (twice).
where B is the Bell matrix The Bell matrix cannot be written as a Kronecker product
of two 2 X 2 matrices. The Bell matrix can be written as
1.0 0 1 B = exp(K) with the skew hermitian matrix
110 1 1
B=—
\/5 01 -1 O
1 0 0 -1
N _ 443V
@2(V2+2) “42v2+3))
1 _ (4+3V2)
K=ir @V2+2)  (4@v2+3)
_ 4+3v2) (10+7V2)
“QV2+3)  (4@V2+3)
_ (a+3v2) (10+7v2)
(42v2+3)) “4(2v2+3))

with the trace equal to 2zi. With K = iH we find a hermitian
matrix H. The eigenvalues of K are O (twice) and iz (twice).
From the Bell matrix we can form the projection oper-
ators I, = (I, +B)/2, II_= (I, — B)/2 with II,II_=0,
andII, —II_=B.

Let o, = 25?/ 2, o, = 25;1/ ? and 03 = 25;1/ ? be the
Pauli spin matrices. Then we have the eigenvalue
equations for the Bell states

(0'1 ® O'l)|<l)+> = |CD+>» (61 ® 0'1)|(D—> = —|(I)_>,

(0, ®@c)IY,) = 1Y), (69 ®@c)IY)=—[¥),

(0, @0)|P,) =—1D,), (6;,Q0)|P_)=|D_),

(0, ®c)I¥,) =¥,), (0, ®@0)|Y_)=—|¥.),

(058 05)|D,)=1D,), (065805)|P_)=|D_),

(038 03)|¥,) =—|¥,), (05®03)|¥.) =—|P).

Consider now entanglement for the Bell states. From the
Bell states we can form the four density matrices

po, = 10, )@,
p‘IJJr = IlP+><T+|’

P = |P_ND_],
py = [Y_XY_I.

The reduced density matrices (taking the partial trace) is
the same for all four Bell states, namely

(12 o
pR—(o 1/2)'

Hence the von Neumann entropy is given by S(p) = 1which
indicates that the Bell states are fully entangled. Using the
2-tangle as entanglement measure [24] we also find that
the Bell states are completely entangled. Furthermore the
Bell states cannot be written as the Kronecker product of
two vectors in the Hilbert space C2.

The Dicke states in the Hilbert space C* are

given by
0 0
1|1 0 0\ _|o
vl <)®()
0 1

(6)2()-

Hence the second Dicke state is the Bell state |V ).
The hermitian matrix

O O O =

H _

(1/2) (1/2) (1/2) (1/2)
e =S @S HYSTT RS,

with y > 0 admits the Bell states [¥_), |V, ), |®_) and
|®, ) as eigenvectors with the corresponding eigenvalues
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1 1

1 1
/14)_ = Z(—l + 7), A’(P+ = Z(l + }/)

Consider the spin 85.1/ 2 matrices (j =1,2,3) and the Hamil-
ton operator

A

R= — <S§1/z) Q 551/2) + 521/2) ® SS/Z)

"
hw,

+537 @87) + (57 @ L+, ®5,")
with y = @, /w,. The eigenvalues of K are given by

_1-4
4 b

=1+4

Al=_7 Az=7 A«3 4

iy

with the corresponding normalized eigenvectors

0 0
vo= L1 vo= L1
1_\/5—1’ 2_\/51’

0 0

0 1
0 0
V3= S Vv, =
0 0
1 0

where v, is the singlet state, v, is a Bell state and also a
Dicke state. The eigenvectors v; and v, are Dicke states.
The Dicke states are eigenvectors of

1 0 0 O

(1/2) ap _1]0 -1 0 O
S ST == .

3 @5 410 0 -1 0

0 0 0 1

Starting point in the construction of the spin coherent
states are the spin matrices SES), Sgs), S;S) and Sf) :=S§S) +
is¥, 50 :=5 —is¥. Then

KO0, §):= 30459 — 2 peivs?)

= i0(SY sin(¢) — Sgs) cos(¢))

is a skew hermitian matrix with tr(K®(, ¢)) =0 and
0<0<m 0<¢<2r. It follows that exp(K® (6, ¢)) is
a unitary matrix with det(exp(K® (8, ¢))) = 1. We note
that applying disentanglement we have the well-known
identity
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exp (%Qei‘bs(_s) - %He‘id’sf))
= exp(zS®)) exp(— In(1 + |z|2)SgS)) exp(—ES(j))

where z = !¢ tan(#/2). The spin coherent states are given

by .
0.4) = expK(0.4) (1 0 ... 0)

<10

We set |Q) = |0, ¢) in the following. The unitary matrix
exp(K®(0, ¢)) describes a rotation through an angle 6
about an axis n(¢) = (sin(¢), —cos(¢), 0). Note that the
eigenvalues of K (6, ¢) do not depend on ¢ and the eigen-
vectors do not depend on 6. This is true for all spin s. The
overlap between two spin coherent states is given by

with T
0) € C5H.

<Q1 |QZ> = <COS(01 /2) COS(02/2) + ei(¢1_¢z)
2s
X sin(6, /2) sin(6, /z)) ,

For s = 3/2 the eigenvalues of K®/2(8, ¢) are 4, = —3i6/2,
Ay=—i0/2, 43,=1i0/2 and A, =3i0/2 with the corre-
sponding normalized eigenvectors

1
RV
2 2\/5 62i¢/\/§ 5

ieBiqS

1
v = L | V3ie?
L 2y2[ -3 [

_ie3i¢

1
v = 1 —/3ie?
Y2 -VEe |
ie3i¢

1
v =£ ~ie'/\/3
T2l a1

—ie’®

The four vectors form an orthonormal basis in the Hilbert
space C“. The unitary matrix exp(K®/?) is given by

exp(KC/?) = ehv v} + ehv,v) + ebvyvi + etiv, v

The spin coherent state for spin s=%

written as

can also be

1

1 \/§z
(14 zz)3/2 \/Ezz

23

|2) =

where z = el? tan(6/2)(0 < 6 < 7,0 < ¢ < 27). With the
standard basis
T

>

|3/2,—3/2>=(0 001

N—

|3/2,—1/2>=(0 01 o)T,
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|3/2,1/2>=(0 10 o)T,

|3/2,3/2>=<1 0 0 o)T

we can write

3/2

m=-3/2

X (sin(0/2)e'$)*/>~™|3/2, m)
i.e.
cos’(6/2)
_ V3e'¢ cos(6/2)sin(6/2)
[ V/3e%? cos(6/2)sin2(0/2) |
e3¢ sin®(9/2)

1€2)

Consider now the spin coherent states for s =3/2 and
entanglement. We note that the spin-% coherent state is

given by
cos(6/2)
el sin(0/2) )

Then the Kronecker product [21] provides the normalized
state in the Hilbert space C*

cos(0/2) cos(0/2)
e sin(6/2) el sin(6/2)
cos’(0/2)

_ | € cos(6/2) sin(6/2)
| e sin(9/2) cos(8/2) |’
e sin’(6/2)

Hence |Q2) cannot be written as a Kronecker product of the
spin coherent state of spin-%. Note, however, that the Bell

cos®()
V3¢ cos’(.) sin())
V/3e2® cos*(.) sin?(.)

e cos3() sin®(.)

1QXQ| =

with () = (6/2). Utilizing the partial trace the reduced

density matrices are

2)ele =

V/3e7¢ cos®() sin(.)
3 cos*(.) sin?(.)
3e'® cos?(.) sin®(.)

V/3e2® cos?() sin(.)
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states can be constructed from the spin coherent states for
C? and the Kronecker product. Let

_ cos(0/2) - cos(0/2)
12) = (ei¢ sin(6/2)> > = (e‘id’ sin(6/2)> :
Then
cos?(0/2)
e % cos(A/2)sin(6/2)
el sin(6/2) cos(6/2)
sin*(/2)

lz) ® |z) =

and the first Bell states is given by

1
1 0 1 F.4 2r _
—|.l=—F (1z) ® |z))d2
V2[ol  v2Jo=0/p=0
1

with the measure dQ given by

4Q = i sin(6)d0d¢ = % sin(6/2) cos(0/2)d0dep.
Analogously we can find the other three Bell sates.
Consider now entanglement of the spin coherent state
via the density matrix and partial trace. Let N=1+
3zz+3(zz2)* + (zz = (1+ x> +y?)P withz=x+1iy (x,y €
R). The density matrices are given by

1 V3z /322 2

22| = 1|V3z 32z 327 V32
N(\V322 322 3(22?* V322

V32322

(zz)°

and

73 cos3(.)sin’(.)
V/3e7% cos2(.) sin“()
V/3e7% cos(.) sin’(.)

sin®())

V3e7% cos’() sin®()
3e7 cos?(.) sin®(.)
3 cos?(.) sin*(.)

V3¢ cos(.) sin’(.)

V30— iy)2(1+ X + yz))

O +y)2B+x2+yY)

« 14302+
V3G + iy + 2 + 2

and
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1Q)(Qg = <

Obviously the trace is given by 1 for the two matrices.
The determinant for |Q)(€|; is given by

sin®(0)
16

det(|Q)(Q|g) =

Hence the determinant is equal to O for & = 0 and 1/16 for
0 = /2. The eigenvalues of |Q)(Q|, are given by

_1 4 — sin®(9)
11(0) - 2 + 4 2
_1_ V4—sin®@)
h0) = 1 - VA= S0O),

For § = 0 we have the eigenvalues 4,(0) = 1and 4,(0) =0
and the state is not entangled. For § = z/2 we have
M7/ =1/2+/3/4, A(x/2)=1/2—1/3/4 and the
state is entangled but not fully entangled.

Consider now the Bell states and the spin coherent
states for spin—% and the Husimi distribution. We obtain

(@R = J(sin%(8/2) + cos°(6/2)

+ cos(3¢) cos>(A/2) sin’(6/2)

(D_I)P = 2(5in%(8/2) + cos*(0/2)

+ cos(3¢p) cos(0/2) sin®(6/2)

(P, 1)) = % cos?(6/2) sin*(6/2)

+ 3 cos(¢) cos’>(0/2) sin>(6/2)

(W_|Q)P = % c0s2(0/2) sin?(0/2) — 3 cos(¢)
x cos’(0/2) sin’(6/2).
Hence we find

0< HDLIQP <1/2, 0<[(D_|Q)P<1/2,

0< (P, I1Q)<3/4, 0<|(P_|Q)P<3/4.

From these results it follows that the distance between the
Bell states and the spin coherent states cannot be 0

D) = 11° >0, [IP_) - |Q)]*> >0,

sin*(8/2)(2 sin’*(8/2) —3) +1
V3e2% sin?(0/2) cosX(6/2)
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V/3e%? sin%(0/2) cos*(6/2)
sin*(6/2)(—-2 sin’(6/2) +3) )

I1¥,) =117 >0, [[I¥_)—IQ)]*>> 0.
The shortest distance for |||D, ) — |Q)]12, |||D_) — |Q)]|? is
2 — /2, the shortest distance for || W) — |Q)?is2 - V3
and the shortest distance for || |P_) — |Q)||?is2 — 8/(3 \/7).
Consider now the uncertainty relation for Bell states,
spin coherent states for s = 3/2and the spin matrices S?/ 2),
Sf /2 Let SES), Sgs) and S(;) be the spin matrices with spin-s
and the commutation relations

() )| — 3¢9
[, 5] = s,

() c®)| _ ;c(8)
[Sz ,33 = lS1 s

() c®)| _ ;c(8)
[S3 ,Sl = lS2 .

Let |y) be a normalized state in the Hilbert space C>*1,
One defines the variance as

859 =/ 6T RIv) - (ISTIOR, =123
The uncertainty relation for all s is

(AP - (S = LIy lIsY, SOy P

[(w1iSY ) 2.

With s =3/2 we have (1//|S§3/2)|q/) = 0 for all four Bell
states and obtain for |®, ), |®_) that 3/4 > 0. For |V, )
and the singlet state |¥_) we find \/5/4 > 0.Fors=3/2
and the spin coherent state we obtain

%(COSZ(H) + sin(6) sin2(¢h) cos*()) > % cos(6).

Note that the standard form of the uncertainty relation we
obtain by taking the square root on both sides. The non-
negative term sin*(0) sin?(¢) cos?(¢b) takes a maximum for
0 =r/2, ¢ = /4, namely 1/4. For = 0 and ¢ arbitrary
we find an equality for the uncertainty relation.

Consider now the Bell inequality, Bell states and spin
coherent states. Let ¢, and o, be the Pauli spin matrices
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and

Note that (4,)2 = (4,)? = (B,)? = (B,)? = L,, where I, is the
2 X 2 identity matrix. We evaluate

KwlA, ® Bilw) + (wlA, ® B, |w)
+ (w4, @ Blw) — (wl|A, ® B,ly)|

with |y) replaced by the Bell states. We obtain the well-
known results

(D, |A, ® B|®,) + (D, |A, ® B,|D,)
+(D, |4, @ B,|®,) — (D, |4, ® B,|®,)| =0

(P_|A; @ B,|D_) + (P_|A, @ B,|D_)
+ <®—|Az ®§1|®—> - <CD—|AZ ®é2|¢->| =0
(W14, @ B, |¥,) + (¥, 14, ® B,|'V,,)
+ (P, 1A, QB |, ) — (¥, |4, @ B,|W,)| = V22
|<IP—|A1 ® B1|lP—> + <\P—|A1 ®éz|lp—>
+(P_IA, ® B, 1Y) — (P_IA, ® B,|¥_)| = V2-2.

If we find 0, ¢ such that

DE GRUYTER

KQIA, ® B|Q) + (QI4; ® B,|Q)
+ <Q|A2 ®é1|9> - <Q|A2 ®é2|9>| >2

then the Bell inequality is violated. For the absolute value
we obtain

12 - V2v/cos2(¢) cos*(6/2) sin(0/2).

With ¢ = 0, 6/2 = /4 we obtain 3//2 ~ 2.121 and the
Bell inequality is violated for this value. The normalized
state for ¢ = 0, 0/2 = n /4 is given by

1/2V2)
V3/2V2)
V3/@V) |
1/2V2)

This vector cannot be written as a Kronecker product of
two vectors in C2. Note that the eigenvalues of the reduced
density matrix for this vector are 1/2+ v/3/4 and 1/2 —
V3/4.

Consider the Bell matrix B, Bell states, spin coherent
state for spin-% and the Rayleigh quotient. For the Bell
states we have

1 1
d_ |B|D = s (I)_B(I)_ =——,
(P,BP,)= 1. (¥ B )=- 1.

V2 V2
Next we find the minimum of f(z,z) = f(x,y) = (z|B|z)
for the spin coherent state |z) for spin-%. Then

148 —x° +3y2 = 3x*(14+ ) = y* B +y?) = 3x3(=1+ 22 + y*)

flx,y) =

We find two critical points. The first critical point is x =

%(\/E —1),y = 0. The second critical pointis x = —% - %,
3

W and

for the second critical point we obtain — \/%. Together with

y = 0. Then for the first critical point we obtain

the two eigenvalues of the Bell matrix B, namely —1 and
+1we have

PN IS B I )

1
vio V2 v2 Vio

V201 + 22 +y2)

Hence the spin-coherent state does not provide the ground
state for the Bell matrix.

Finally consider the Wehrl entropy and spin coherent
states (Lieb [12], Schupp [14], Lieb and Solovej [15]). Let
s be the spin s =1/2,1,3/2,2,... and |Q) = |0, ¢p) be a
spin coherent state in C**1, Let p be a density matrix in
C*»*1, With the spin coherent states one can defines the
semi-classical density distribution

Pa(€) :=(Q|p|Q).
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The measure is matrices 55_1/ 2 and Sg) together with the 2x 2 and 3x 3
2s+1 identity matrices. Another extension for the four Bell states

dQ = sin(@)dod¢ = sm (0/2) cos(0/2)dOd .

with spin s(s =1/2,1,3/2,2,...) is given by
The Wehrl entropy of pd(Q) is defined as

Swlpa) = = /S Pa(Q)In(po(Q)AQ |By) = \/—Z lk) & Ik
1 .4 2 . 2%
=— Q|p|Q = ——— Y D) |
ﬂ/azo ot P B) = =T 00 @
x sin(6) In((Q| p|2))dode |Bs) = \/—Z|k>®|zs—k>
= —2 [ (QIpIQ) sin(@) n(@1p12))de. LB
- B)=—— Y (~1)lk) ® |25 — k).
¢/9—0 | 4> \/25_4-1’;( 1)|)®|S >

For spin s the conjecture is

For s = 1/2 we obtain the standard Bell basis discussed

Swlp) 2 2 + 1 above. Note that for spin s = 1 the Bell states are linearly
dependent.
Lets =3/2and

/ Inthe Hilbert space C& = C**! (s = 7/2) the GHZ-state

100 0 and spin coherent states can be studied.

oo oo
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