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Abstract:Wepropose anovel equation of state (EoS)which
explains the evolutionary history of a flat Friedmann–
Lemaitre–Robertson–Walker universe. The uniqueness of
this EoS lies in the fact that it incorporates the LambertW
function in a special fashion. It is explicitly demonstrated
that with observationally relevant values of the unknown
parameters ϑ1 and ϑ2, all the evolutionary phases of the
universe can be reproduced. Moreover, it also shows that
the initial singularity is unavoidable and asserts that
the late-time acceleration of the universe would continue
forever.
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1 Introduction
It is now well established that our universe is undergo-
ing an accelerated expansion [1–4]. This startling fact
was established by analysing observational data obtained
from Supernovae Type Ia, cosmic microwave background
radiation, baryon acoustic oscillations, large scale struc-
ture of spacetime, and weak lensing. Most cosmologists
have taken either of the following two approaches to
interpret the observed acceleration at the present epoch.
The first approach introduces an exotic substance called
dark energy (DE) on the right-hand side (matter part)
of the Einstein’s field equations (EFE), while the other
one modifies the left-hand side (geometric part) of the
EFE. For reviews on the two approaches, the reader
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is referred to [5–12]. It is worth noting that the most
widely accepted model, or concordance model in other
words, in modern day cosmology is the Λ cold dark
matter (ΛCDM) model which states that the universe
contains a tiny, yet non-zero, cosmological constant Λ
which acts asDE (thedominant component), andmatter in
the form of dust, which together make up almost 96 % of
the energy budget of the universe. However, Λ suffers from
seriousproblems,most notably, the cosmological constant
problem (CCP) and the coincidence problem. So, alterna-
tiveDEmodels have comeupat different times in literature
which assume that the CCP is solved in such a way that Λ
vanishes completely. There are usually two ways by which
aDEmodel canbedescribed–a. fluiddescription inwhich
the pressure is related to the energy density through an
equation of state (EoS), weff and b. scalar field descrip-
tion in which the energy density and pressure of the field
is determined from the given action. In this letter, we pro-
pose anEoSwhichdealswith a specialmathematical func-
tion, known as the Lambert W function. We model the
fluid content of a flat Friedmann–Lemaitre–Robertson–
Walker (FLRW)universewith such anovel EoS and thereby
compare the evolution of the universe with observed
facts.

The Lambert W function (also known as the omega
function or product logarithm) was derived and used
independently by several researchers before the mathe-
maticians and computer scientists settled on a common
notation in the mid-1990s [13, 14]. The function gained a
considerable attention within the mathematical commu-
nity recently [http://www.orcca.on.ca/LambertW/]. There
are numerous, well-documented applications of W in
mathematics (such as linear delay-differential equations
[15]), numerics [14], computer science [16] and engineer-
ing [17]. It also has quite a handful of applications in
physics, most notably in quantum mechanics (solutions
for double-well Dirac-delta potentials [18–20]), quantum
statistics [21] solutions to (1+ 1)-gravity problem [22] and
inverse of Regge–Finkelstein coordinates [23] in gen-
eral relativity, statistical mechanics [24] fluid dynamics
[25], optics [26], electrostatics, quantum chromodynam-
ics [27], cosmic ray physics [28], solar physics [29] among
others.
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The LambertW function¹ is definedmathematically as
the multivalued inverse of the function xex, i.e.

W(y) exp[W(y)] = y. (1)

If −1
e < y < 0, there are two real solutions, and thus

two real branches of W [31]. If complex values of W are
allowed,wegetmany solutions, andW has infinitelymany
complex branches [14, 30, 32]. The earliest mention of (1)
is attributed to Euler [33], nevertheless, Euler himself cred-
ited Lambert for his earlier work on Lambert’s transcen-
dental equation [34] which has the form

xm − xn = (m − n)νxm+n , (2)

where m, n, ν are constants. In fact, Lambert originally
developed a series solution (finding x in powers of q) of
the trinomial equation [14]

x = q + xα . (2′)

He later extended the series to give powers of x as well
[34, 35]. Euler [33] transformed (2′) into the more symmet-
rical form given in (2) by substituting x−n for x and setting
α = mn and q = (m − n)ν.

The remarkability of the Lambert W function lies in
the fact that W is the root of the simplest exponential
polynomial function xex = y. W(y) assumes real values
for y ≥ − 1

e . Three particularly important values ofW(y) at
y = −e−1, 0, 1 can be computed as−1, 0, 0.567143, respec-
tively. A special name for the last one is the omega constant
and can be considered a sort of “golden ratio” of exponen-
tials [36]. The nth derivatives of the LambertW function are
given by

Wn(y) =
Wn−1(y)

yn[1 + W(y)]2n−1 φ
n
k=1δknW

k(y), y ̸= −1
e ,

(3)

where δkn is the number triangle

1

−2 −1

9 8 2

−64 −79 −36 −6

625 974 622 192 24

.

1 Ageneralized LambertW functionwas defined by Scott andhis col-
laborators [22, 30], however, for the time being we shall stick to the
original one parameter definition.

Thus, the first order derivative ofW(y) has the expres-
sion

W ′(y) =
W(y)

y[1 + W(y)]

=
e−W(y)

1 + W(y) . (4)

The antiderivative ofW(y) can be obtained as∫︁
W(y)dy = y

[︂
W(y) − 1 +

1
W(y)

]︂
+ C, (5)

whereC is the arbitrary constant of integration. Thesewere
some of the basic properties of the Lambert W function.
Additional features of this special function can be found
in [29–31, 36]. In spite of such a wide range of applica-
tions in different branches of mathematics and physics,
its implications in studying the cosmic history of the uni-
verse have never been explored. However, the following
two points havemotivated us to study this special function
in the context of cosmology
– It is well known that the Lambert W function appears

inmathematics when one has to solve equations involv-
ing a variable which appears both inside and outside of
either an exponential function or a logarithm, suchas in
the equations ex = 4x + 5 and ln(3x) = x. As our uni-
verse has gone through an exponential (inflationary)
phase in the past and is presently undergoing a phase of
acceleration, similar to the inflationary phase, one can-
not help but wonder whether the Lambert W function
has some role in the evolution of the universe.

– The LambertW function has appeared implicitly while
deriving solutions of the continuity equation in the
gravitationally induced adiabatic particle creation sce-
nario [37]. This observation has also motivated us to
some extent in studying the importance of this special
function in the cosmological perspective.

To start with, let us consider a flat, homogeneous and
isotropic FLRW universe in comoving coordinates (t, r, φ,
ϕ) governed by the metric (assuming c = 1)

ds2 = −dt2 + a2(t)
[︁
dr2 + r2(dφ2 + sin2φdϕ2)

]︁
(6)

with the associated Friedmannandacceleration equations
given by

3H2 = 8πGρ and Ḣ + H2 = −4πG
3 (ρ + 3P). (7)

The above equations are obtained by solving the
EFE

Gµν ≡ Rµν − 1
2Rgµν = 8πGTµν, (8)
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where the energy-momentum (EM) tensor Tµν is assumed
to be given by (due to Weyl’s postulate)

Tµν = (ρ + p)uµuν + pgµν, uµuµ = −1. (9)

Note that Gµν is the well-known Einstein tensor. Now,
the EM conservation equation is obtained from the con-
tracted Bianchi identity ∇µTµν:

ρ̇ + 3H(ρ + P) = 0. (10)

In (6), (7) and (10), a(t) is the scale factor of the uni-
verse, H = ȧ

a is the Hubble parameter, while, ρ and P are,
respectively, the energy density and pressure of the cosmic
fluid. In order to solve the above equations, we need an
EoS connecting ρ and P. Now, keeping in linewith our pre-
vious discussion, we suppose that the EoS of the cosmic
fluid is given by

weff =
P
ρ =

[︃
ϑ1 ln

{︂
W

(︂
a
a0

)︂}︂
+ ϑ2

{︂
W

(︂
a
a0

)︂}︂3
]︃
, (11)

where a0 is some positive constant, regarded as the value
of the scale factor at the present epoch, while ϑ1 and ϑ2
are dimensionless parameters which should be fixed from
observations. At first sight, the proposed EoS seems to be
phenomenological and a bit speculative, but, it is remark-
able to know that such a complex EoS can smoothly repro-
duce all the well-known evolutionary stages of the uni-
verse. Let us now focus on understanding the behaviours
of important cosmological parameters such as the Hubble
paramter H and the deceleration parameter q due to the
consideration of an EoS of the above type. First of all, we
set the values of 8πG and a0 to unity, without any loss of
generality. Then, plugging (11) into the conservation equa-
tion (10) and integrating, we obtain the energy density ρ
in the following form (ρ0 is a positive constant):

ρ = ρ0 exp
[︀
−3{ln[W(a)][ϑ1W(a) + ϑ1 + 1]

+W(a)(1 − ϑ1) +
ϑ2
12W(a)3[4 + 3W(a)]

}︂]︂
. (12)

Furthermore, the deceleration parameter q for the
present model is evaluated as

q = − Ḣ
H2 − 1

=
3
2

{︁
1 + ϑ1 ln[W(a)] + ϑ2W(a)3

}︁
− 1 (13)

=
3
2

{︃
1 + ϑ1 ln

[︂
W

(︂
1

1 + z

)︂]︂
+ ϑ2W

(︂
1

1 + z

)︂3
}︃

− 1.

(14)

The last equality expresses the deceleration parame-
ter in terms of the redshift parameter z, which connects
the scale factor with the relation a = 1

1+z . Now, on choos-
ing the values of the unknown paramters to be ϑ1 = 1

7
and ϑ2 = −16

5 , our proposed EoS provides us with some
interesting consequences in the cosmological perspective.
Note that due to a high degree of complexity in the expres-
sion for ρ, we are unable to solve it for the scale factor
a(t). Therefore, in order to realise the behaviour of energy
density and deceleration parameter at different epochs
of evolution, we have plotted² the variations of ρ and q
against the scale factor a. These variations are presented
in Figure 1. The left panel shows that ρ → +∞ as a → 0,
which refers to the initial singularity of the universe, com-
monly known as the Big Bang. From the right panel, it
is clear that q shows two transitions, both occurring at
past redshifts. In other words, the universe undergoes
smooth evolution which starts from an early acceleration
phase (inflation), then passes through a medieval decel-
eration phase (radiation and matter dominated phases)
and finally enters into a late acceleration phase. It also
shows that the late-time acceleration continues forever. It
is worth noting that these deductions are fully consistent
with the established evolutionary history of the universe
as demonstrated by the concordance ΛCDM model of the
universe. A few comments on the choice of ϑ1 and ϑ2 are
in order. At a first look, the values ϑ1 = 1

7 and ϑ2 = −16
5

may seem to be chosen completely arbitrarily, however,
the following two scenarios will establish a motivation for
the above choices of the two arbitrary parameters –
– Scenario 1: At the present epoch, we have a = 1.

Plugging this value of a into (13) and noting that
W(1) = 0.567143, we obtain the linear equation
−0.8507157038ϑ1+0.2736333249ϑ2 = −1. Here, we
have used the fact that at the present epoch, q = −0.5
as indicated by theoretical prediction of the widely
accepted ΛCDM model and subsequently verified by
observations.

– Scenario 2: It is known from observations that the uni-
verse entered the present epoch of cosmic acceleration
from the deceleration era at a redshift zda ≈ 0.72 [38].
Plugging this value of z into (14) and noting that q = 0
at the transition redshift zda, we arrive at a second lin-
ear relation −1.402403228ϑ1 + 0.09077772462ϑ2 =
−0.5.

Solving the above two linear equations, we arrive at the
following values of the parameters: ϑ1 = 0.1501996764

2 All the plots in thismanuscript are produced usingMaple software.
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Figure 1: The left panel shows the variation of the energy density ρ (or equivalently, H2) against the scale factor a along with a magnifi-
cation in the interval [0,0.05] displayed in inset. The right panel shows the evolution of the deceleration parameter q against a. We have
considered ϑ1 = 1

7 and ϑ2 = − 16
5 .

≈ 1
7 , ϑ2 = −3.187560495 ≈ −16

5 . Thus, the prior choices
of the parameters ϑ1 and ϑ2 are quite justified.

Let us nowperform a consistency check onweff in sup-
port of our choice of values for the free parameters ϑ1 and
ϑ2. First of all, note that in the standard, ΛCDM model
of cosmology, weff = p

ρ = pm + pd
ρm + ρd = wdΩd, where pm and

ρm are the pressure and the energy density of dust, and,
pd and ρd are the pressure and energy density of DE, Λ.
The last equality is obtained by considering the fractional
energy densities of dust and Λ, given by Ωm = ρm

ρ and
Ωd = ρd

ρ , respectively and noting that wd = −1 = pd
ρd is

the EoS of DE, Λ. Now, analysis of recent observations [39]
suggest that Ωd = 0.685 (as Ωm = 0.315 and Ωm + Ωd =
1). Thus, weff turns out to be weff = wdΩd = −0.685 at
the present epoch. On the other hand, plugging in the val-
ues of ϑ1 ≈ 1

7 and ϑ2 ≈ −16
5 into (11) gives weff ≈ −0.667

at the present epoch. As one can see, this value is in
excellent agreement with the value of weff obtained from
observational data.

In summary, in this short paper, we have proposed
a novel EoS for the fluid content of a flat FLRW uni-
verse which incorporates the LambertW function in a spe-
cial fashion (11). Two free parameters, namely, ϑ1 ≈ 1

7 and
ϑ2 ≈ −16

5 were introduced and they were fixed from the
analysis of recent observational data. We have obtained
expressions for the energy density ρ and the decelera-
tion parameter q by using the EM conservation equation
(10) and the EFE (7), respectively. Further, we have plotted
the variations of ρ and q against the scale factor a in

Figure 1. It is observed that the new EoS proposed by
us, although phenomenological and a bit speculative, is
successfully able to explain the evolutionary stages of the
universe starting from an early acceleration phase and
passing through a deceleration phase before entering into
a late-time acceleration phase. Themodel also depicts that
the initial singularity is unavoidable and asserts that the
late-time acceleration would continue forever. We have
also performed a consistency check on the effective EoS
weff and found that our calculated value is in excellent
agreement with that obtained by the analysis of observa-
tional data. Therefore, in view of the above discussion, we
reiterate that this work represents a small, yet significant
step towards employing and understanding the implica-
tions of special mathematical functions in the evolution
of the universe. In a future work, we plan to undertake a
perturbative analysis and a detailed phase space analysis
in order to have a deeper understanding of the proposed
model.
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