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Abstract: This article investigates boundary layer mecha-
nism of a two-phase nanofluid over a thin liquid film of
power-law fluid. We take the coupled interface dynamics
between the thin liquid film and nanofluid into considera-
tion, where the thermal conductivity and dynamic viscos-
ity are assumed to be linear functions of nanoparticle con-
centration. The influence of Brownian motion and ther-
mophoresis of the nanofluid is also considered. Numerical
results are carried out by employing similarity transforma-
tion and bvp4c technique. The heat and mass transfer in
the flow boundary layer are analysed by relevant param-
eters with the assistance of graphs. The results show that
heat conduction decreases significantly with the increase
of rheological properties parameter and tensile velocity
ratio. Rheological properties parameter, tensile velocity
ratio, Brownian motion parameter and thermophoresis
parameter play important roles in mass transfer.

Keywords: Brownian Motion; Heat and Mass Transfer;
Interface Dynamics; Nanofluid; Thin Liquid Film.

1 Introduction
Fluid flow induced by the motion of the stretching sheet is
a common phenomenon occurring in many industrial set-
tings such as extrusion, wire drawing, glass fibre, paper
production, etc. [1–3]. In 1970, Crane [4] studied the steady
two-dimensional incompressible boundary-layer flow of
a Newtonian fluid caused by the linear stretching elas-
tic sheet. Rajagopal et al. [5] investigated the flow of
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an incompressible viscoelastic second-order fluid past a
stretching sheet and concluded that skin-friction coeffi-
cient and the boundary layer velocity decreased with the
increase of elastic parameter. Gorla et al. [6] analysed the
steady three-dimensional boundary-layer flow of a power-
law fluid over a linear stretching sheet and the influ-
ence of power-law index and stretching ratio on boundary
layer velocity. Kumar et al. [7, 8] analysed magnetohydro-
dynamic (MHD) radiative nonaligned stagnation point
motion of non-Newtonian liquid over a stretched surface
and the boundary-layer flow of MHD fluid past a cone
and awedgewith nonuniformheat source/sink alongwith
Cattaneo-Christov heat flux. Magyari and Keller [9] stud-
ied the heat and mass transfer of the Newtonian fluid in
the boundary layers on an exponentially stretching con-
tinuous surface. Kumar et al. [10] carried out a numerical
study of MHD radiative micropolar liquid flow driven by
stretching sheet and compared the velocity and tempera-
ture fields with or without slip. Liao [11] used the homo-
topy analysis method to investigate the series solution of
unsteady boundary-layer flow on a stretching flat plate.
Sajid and Hayat [12] presented the influence of thermal
radiation on the boundary-layer flow of an exponentially
stretched thin plate.

These studies were confined to ordinary Newtonian
and non-Newtonian fluids, which have low heat transfer
coefficients. However, adding nanoparticles to traditional
fluids can significantly improve the thermal conductiv-
ity of fluids. Choi and Estman [13] were the first to name
fluids containing nanoparticles as nanofluids, which can
be synthesised by uniformly dispersing nanoparticles in
the base liquids in a one- or two-step method [14]. And
the use of nanofluids as coolants in heat exchangers,
renewable energy sources transportations, microelectron-
ics, chemical engineering, andaerospace andmanufactur-
ing has become more and more common [15–17]. Because
of the high thermal conductivity of nanofluids, the knowl-
edge of heat and mass transport of nanofluids driven by
stretched sheets plays an important role in engineering,
science, and technology. Many numerical and experimen-
tal results have shown that the two-phase models are
more accurate than the single-phasemodels, and the pure
fluid correlation tends to systematically underestimate the
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heat transfer coefficient of nanofluids [18–20]. Thus, the
two-phase models are usually used to research the flow,
heat, and mass transfer of nanofluids. Buongiorno [21]
explained the abnormal convective heat transfer enhance-
ment observed in nanofluids and combined with Brow-
nian diffusion and thermophoresis effects established a
general two-component nonuniform equilibrium model
of transport phenomena in nanofluids. Khan and Pop
[22] investigated the boundary-layer flow of a nanofluid
past a stretching sheet and obtained a similarity solu-
tion depending on the Prandtl number, Lewis number,
Brownian motion number, and thermophoresis number.
Noghrehabadi et al. [23] analysed the effects of partial
slip boundary conditions on the flow and heat transfer of
nanofluids over a stretching sheet at constant wall tem-
perature. Kumar et al. [24] studied the effects of Brown-
ianmotion and thermophoresis on the bioconversion flow
of nanoliquids over a variable thickness surface with slip
effects and revealed the general flow field and density of
moving microorganisms under different physical param-
eters. In 2015, Zargartalebi et al. [25] considered a prob-
lem to investigate stagnation-point flow of nanofluids over
an isothermal stretching sheet; they assumed the thermal
conductivity and dynamic viscosity of the nanofluids were
linear functions of the volume fraction of nanoparticles
when the volume fraction of nanoparticles was very small;
the numerical solution was presented based on the finite
difference method. Akbar et al. [26] numerically stud-
ied the magnetohydrodynamic transport of nanofluids on
the surface of a vertical stretched plate with exponential
temperature-dependent viscosity and buoyancy effects.

However, the above literatures ignored the coupling
interface dynamics between the sheet and the fluid. Unlike
the classic problem in those literatures, Al-Housseiny and
Stone [27] first considered the coupling dynamics between
the sheet and the fluid and obtained the self-similar solu-
tions of boundary-layer flow for Newtonian fluids in 2012.
In their article, two kinds of sheets were considered: an
elastic sheet and a viscous sheet, considered as a New-
tonian fluid. However, it is difficult to stretch Newtonian
fluid in Newtonian fluid. Binding and Walters [28] esti-
mated the extensional viscosity of polymer solutions by
contraction flow experiments. Both grades of polyacry-
lamide (El0 and 1175, supplied by Allied Colloids Ltd)
aqueous solutions were power-law stretching with high
elasticity. A finite fluid medium, i.e. thin liquid film, has
beenmore andmorewidely used in practical applications,
such as the fresh paint and protective coating [29–31].
Sandeep and Malvandi [32] and Sandeep [33] studied the
enhanced heat transfer of non-Newtonian nanofluids con-
taining graphene nanoparticles in liquid film flow and the

effect of aligned magnetic field on the flow of magnetic
nanofluids containing graphene nanoparticles in liquid
film. Meyer et al. [34] constructed an automated thin film
stretcher for control over biomaterials via thin film stretch-
ing to generate anisotropic polymeric particles.

In this article, the boundary layer mechanism of two-
phase nanofluids induced by power-law stretching of the
thin liquid film is studied. Unlike the classic studies, in
this article the coupled interface dynamics between the
thin liquid film and nanofluids are taken into consider-
ation. According to literatures [25, 35–37], if the volume
fraction of the nanofluid is very small, then the thermal
conductivity and dynamic viscosity are linear functions of
the concentration of nanoparticles. The numerical solu-
tions of nonlinear boundary layer equations are obtained
by similarity transformation and the bvp4c function in
MATLAB. The effects of relevant parameters on reduced
skin-friction coefficient, Nusselt number, Sherwood num-
ber, boundary-layer flow, and heat and mass transfer are
discussed in detail.

2 Physical Model
Here, we consider a film with uniform temperature dis-
tribution immersed in nanofluids, which stretches along
the x axis to drive the flow of nanofluids. The flow takes
place at y ≥ h(x), where y is the coordinate measured nor-
mal to the stretching surface, h(x) is the vertical distance
between the upper surface of the thin liquid film, and the
x axis at the stretching distance x. The tensile velocityU(x)
of thin liquid film varies with the value of x and at the
inlet is U0; when stretched to the distance L, the stretching
speed isUL(UL > U0). The temperature and concentration
Tw and Cw on the surface of the thin liquid film are kept
constant, which were higher than the ambient tempera-
ture and concentration T∞ and C∞, respectively. Suppos-
ing that the length of the thin film in the lateral direction
ismuch larger than its thickness, we treat the problem as a
two-dimensional dynamics system. The thin film and the
surrounding nanofluid are in a steady state. A schematic
diagram of the physical model is illustrated in Figure 1.

2.1 Formulation of Governing Equations

According to literature [21], we assume that nanoparti-
cles are in local thermal equilibrium with the (Newton)
base fluid, ignoring the viscous dissipation of nanofluids.
The base fluid around the nanoparticles is regarded as a
continuum. Brownian motion and thermophoresis are the
most important factors that cause relative slip between
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Figure 1: Schematic of a thin liquid film immersed in the nanofluid.

nanoparticles and the base fluid in the laminar sublayer
near the thin film. Considering the influence of the vol-
ume fraction of nanoparticles in the base fluid less than
3% and the effects of Brownian motion and thermophore-
sis, theboundary layer–governing equations arewritten as
follows [21, 25, 27]:

∂u
∂x +

∂v
∂y = 0, (1)

u ∂u∂x + v ∂u∂y =
µnf ,∞
ρnf

∂
∂y

(︂ µnf
µnf ,∞

(C)
∂u
∂y

)︂
, (2)

u ∂T∂x + v ∂T∂y =
knf ,∞
(ρc)nf

∂
∂y

(︂ knf
knf ,∞

(C)
∂T
∂y

)︂

+ τ
{︃
DB

∂C
∂y

∂T
∂y +

DT
T∞

(︂
∂T
∂y

)︂2
}︃
, (3)

u ∂C∂x + v ∂C∂y = DB
∂2C
∂y2 +

DT
T∞

∂2T
∂y2 , (4)

The corresponding boundary conditions are

y = h(x) : u = U(x), v = U(x)
dh
dx ,

T = Tw , C = Cw , (5)

y → +∞ : u = 0, T = T∞, C = C∞, (6)

in which u and v are the velocity components in the x
and y directions, respectively; ∞ and w are the ambient
and surface conditions, respectively; C is the concentra-
tion of nanoparticles; µnf is the dynamic viscosity of the
nanofluid; knf is the thermal conductivity of the nanofluid;
ρnf is the density of the nanofluid; cnf is the specific heat
capacity of the nanofluid;DB is the Brownianmotion coef-
ficient;DT is the thermophoretic diffusion coefficient; h(x)
is the half-thickness of the thin film; τ = (ρc)p/(ρc)nf .
Supposing that the thickness of the thin film changes very
slowly, the velocity distribution of the thin film is uni-
form in the y direction. According to previous literature
[25], when the volume fraction of nanoparticles in the

base fluid is less than 3% the thermal conductivity and
dynamic viscosity of the nanofluid are linearly dependent
on the volume fraction of the nanoparticles. The thermal
conductivity and dynamic viscosity coefficients have the
following linear relationships with the volume fraction of
nanoparticles [25]:

µnf
µnf ,∞

= 1+Nv
(C − C∞)
(Cw − C∞)

,
knf
knf ,∞

= 1+Nc
(C − C∞)
(Cw − C∞)

,

(7)
where Nv and Nc are the variable viscosity parameter and
variable thermal conductivity parameter, respectively.

2.2 Interface Dynamics of the Thin Liquid
Film

Next, we consider the interface dynamics of the thin liq-
uid film. As the thin film is incompressible, it satisfies the
continuity equation [27]:

h0U0 = h(x)U(x) (8)

The momentum balance equation of the thin film in
the x direction can be written as [27]:

∂σxx
∂x +

∂σyx
∂y = ρsU

dU
dx , (9)

in which σxx is the normal stress; σyx is the sheer stress
at the upper surface of the thin film. As the film is sym-
metrical around the x axis, the following formula can be
obtained by integrating (9) from 0 to h(x) and introduc-
ing the expression τyx = µnf ,w∂u/∂y|y=h(x) of the surface
friction of thin liquid film in the x direction:

d
dx (hσxx) + µnf ,w

∂u
∂y

⃒⃒⃒⃒
y=h(x)

= ρshU
dU
dx (10)

Because the thin liquid film is power law stretched,
according to the literature [28], we assume σxx =
µtf (dU/dx)

m. µtf (dU/dx)
m−1 (m > 1) is the extensional

viscosity of the thin film; µtf is a constant, which assumed
to be much larger than the viscosity of the surround-
ing nanofluid; m is the power-law index (i.e. rheologi-
cal properties parameter). Substituting equation σxx =
µtf (dU/dx)

m and the continuity (8) into (10), we get:

d
dx

(︂ µtf
U(x)

(︂
dU
dx

)︂m
− ρsU

)︂
+

µnf ,w
h0U0

∂u
∂y

⃒⃒⃒⃒
y=h(x)

= 0 (11)

The ratio of the stretching force to the inertial force
of the thin film is approximately equal to µtfUm−2

0 /ρsLm.
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We assume that µtfUm−2
0 /ρsLm is large enough to ignore

the inertia force. Then, the formula (11) can be reduced as
follows:

d
dx

(︂ µtf
U(x)

(︂
dU
dx

)︂m)︂
+

µnf ,w
h0U0

∂u
∂y

⃒⃒⃒⃒
y=h(x)

= 0 (12)

3 Similarity Variable and Functions
We introduce the following dimensionless quantities [27]:

η =
y − h(x)
h0g(x)

, u = U(x)f ′(η), (13)

v = −h0
d(gU)
dx f (η) + U(x)

(︂
dh
dx + h0η

dg
dx

)︂
f ′(η), (14)

T = (Tw − T∞)θ(η) + T∞, C = (Cw − C∞)ϕ(η) + C∞,
(15)

The u and v automatically satisfy the continuity (1).
Replacing the dimensionless quantities (13), (14), and (15)
into (2), (3), and (4), respectively, we have

(1+Nvϕ)f ′′′ + Nv f ′′ϕ′ +
(︃
ρnf (h0g)2U′

µnf ,∞
+

ρnf h20gUg′
µnf ,∞

)︃
f f ′′

−
U′ρnf (h0g)2

µnf ,∞
(f ′)2 = 0 (16)

(1 + Ncϕ)θ′′ +
(︂
Nc + τDB

(Cw − C∞)(ρc)nf
knf ,∞

)︂
θ′ϕ′

+
(ρc)nf h

2
0g

knf ,∞
d(gU)
dx θ′f+

τDT(Tw − T∞)(ρc)nf
T∞knf ,∞

(θ′)2 = 0

(17)

ϕ′′ + DT(Tw − T∞)
DBT∞(Cw − C∞)

θ′′ + h20g
DB

d(gU)
dx fϕ′ = 0 (18)

subject to the dimensionless boundary conditions:

η = 0: f ′(0) = 1, f (0) = 0, θ(0) = 1, ϕ(0) = 1
η → +∞: f ′(η) → 0, θ(η) → 0, ϕ(η) → 0 (19)

In (16–18), g(x) and U(x) are unknown functions. In
order to get the similarity solutions of (16–18), we must
have

ρnf (h0g(x))2U′(x)
µnf ,∞

= 1 (20)

ρnf h20g(x)U(x)g′(x)
µnf ,∞

= β (21)

Among them, β is a constant determined by the
dynamic coupling between the thin film and nanofluids.

According to (20) and (21), we can get the following
formula:

ρnf (h0g(x))2U′(x)
ρnf h20g(x)U(x)g′(x)

=
1
β (22)

By integrating (22), we get

g(x) = εU(x)β , (23)

here ε is the integral constant. By substituting (23) into
(20), we have ρnf h20ε2U(x)2βdU = µnf ,∞dx. For β = −1/2,
both g(x) and U(x) are exponential functions; otherwise,
g(x) and U(x) are the power-law functions with the form
(Ax + B)P. The stretching speed of the thin film satisfies
the boundary conditions: U(0) = U0, U(L) = UL. Then,
for β ̸= −1/2,

U(x) = U0
(︁

−t xL + 1
)︁−γ

, t = 1 −
(︂
U0
UL

)︂ 1
γ

, (24)

substituting (24) into (20), we get

g(x) = (Re)−
1
2
(︁

−t xL + 1
)︁−γβ

, γ = − 1
1 + 2β , (25)

where Re = tγU0h20ρnf /µnf ,∞L is the generalised
Reynolds number.

Similarly, for β = −1/2,

U(x) = U0e
(︁
1
L ln

UL
U0

)︁
x , g(x) = Re− 1

2 e−
(︁

1
2L ln

UL
U0

)︁
x , (26)

where Re =
(︀
ρnfU0h20 ln(UL/U0)/µnf ,∞L

)︀
is the gener-

alised Reynolds number. The functions U(x) and g(x)
should simultaneously satisfy the dynamic (12) of the
thin film. On the surface of the thin film, we have
∂u/∂y|y=h(x) = (U(x)f ′′(0)/h0g(x)), then (12) becomes

d
dx

(︂ µtf
U(x)

(︂
dU
dx

)︂m)︂
+

µnfU(x)f ′′(0)
h02g(x)U0

= 0 (27)

For β ̸= −1/2, by substituting (24) and (25) into (27),
we can get the following formula:

γβ − γ = −γm − m + γ − 1 (28)

As γ = −1/(1 + 2β), we get β = −3/(1 + 2m), γ =
(2m + 1)/(5 − 2m). Then, the full similarity solutions of
(2–4) are as follows:

(1 + Nvϕ)f ′′′ + Nv f ′′ϕ′ +
2m − 2
2m + 1 f f ′′ − (f ′)2 = 0, (29)

(1 + Ncϕ)θ′′ + (Nc + Nb)θ′ϕ′ + Prnf
2m − 2
2m + 1 f θ′

+ Nt(θ′)2 = 0, (30)
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ϕ′′ + Nt
Nb

θ′′ + Sc2m − 2
2m + 1 f ϕ′ = 0, (31)

where primes denote differentiation with respect to η, and
the four nondimensional parameters are defined by

Nb = τDB
(Cw − C∞)(ρc)nf

knf ,∞
, Nt = τDT

(Tw − T∞)(ρc)nf
T∞knf ,∞

,

Prnf =
νnf ,∞
αnf ,∞

, Sc =
νnf ,∞
DB

,

here νnf ,∞ = µnf ,∞/ρnf denotes kinematic viscosity of the
nanofluids. Physical quantities of interest to us, namely,
local Nusselt number Nux, local Sherwood number Shx,
and local skin-friction coefficient Cfx, are defined as fol-
lows:

Nux =
xqw

knf ,∞(Tw − T∞)
, Shx =

xqm
DB(Cw − C∞)

,

Cfx =
2τnf ,w
ρnfU2(x)

, (32)

here quantities of surface heat flux qw, surface mass flux
qm, and surface shear stress τnf ,w are defined as follows:

qw = −knf ,w
(︂
∂T
∂y

)︂⃒⃒⃒⃒
y=h(x)

, qm = −DB

(︂
∂C
∂y

)︂⃒⃒⃒⃒
y=h(x)

,

τnf ,w = µnf ,w
(︂
∂u
∂y

)︂⃒⃒⃒⃒
y=h(x)

(33)

Substituting (33) into (32) and using (13) and (15), the
relationships between local Nusselt number, local skin-
friction coefficient, local Sherwood number, and the gen-
eralised Reynolds number are obtained:

NuxRe−1
2 = − (1 + Nc)xθ′(0)

h0

(︁
−t xL + 1

)︁ 3
2m−5 , (34)

CfxRe
1
2 = (4m + 2)th0f ′′(0)

(5 − 2m)L (1 + Nv)
(︁

−t xL + 1
)︁ 2m−2

5−2m ,

(35)

ShxRe−1
2 = − xϕ′(0)

h0

(︁
−t xL + 1

)︁ 3
2m−5 , (36)

where NuxRe−1
2 , CfxRe

1
2 , and ShxRe−1

2 are the reduced
Nusselt number (Nur), the reduced skin-friction coefficient
(Cfr), and the reduced Sherwood number (Shr), respec-
tively. In the same way, we can get that for β = −1/2; there
are no full similarity solutions for (2–4).

When parameters m = 1, Nc = 0, Nb = 0, Nt = 0,
(29) and (30) degenerate to f ′′′ − (f ′)2 = 0 and θ′′ = 0,
respectively, from which we can see that, when the New-
tonian fluid viscous sheet is stretched to drive the flow of
Newtonian fluid, the flow has no effect on heat transfer,

which is impossible. That is to say, the viscous plate of
Newtonian fluid cannot drive the motion of Newtonian
fluid by stretching.

4 Numerical Method and
Verification

In order to solve the nonlinear coupled ordinary differen-
tial (29–31) with boundary conditions (19), the bvp4c tech-
nique is adopted.We consider f = f1, f ′ = f2, f ′′ = f3, θ =
f4, θ′ = f5, ϕ = f6, and ϕ′ = f7. Then, (29–31) are reduced
into systems of first-order ordinary differential equations
as follows:

f1′ = f2,
f2′ = f3,

f3′ = (1 + Nvf6)−1
[︂
(f2)2 − 2m − 2

2m + 1 f1f3 − Nvf3f7
]︂
,

f4′ = f5,

f5′ = (1 + Ncf6)−1
[︂
−(Nc + Nb)f5f7

− Prnf
2m − 2
2m + 1 f1f5 − Nt(f5)2

]︂
,

f6′ = f7,

f7′ = − Nt
Nb (1 + Ncf6)−1

[︂
−(Nc + Nb)f5f7

− Prnf
2m − 2
2m + 1 f1f5 − Nt(f5)2

]︂
− Sc2m − 2

2m + 1 f1f7,

subject to the following initial conditions:

f1(0) = 0, f2(0) = 1, f3(0) = −0.1,
f4(0) = 1, ..... etc.

We adopt the default value 10−3 of bvp4c as rela-
tive error tolerance and choose a suitable finite value of
η → ∞, namely, η = η∞ = 25.

If the volume fraction of nanoparticles is assumed to
be zero and the thin liquid film is stretched linearly, (29)
reduces to

f ′′′ − (f ′)2 = 0 (37)

with the boundary conditions:

f ′(0) = 1, f ′(+∞) = 0 (38)

In literature [27], the analytic solution of formula (37)
was given: f ′(η) = 6/

(︁
η +

√
6

)︁2
.
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From the expression of f ′(η), we can also get f ′′(η) =

−12/
(︁
η +

√
6

)︁3
.

In order to verify the accuracy of numerical solution,
the comparison between numerical solution and analyti-
cal solution of (37) is shown in Figure 2. It can be seen that
numerical solution is highly agreementwith the analytical
solution. At the same time, the numerical and analytical
results of f ′′(η) are compared in Table 1. The results show
that their results are also highly consistent.

When Nc = Nv = Nb = Nt = Sc = 0, Prnf = 1, and
L/h0 = 5, Table 2 compares the results for the reduced
Nusselt number and reduced skin-friction coefficient
obtained in the present work with those reported by Liu
et al. [38] form = 1.2,m = 1.4, respectively. As can be seen
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0
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0.6

0.8

1

f ′
 (

η
)

Numerical solution

Analytical solutionNv = 0, m = 1

η

Figure 2: Comparison of the numerical solution and analytical
solution of the momentum equation.

from Table 2, the current results are in good agreement
with Liu and colleagues’ [38].

5 Results and Discussion
Equations (29–31) consist of three related hydrodynamic
variables (f ′, θ, ϕ) and seven parameters, namely, Nv, Nc,
m, Nb, Nt, Prnf , and Sc. According to the expressions of
Nv and Nc in literature [25]: Nv = 1 − µbf /µnf ,∞, Nc =
1 − kbf /knf ,∞, we get 0 < Nv, Nc < 1. The experimen-
tal studies in literatures [39–42] showed that the values
of Nv and Nc were generally between 0 and 0.2. However,
under hypothetical conditions, thermal conductivity of
nanofluids can be increased by adding nanoparticles with
larger thermal conductivity and smaller particle size or by
increasing the temperature of nanofluids and the volume
fraction of nanoparticles, thus making Nc larger. Nv can
also be made larger by changing conditions. For example,
Godson et al. [43] studied the thermal conductivity and
viscosity of water-based silver nanofluids. When the vol-
ume fraction of nanoparticles was 0.9%, the ranges of Nv
and Nc were 0.2–0.3 and 0.2–0.6 respectively, with chang-
ing of temperature. If we increase the volume fraction of
silver nanoparticles to close to 3%, the values of Nv and
Nc will be larger. Thus, we suppose that 0.2 ≤ Nv ≤ 0.6
and 0.3 ≤ Nc ≤ 0.9. The magnitude of m is determined
by the rheological properties of the thin liquid film, where
only the case of m > 1 is considered. For other parame-
ters, we take 0.1 ≤ Nb, Nt ≤ 0.5 [44, 45], Prnf = 2.3, and
1 ≤ Sc ≤ 10 [46].

Table 1: Comparisons between numerical and analytical solutions of f ′′(η) at Nv = 0,m = 1.

η 0 2.083 4.861 7.639 10.42

Numerical solution f ′′(η) −0.8165 −0.1289 −0.03074 −0.01175 −0.005764
Exact solution f ′′(η) −0.8165 −0.1289 −0.0307 −0.0117 −0.0056

Table 2: Comparison of results for the reduced Nusselt number Nur and reduced skin-friction coeflcient Cfr with drawing velocity ratio
UL/U0 when Nc = Nv = Nb = Nt = Sc = 0, Prnf = 1, L/h0 = 5.

UL/U0 m = 1.4 m = 1.2

Nur (Liu et al. [38]) Nur (present results) Cfr (Liu et al. [38]) Cfr (present results)

1.5 1.55012 1.5501 −0.11119 −0.1112
2.0 1.94536 1.9454 −0.16588 −0.1659
2.5 2.32011 2.3201 −0.19785 −0.1978
3.0 2.67929 2.6793 −0.21848 −0.2185
3.5 3.02603 3.0260 −0.23267 −0.2327
4.0 3.36245 3.3625 −0.24288 −0.2429
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5.1 Effects of Different Parameters on Fields
of Velocity, Temperature, and
Concentration

We can see from (29) that the velocity boundary layer is
mainly affected by the variable viscosity parameterNv and
rheological properties parameterm. Figures 3 and 4 depict
the variation of the velocity boundary layer under differ-
ent variable viscosity parameter Nv and rheological prop-
erties parameter m. When other parameters are fixed, it
is detected that the thickness of the velocity boundary
layer increases slightly with the increase of the variable
viscosity parameter Nv and decreases slightly with the
increase of the rheological properties parameter m. This
is because higher value of Nv enhances the viscosity of
the nanofluids. Larger viscosity of fluids improves the flu-
idity and thus boosts the velocity distribution. However,
the increase of rheological property parameter m lessens
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Figure 3: Velocity profiles for variable viscosity parameter Nv.

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

m = 1.2, 1.3, 1.4

Nc = 0.3   Nt = 0.12   Sc = 3.2

Nv = 0.2   Prnf = 2.3  Nb = 0.2

f 
′ 
(η

)

η

Figure 4: Velocity profiles for rheological parameterm.

the fluidity of fluid, resulting in the reduction of velocity
boundary layer thickness.

Figures 5 and 6 indicate that the variable thermal con-
ductivity parameter Nc of the nanofluid has a little effect,
but the rheological properties parameter (power-lawexpo-
nent m) of the thin film has great influence on temper-
ature boundary layer. Higher value of Nc enhances the
temperature boundary layer thickness; however, opposite
behaviour is examined via larger m. This is because the
thermal conductivity of nanofluids increases slightly with
the increase of Nc and thus leads to the boost of tempera-
ture boundary layer thickness. The tensile viscosity of the
thin film reduces by enhancingm, resulting in the change
of fluidity of nanofluids and the decrease of velocity pro-
file. On the one hand, the reduction of fluidity leads to
the change of temperature boundary layer. On the other
hand, larger values of rheological parameter m decay the
heat exchange capacity between the film and nanofluids;
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Figure 5: Temperature profiles for variable thermal conductivity
parameter Nc.
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Figure 6: Temperature profiles for rheological parameterm.
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thus, the thickness of the temperature boundary layer
decreases.

Figure 7 portrays that Schmidt number Sc has a great
influence on concentration boundary layer. The thickness
of the concentration boundary layer decreases apparently
with the enhancement of Schmidt number. This is because
the higher value of Sc boosts the viscosity of nanofluid and
reduces the Brownianmotion coefficient of nanoparticles.
Due to that reason, the diffusion of nanoparticles is hin-
dered, and the thickness of concentration boundary layer
is reduced. Figure 8 is similar to Figure 6, which shows
that the decrease of fluidity also leads to the changes in
concentration boundary layer.

The above results imply that if wewant to enhance the
heat transfer efficiency of the fluid,weneed tomake theNc
as large as possible and the m as small as possible within
the desirable ranges.
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Figure 7: Concentration profiles for Schmidt number Sc.
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Figure 8: Concentration profiles for rheological properties
parameterm.

5.2 The Effects of Different Parameter Values
Such as Nt, UL/U0,m, and Nv on Reduced
Nusselt Number (Nur), Skin-Friction
Coeflcient (Cfr), and Sherwood Number
(Shr) at the Stretching Distance L

Figures 9a and b and 10a and b show the effects of ther-
mophoresis parameter Nt, rheological properties parame-
ter m and drawing velocity ratio UL/U0 on reduced Nus-
selt number and reduced Sherwood number for Nb = 0.2,
Prnf = 2.3, Sc = 3.2, Nc = 0.3, Nv = 0.2, and L/h0 = 5.
Figure 11 presents the effects of drawing velocity ratio
UL/U0 and variable viscosity parameter Nv on reduced
skin-friction coefficient.

It can be seen from Figures 9a and b and 10a and b
that the reduced Nusselt number and Sherwood num-
ber decrease with the increase of thermophoresis param-
eter Nt when rheological properties parameter m and the
drawing velocity ratio UL/U0 are fixed. And the influence
of thermophoresis parameters Nt on reduced Sherwood
number is much greater than the reduced Nusselt number.
In addition, the reduced Nusselt number and Sherwood
number increase significantly with the enhancements of
rheological properties parameter m and drawing veloc-
ity ratio UL/U0. As the generalised Reynolds number is
related to the rheological properties parameter m, the
stronger drawingvelocity ratioUL/U0 enhances convective
heat transfer and convective mass transfer while it decays
the heat conduction and mass diffusion when m is deter-
mined. On the other hand, the effect of Nt on convective
heat and mass transfer is opposite to that of UL/U0 when
m is determined.

Figure 11 describes that the absolute value of the
reduced skin-friction coefficient increases sharply with
the enhancement of the drawing velocity ratio for smaller
drawing velocity ratio UL/U0. However, when the draw-
ing velocity ratio is relatively high, the absolute value of
the reduced skin-friction coefficient increases slowly with
the enhancement of the drawing velocity ratio. When the
drawing velocity ratio UL/U0 is fixed, the larger value
of variable viscosity parameter Nv enhances the abso-
lute value of reduced skin-friction coefficient. The greater
the value of UL/U0 is, the faster the change of absolute
value of reduced skin-friction coefficient withNv is. This is
because the higher value of Nv corresponding to high vis-
cosity fluid, resulting in an increase in the absolute value
of skin-friction coefficient. On the other hand, the larger
value of UL/U0 boosts the extensional viscosity of the thin
liquid film; thus, the absolute value of the skin-friction
coefficient enhances.
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Figure 9: Influence of Nt on reduced Nusselt number under different rheological properties parameterm and drawing velocity ratio
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5.3 The Effect of Brownian Motion
Parameter Nb on the Reduced
Sherwood Number

The relationship between Nb and the reduced Sherwood
number is observed in Figure 12. It can be seen that
an increase in Brownian motion parameter Nb results
in the increase of the reduced Sherwood number when
other parameters are fixed, whereas the smaller the
Nb, the faster the reduced Sherwood number increases.
This indicates that convective mass transfer is enhanced
and mass diffusion is decayed for stronger Brownian
motion.

6 Conclusions
The boundary-layer flow of the nanofluids induced by the
motion of a thin liquid film is analysed. It is supposed
that the film is incompressible and has a power-law tensile
property. The coupling interface dynamics between the
thin film and nanofluids (based on a Newtonian fluid) is
considered, and theBrownianmotion and thermophoresis
in seven slipmechanisms of the nanofluid are also consid-
ered. At low concentration, the thermal conductivity and
viscosity of nanofluids are linearly related to the concen-
tration of nanoparticles. The effects of different parame-
ters such as variable viscosity parameterNv, variable ther-
mal conductivity parameter Nc, Schmidt number Sc, and
rheological properties parameterm (power-law exponent)
on fields of velocity, temperature, and concentration are
analysed. In addition, the effects of different parameters
on the reduced Nusselt number, skin-friction coefficient,
and Sherwood number are also analysed. The results are
summarised as follows:
(i) Rheological properties parameter (power-law expo-

nent m) and variable viscosity parameter Nv have
slight effects on velocity boundary layer.

(ii) Higher value ofNc enhances the temperature bound-
ary layer thickness; however, opposite behaviour is
examined via largerm.

(iii) The function relationships between the reducedNus-
selt number, Sherwood number, and thermophore-
sis parameter Nt are affected by rheological proper-
ties parameter (power-law exponentm) and drawing
velocity ratio UL/U0.

(iv) Larger values of Nv and UL/U0 boost the reduced
skin-friction coefficient.

(v) Stronger Brownian motion enhances the convective
mass transfer.

7 Highlights
1. Boundary layer mechanism of a nanofluid subject to

coupled interface dynamics of fluid/film is studied.
2. Thermal conductivity and dynamic viscosity are

assumed to be linear functions of nanoparticle
concentration.

3. Influence of Brownian motion and thermophoresis on
heat and mass transport of nanofluid are also consid-
ered.

4. Boundary layer behaviour strongly depends on rheo-
logical parameter of thin liquid film and velocity ratio.

5. Combined effects of involved parameters on boundary
characteristics are also analysed in detail.
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Nomenclature
u transverse velocity, m/s
v axial velocity, m/s
x, y transverse and axial coordinate, respectively, m
T temperature, K
C nanoparticle concentration
k thermal conductivity, W/(m K).
c specific heat capacity, J/(kg K)
DB Brownian motion coefficient, m2/s
DT thermophoretic diffusion coefficient, m2/s
h half-thickness of the thin liquid film, m
U velocity of the thin liquid film, m/s
Nv variable viscosity parameter
Nc variable thermal conductivity parameter
m power-law index
L length of the thin liquid film, m
f dimensionless stream function
g dimensionless function
Re generalised Reynolds number
Pr Prandtl number
Nb Brownian motion parameter
Nt thermophoresis parameter
Sc Schmidt number
Nux local Nusselt number
Shx local Sherwood number
Cfx local skin-friction coefficient
Nur the reduced Nusselt number
Cfr the reduced skin-friction coefficient
Shr the reduced Sherwood number
qw surface heat flux
qm surface mass flux

Greek symbols
µ apparent viscosity coefficient, (Pa s)
ρ density, kg/m3
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ρs density of the thin liquid film, kg/m3

µtf constant
η similarity variable
θ dimensionless temperature
ϕ rescaled nanoparticle concentration
β, γ, ε constant
α thermal diffusivity, m2/s
ν kinematic viscosity of the fluid, m2/s
τ ratio between the effective heat capacity of the

nanoparticle material and heat capacity of the fluid
τnf,w surface shear stress, Pa

Subscripts
0 value at coordinate origin (i.e. at x = 0, y = 0)
∞ value at infinity (i.e. y → ∞)
w value on the surface of the thin liquid film (i.e. y = h(x))
nf nanofluids
p nanoparticles
bf base fluid
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