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Abstract: In the present paper, based on the Riemann
theta function, the Hirota bilinear method is extended to
directly construct a kind of quasi-periodic wave solution
of a new integrable differential-difference equation. The
asymptotic property of the quasi-periodic wave solution
is analyzed in detail. It will be shown that quasi-periodic
wave solution converge to the soliton solutions under cer-
tain conditions and small amplitude limit.
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1 Introduction

Recently, differential-difference equations have stimu-
lated considerable interest due to their numerous applica-
tions in the areas of physics and engineering [1-8]. Usually,
for better understanding of the meaning of differential-
difference equations, it is of great significance to search
for their exact analytic solutions. The exact solution, if
available, of these equations facilitates the verification
of numerical solvers and aids in the stability analysis of
solutions. In the past decades, there has been significant
progression in the development of the methods for exact
solutions such as inverse scattering method [9], Darboux
transformation [10, 11], Hirota bilinear method [12, 13],
algebro-geometric method [14-19], and others.

Among them, the algebro-geometric method is an ana-
logue of inverse scattering transformation, which was first
developed by Matveev, Its, Novikov, and Dubrovin et al.

*Corresponding author: Qi Wang, School of Mathematics, Shanghai
University of Finance and Economics, Shanghai 200433, PR China,
E-mail: wang.qi@mail.shufe.edu.cn

The method can derive an important class of exact solu-
tions, which is called algebro-geometric or quasi-periodic
solution, to many soliton equations such as Korteweg-
de Vries (KdV) equation, sine-Gordon equation, and
Schrédinger equation. In recent years, such solutions of
nonlinear equations have aroused much interest in math-
ematical physics [20-25]. However, this method usually is
applied in the integrable nonlinear evolution equations
admitting Lax pairs representation and involves compli-
cated algebraic geometry theory which often requires the
use of Riemann theta functions and calculus on Riemann
surfaces [26-28]. These have been used far less than their
soliton counterparts.

It is well known that the bilinear derivative method
developed by Hirota is a powerful and direct approach
to construct the exact solution of nonlinear equations
[12, 13, 29-35]. Once a nonlinear equation is written in
bilinear form by a dependent variable transformation,
then multi-soliton solutions and rational solutions can
be obtained. Recently, by means of the Hirota bilinear
method, Nakamura proposed a convenient way to con-
struct quasi-periodic solutions of nonlinear equation in
his two serial papers [36, 37], where the periodic wave
solutions of the KdV equation and the Boussinesq equa-
tion were obtained. Some authors, such as Ma, Zhang,
Fan, and their collaborators have extended this method
to investigate the breaking soliton equation, the Boussin-
esq equation, KdV, Kadomtsev-Petviashvili, asymmetric
Nizhnik-Novikov-Vesselov, and Bogoyavlenskii equations
[38-42]. In fact, the appeal and success of this method lies
in the fact that it circumvents complicated algebro-geo-
metric theory to directly get explicit quasi-periodic wave
solutions. And this method also shows its effectiveness
to some special types of equations, e.g. supersymmetric
equations [43, 44]. However, little work has been done on
differential-difference equations for the quasi-periodic
wave solutions by using the Hirota bilinear method [45,
46], and it is shown that all parameters appearing in the
quasi-periodic wave solutions are conditionally free varia-
bles, whereas usual quasi-periodic solutions involve some
Riemann constants which are difficult to be determined
explicitly.
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In the present paper, based on the Riemann theta
function, we extend the Hirota bilinear method to directly
construct quasi-periodic solutions for the differential-
difference equations. A new integrable generalized dif-
ferential-difference equation [47] is taken as an example
to illustrate the method. It will be shown that its soliton
solution can be obtained as a limiting case of the quasi-
periodic wave solution under certain conditions and small
amplitude limit.

The rest of the paper is organized as follows. In
Section 2, we briefly recall bilinear form of differential-
difference equation and the Riemann theta function.
In Section 3, we apply the Hirota bilinear method and
Riemann theta function to construct quasi-periodic wave
solutions to a differential-difference equation. Further,
we analyze the asymptotic behavior of the quasi-periodic
wave solutions in detail in the last section. It is rigorously
shown that a well-known soliton solution can be obtained
from the quasi-period wave solution under a “small
amplitude” limit. Further work about the multi-periodic
wave solutions of differential-difference equations will be
given in final.

2 The Bilinear Form and the
Riemann Theta Function

In this section, we first briefly recall the integrable gener-
alized differential-difference equation [47] whose bilinear
form is

{D[sinh(lle )—Zsinh(lkzD )sinh(l(k1 -k,)D )
20" 2 " 2 "
+ Zocsinh(;kZDn)sinh(;(k1 + kz)Dn)+ c}f(n) -f(n)=0,
6]
where k, and k, are two integers, « is an arbitrary con-
stant, and c¢ is an integration constant. The bilinear

differential operator D, and difference operator e’ are
defined by

Zsinh(kzvj{(l - a)sinh(j/kl] cosh(sz) _
2 2 2
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Df(t)-g(t)=(3,-9,)f()g(t)],_,,
e f(n)-g(n) =" " f(n)g(n)|,_, = f(n+0)gn-o),

sinh(dD,)f(n)- g(n) = %(e”" —e)

f(n)-g(n) =%(f(n+é)g(n—6)—f (n-90)g(n+9)). (2

Bilinear form (1) covers many famous differential-
difference equations. In particular, when k =1, k,=2, )]
can easily transform into the generalized Lotka-Volterra
equation found by Tsujimoto and Hirota [48]; when a =0,
taking the transformation

k2+1 k2+1
_f(n_ 2 )f(m 2 j

%= ; )
! k —1) [ k —lj
n——= n+-2
Aot oo
the famous extended Lotka-Volterra equation [49, 50]
d”"l k-1 k-1
Ma ~Tla T« ’
dtig n-"lu ,-l:_‘([ n+mTil+i7(k,1) il:! m-1 . (4)

n———+i n———+i
2 2

(m=1,2, -~ k=1,2, --; m#k)

can be recovered. As shown in [47] (1) is integrable in the
sense of Backlund transformation.

The operators D, e™, and sinh(6D,) have very good
properties when they act on exponential functions

Dtegl : e§2 = (w1 - wz)egl +h s

ePrpf b =

sinh(éDn )eg' . eEZ = sinh[é(vl -, )]eEI +& ,

eé(vl -, }e§1 +&, ,
5)

where §}. =wt+vn+o,j=1,2. More generally, we have

G(D,, sinh(dD,))e" -e =G(w, —w,, sinh(d(v,—v,)))e"

where G(D,, sinh(6D))) is a polynomial function with
respect to the operators D, and sinh(6D).

In the special case of ¢=0, (1) admits one-soliton
solution

1+ a)cosh(Vkljsinh [szﬂ
2 2

f(n)=1+exp| vn+

sinh(m)
2

t+o |.

(6)
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In the following, we introduce a one-dimensional
Riemann theta function and discuss its quasi-periodicity,
which plays a central role in this paper. The Riemann
theta function reads

D, € s|t) =" exp[2mi(£+e)(m+s)—wr(m+s)’]. @)

meZ

Here the integer value me Z, s, ee C, and complex
phase variables £ =wt+vn+o is dependent on continuous
time variable t and discretized spacial variable n. The7>0
is called the period matrix of the Riemann theta function.
For simplicity, in the case when s=¢=0, we denote

¥(&, 1)=9(&, 0, 0[7). (8)

Definition 2.1. A function g(t) on C is said to be quasi-
periodic in ¢ with fundamental periods T, ..., T,e Cif T,,

., T are linearly dependent on Z, and there exists a func-
tion G(y,, ..., y,) € C*, such that

G(yl,"',)’,-"'T,—,"',yk)=G(yl,"',y]-a"',yk), (9)
forall (y, ...,y)e C%
G(t, Tty t’ Tty t)=g(t)- (10)

In particular, g(t) becomes periodic with the period T
ifand only if T,=mT.

Proposition 2.2. The Riemann theta function 9, 7)
defined above has the periodic properties [51, 52]

V(& +1+ir, ) =exp(-27i& + nr) (€, 7). (11)

Proposition 2.3. The meromorphic functions F(&) on C
are as follows:

() F©=91nd(E 1), EeC;
(E+e, 1)

(ll) F(E) = aglnm, E, e, he (C;
_Hé+e, T)0(E—e, 1)
(iii) F(&)= 3. 1 ,&,eeC. (12)
Then all three cases (i)—(iii) hold that
F(E+1+ir)=F(§), §eC, (13)

that is, these F(£) are quasi-periodic functions with two
fundamental periods 1 and iz [46].

3 The Quasi-Periodic Solution

Now we consider the Riemann theta function solution of
the above bilinear form differential-difference equation (1)
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f)=0(E, )= 3 &, (14)

m=—co

where me Z,1>0, and £ =wt+vn+o.
Substituting (14) into (1) gives

G(D,, sinh(dD,))f(n)- f(n)=G(D,, sinh(dD,))

i eZ:rrim'E—yrm’zr. i e2nim§—nm21

m’=—oco m=—oo

— 2 2 G(Dt, Sinh(éDﬂ ))eZm‘m’_E—nm'zr .eZm‘mE—nmzr

m=—com=

- i i GQri(m’ —m)w, sinh[27idv(m’—m)])

m’ =—com=—oo

2xi(m’ +m)é —x(m? +m? )t

"I S GQRaim -, sinhRaiov2m’ 1))

I'=—com’ =—co

27il’E — wl(m”? + (' —m' ) Je

iy Yoy G[lmi(m’—l—g)w’

I=—co pu=0,1m"=—oc0

il 1+ 2 e~ al(m? + QL+ u—m'P Jr
sinh{l;niév(m’—l—gﬂ]; (1 2)5 al . (15)

Let m’=h+1, and using the relations

h+l=[h—”}+[l+”},
2 2
h-l-u= h—”}—[z Iad

el e

we finally obtain that

G(D,, sinh(D,))f(n)- f(n)

-S| 5 5 o {2 .o -2

I=—co | u=0,1h=—c0

2 2
—Zn(h—ﬁj T 4ni(l+ﬁ)§—2n(1+£) T
e 2 e 2 2

} (16)

= i Clw, v, ﬂ)e“”f(“%]&zﬂ(ug)z,,
I=—e

(17)
where
Clo, v, W)=, i G(zmi(h-’z‘)w, sinh{lmiév(h—g)D
e—Zn[h—%) r.
(18)
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It is seen that if the following equations C(w, v, u)=0
are satisfied, for all possible combinations =0, 1, then
#(&, 1) is a solution of the bilinear equation (1). On the
other hand, the equations G(w, v, 0)=0 and G(w, v, 1)=0
can be explicitly written as

Y {4mihwsinh[2sik vh]-2sinh[2zik,vh]

h=—co

sinh[27i(k, —k,)vh]+2asinh[27ik,vh]

Sinh[z.r[i(kl + k2 Wh]+ C}efz,-mzr -0,
S il he s : 1
2 {lwn (h - )wsmh [anklv(h - ﬂ
h=—c 2 2
. : 1. ' .
—2sinh {kazv(h - Hsmh {2711(](1 - kz)v(h - H
2 2
+2asinh {Znikzv(h - 1)} sinh {2m’(k1 + kz)v(h - 1)} + c}
2 2

e'”("'g’ =0 (20)

>

(19)

i.e.
. 1 . 1
smh(le )ﬁ; (o, l)w—Zsmh(kzD j
20" 2 "
sinh(;(kl - kz)Dnjz‘}l(O, D+ ZaSiHthan)

sinh[;(kl + kz)Dn) 9,(0, 2)+¢d (0, 1) =0, 1)

sinh(; len)z‘);(O, Do- ZSinh(; kanjsinh C(k1 - kZ)Dn)
#,(0, 2)+2asinh (; kanJsinh(;(kl ¥ kZ)D"jﬁz 0, 2)
+c1,(0,4)=0,
(22)

where by convention the prime means d§ and

oo

h=e, 3,6, 1)=DQE, 20)=Y, A" exp(4ihé),

h=—co

+oo

1, m:a(zg, 0, —;|21)= 3 2% expl2ai(2h - 1E].

(23)

By introducing the notations

Zsinh(kzv ){(l—a)sinh(’jkljcosh(v kZ)—(Ha)cosh(v kl jsinh(v kzﬂ
2 2 2 2 2 )
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zlenjz?;(O, ), a,=1,(0,1),

a, = sinh(;len)ﬁ;(O,/l), a,=9,0, 1),

a. = sinh(

b, =2sinh (;kan)sinh (;(k1 - kz)Dn)z‘}l(O, A)
—2asinh (; kan)sinh (;(kl + kz)Dn)ﬁl(O, A),
b, =2sinh G kanjsinh(;(kl - kz)Dnjz‘)z(O, 2

—Zasinh(; kan)sinh G(kl ¥ kz)Dn)z?z 0, 4), (o)

systems (21) and (22) admit an explicit solution
blazz — bzalz c bzan - b1a21

a,a,, —a,a,

) (25)

= ’
a,a,, —a,a,

Finally, we can obtain the quasi-periodic solution for
the differential-difference equation (1)

o o
f(n)= z eme§ m r’

Mm=—co

(26)

where £ =wt+vn+o, v and o are arbitrary constants, and
w and c are given by (25).

4 Asymptotic Property

In the following, we further consider asymptotic property
of the one-periodic wave solution. We will directly use
system (25) to analyze the asymptotic properties of the
periodic solution. It will be shown that the one-soliton
solution can be obtained as a limiting case of the one-
periodic wave solution (26). The relations between these
two solutions are established as follows.

Theorem 4.1. Suppose that the vector (w, c) is a solution of
system (25), and for the periodic wave solution (25), we let

v =2x;iv, o' =2x;io-nt, 27

where the v and ¢ are arbitrary constants. Then we have
the following asymptotic properties

c—0, 2miE-nr—>7, (28)

n=v'n+

’

k
sinh i
2

0, t)—>1+e", as A—0.

t+o’,



DE GRUYTER

In other words, the periodic solution (25) tends to the
soliton solution (6) under a small amplitude limit.

Proof. Here we will directly use system (25) to analyze
the asymptotic properties of periodic solution, which is
more simple and effective than the original method of
solving system (25) as done in [40, 41]. Since the coeffi-
cients of system (24) are power series about A, its solution
(w, ) also should be a series about 1. We explicitly expand
the coefficients of system (24) as follows

a,, =8nisinh(2zik v)A* + 16aisinh(4mik v) A" +- -,
a,=1+22"+24"-.,

a, = 4sisinh(zik v) A+ 127isinhGrik v)A° +---,
a, =2A+21°+21°--,

b, = 4[sinh(27ik,v)sinh27i(k, —k,)v)
—asinh(2mik,v)sinh ik, + k,)V)IA* +---,

b, = 4[sinh(srik,v)sinh(zi(k, —k,)v)

—asinh(zik,v)sinh(zi(k, +k,)v)A+---. (29)
Let the solution of system (25) be in the form
w=w,+0Aito, )} +-=o, +0(1), (30)

= 2 e =
c=C,+CA+C, A"+ =c +0(A).

Substituting the expansions (29) and (30) into system
(25) and letting A — 0, we immediately obtain the follow-
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DE, 7) =1+ A2(e*™ +e2™) + AP (e" ™ + o) ...

=1+ef+ (et +e¥)+ 1+, as 150, (34)
which proves the above theorem. Therefore, we conclude
that the periodic solution (26) just goes to the soliton solu-
tion (6) as the amplitude 1 — 0. O

As illustrated at the beginning of Section 2, the bilin-
ear form (1) is so general that it covers many famous dif-
ferential-difference equations. For example, taking the
transformation of solution (3), the extended Lotka-Volterra
equation (4) becomes the bilinear form (1) with =0 [50].
Then by the above analysis, we can directly get the quasi-
periodic solution a, of the extended Lotka-Volterra equa-
tion (4). The quasi-periodic and the corresponding soliton
solutions of the extended Lotka-Volterra equation have
been presented in Figures 1 and 2.

5 Multi-Periodic Wave Solutions

Following the procedure described in this paper, we are
able to construct quasi-periodic wave solutions for other
differential-difference equations. Moveover, we can con-
struct multi-periodic wave solutions of differential-differ-
ence equations by the multi-dimensional Riemann theta
function as the following form

NE, 1)= Y exp{2ni<&, m>-n<rm, m>},

ing relations S, (35)
sinh(szrik,v)sinh(wi(k, - k,)v) - asinh(sik,v)sinh(zi(k, +k,)v)
¢, =0, w,= -~ : . (€}))
misinh(zik,v)
Combining (30) and (31) leads to
’ ’ /k /k /k
Zsinh(kzv j{(l—a)sinh[v kl)cosh(v Zj—(1+a)cosh(v 1)sinh(v Zﬂ
Qi 2 2 2 2 2
Tiw — P )
sinh[ i )
2
c—0, as 1—0, (32)
ivalentl
or equivalently, where §=(, &, ..., £)'e CY, m=(m, m,, ..., m))"e ZV,

~

E=2miE — T =v'n+2miwt + o’ — . (33)

It remains to consider asymptotic property of the
one-periodic wave solution (26) under the limit A — O.
For this purpose, we expand the Riemann theta func-
tion #(&, ) and make use of expression (33); it follows
that

.Ej:w].t+vjn +0, j=1, ..., N, 7 is a Nx N symmetric positive
definite matrix. The inner product is defined by

<f.g>=fg+f8+ +f,8 (36)

for two vectors f=(f,, f,, ..., f,)"and g=(g,, g, ..., )"
To make the multi-dimensional Riemann theta func-
tion (35) satisfy the bilinear equation (1), from (18) we have
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i G 4:11'%(}1 _M})w
Ry ohy = e ! J 2 j?

un=0 j=

N U
sinh| 47idy’ vk, —7’
j=1

G7)

N
xexp| 27y (hi —!;jjrjk (hk - p;k) =0.

jil=1

It is very important to consider the number of equa-
tions and unknown parameters. Obviously, in the case
of differential-difference equations, the number of con-
straint equations of the type (17) is 2". On the other hand,
we have parameters T, =T @) Vp and ¢ whose total

number is %N(N+1)+2N +1. Among them, 2N param-

eters 7, and v, are taken to be the given parameters related
to the amplitudes and wave numbers (or frequencies)

of N-periodic waves. lN(N —1) parameters 7, implic-

itly appear in series form, which in general cannot to be
solved explicitly. Hence, the number of explicit unknown
parameters is only N+ 1. The number of equations is larger
than the unknown parameters in the case when N> 2. In
this paper, we consider one-periodic wave solution of
(1), which belongs to the case when N=1. There are still
certain difficulties in the calculation for the case N> 2,
which will be considered in our future work.
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