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1  Introduction
There are many efforts focussed on understanding the 
implications of the discrete integrable systems in the 
last three decades. The area of application includes from 
arrays of nonlinear-optical waveguides [1] to Bose–Ein-
stein condensates (BECs) in periodic potentials [2] and 
dynamical models of the DNA double strand [3]. The semi-
discrete Kadomtsev–Petviashvili (dKP) hierarchy [4–9] is 
an attractive research object in the field of the discrete 
integrable systems. The dKP hierarchy is defined by the 
difference derivative Δ instead of the usual derivative ∂ 
with respect to x in the classical system [10, 11], and the 
continuous spatial variable x is replaced by the discrete 
variable n. By using a nonuniform shift of space variable, 
the τ-function of the KP hierarchy implies a special kind of 
τ-function for the dKP hierarchy [5]. The ghost symmetry 
of the dKP hierarchy is constructed in [7]. The dKP hierar-
chy possesses an infinite dimensional algebraic structure 

[8]. Very recently, the continuum limit of the dKP hierar-
chy is given in [9]. Another important discrete integrable 
hierarchy is the modified dKP (mdKP) hierarchy [4, 12, 13], 
which is gauge connected to the dKP hierarchy [12, 13] and 
related to the Kac–van Moerbeke systems [14, 15].

Gauge transformation is one kind of powerful method 
to construct the solutions of the integrable systems for 
both the continuous KP hierarchy [16–21] and the dKP 
hierarchy[13, 22, 23]. The multifold of gauge transforma-
tion is expressed directly by determinants [21, 22]. This 
transformation is also applicable to the cKP hierarchy [21, 
24–28]. The gauge transformation of the mdKP hierarchy 
is discussed in [13]. However, the determinant representa-
tion of the gauge transformation of the mdKP hierarchy 
has not been considered in literature.

The purpose of this article is to construct the succes-
sive applications of the gauge transformation operators 
of the mdKP hierarchy. There are three types of the gauge 
transformation operators T1, T2, and T3 for the mdKP hier-
archy, where T3 is the composition of T1 and T2. In this 
article, the successive applications of the three types of the 
gauge transformations have been discussed, and the com-
munities of these gauge transformation operators are also 
investigated. The difficulty of the gauge transformation of 
the mdKP hierarchy is the discretisation of the operator 
of the mdKP hierarchy. The discretisation of the opera-
tor causes the different Leibniz rule from the classic case, 
which leads to the second high-order coefficient of the 
dKP hierarchy and the nontrivial highest-order coefficient 
of the mdKP hierarchy. So, this research is different from 
the one for the gauge transformtion of the continuous KP 
hierarchy in [21] and has much more interesting. As for the 
mdKP hierarchy, there are more types of the gauge trans-
formation than the dKP hierarchy case. What’s more, the 
successive application cannot be easily obtained through 
the Miura transformation from the dKP hierarchy case. 
Thus, the result of this article is different from the one in 
the dKP hierarchy case [22].

This article is organised as follows. Some basic results 
of the mdKP hierarchy are summarised in Section 2. Three 
types of the gauge transformations of the mdKP hierarchy 
have been reviewed in Section 3. The successive applica-
tions of three types of the gauge transformations T1, T2, and 
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T3 have been discussed in Section 4. Based on the Banichi 
diagram, the communities of these gauge transforma-
tion operators have also been investigated in Section 5. 
Section 6 is devoted to the conclusions and discussions.

2  �The Modified Semidiscrete KP 
Hierarchy

Let us briefly recall some basic formulas about the mdKP 
hierarchy according to [4, 5]. Firstly, a space F, namely

	 1 2{ ( ) ( , , , , , ); , }j iF f n f n t t t n t= = ∈ ∈� � Z R � (1)

is defined for the space of the dKP hierarchy. Λ and Δ are 
denoted for the shift operator and the difference opera-
tor, respectively. Their actions on the function f(n) are 
defined as

	 ( ) ( 1)f n f nΛ = + � (2)

and

	 ( ) ( 1) ( ) ( ) ( )f n f n f n I f n∆ Λ= + − = − � (3)

respectively, where I is the identity operator.
For any j ∈ ℤ, the Leibniz rule of Δ operation is,

	 0

( 1) ( 1)( )( ) ,   .
!

j ij i

i

j j j j j if f n j i
i i i

∆ ∆ ∆
∞

−

=

    − − += + − =   
   

∑ �
�

� (4)

Specially,

	

1 1 1 2 2 2 3 3

3 4 4

( ) ( ) 2! ( )
3! ( ) .

f f f f
f

∆ Λ ∆ ∆ Λ ∆ ∆ Λ ∆

∆ Λ ∆

− − − − − − −

− −

= − +

− +

�

� � (5)

So an associative ring F(Δ) of formal pseudo differ-
ence operators is obtained, with the operation “+” and 

“”, namely { }d( ) ( ) , ( ) , .j
j jj

F f n f n n∆ ∆
= −∞

= = ∈ ∈∑ R ZR  

The adjoint operator to the Δ operator is given by Δ*,

	 1( ) ( ) ( ) ( 1) ( ),f n I f n f n f n∆ Λ∗ −= − = − −� � (6)

where Λ−1f(n) = f(n − 1), and the corresponding “” opera-
tion is

	 0
( )( ) .j ij i

i

j
f f n i j

i
∆ ∆ ∆

∞
∗ −∗ ∗

=

 
= + − 

 
∑�

�
(7)

Then the adjoint ring F(Δ*) of the F(Δ) is obtained, and 
the formal adjoint to R ∈ F(Δ) is defined by R* ∈ F(Δ*) as 

d ( ).j
jj
f n∆∗ ∗

= −∞
= ∑ �R  The “*” operation satisfies the rules 

as (F  G)* = G*  F* for two operators F and G and f(n)* = f(n) 
for a function f(n).

There are some useful properties for the difference 
operators as follows:

Lemma 2.1. For f ∈ F, Δ and Λ as above, the following iden-
tities hold [23].

	 (1)   ,∆ Λ Λ ∆=� � � (8)

	 1(2)   ,∆ ∆ Λ∗ −= − � � (9)

	 1 1 1(3)   ( ) ( ) ,∆ ∆ Λ ∆− ∗ ∗ − −= = − � � (10)

	 1 1 1 1 1 1(4)   ( ) ( ),f f f∆ ∆ ∆ ∆ ∆ Λ ∆− − − − − −= −� � � � � (11)

	 (5)   ( ) ( ( )) ( ( )).f n f n f n∆ Λ ∆ ∆= +� � � (12)

Next, one can consider the algebra

	 { } { } { } .i i i
i i i k k

i i k i k
g u u u g g∆ ∆ ∆ ≥ <

∞ ≥ <

= = ⊕ ⊕∑ ∑ ∑
�

�
�

(13)

of Δ-pseduo-difference operator (Δ-PDO). When k = 0, 1, 
g ≥ k, and g<k are sub-Lie algebras of g: [g ≥ k, g ≥ k] ⊆ g ≥ k and 
[g<k, g<k] ⊂ g<k. The projections of i

ii
A u∆= ∑  are

	
, .i i

k i k i
i k i k

A u A u∆ ∆≥ <
≥ <

= =∑ ∑
�

(14)

According to the famous Adler–Kostant–Symes 
scheme [29], the commuting of the Lax equations on g can 
be constructed as

	
[( ) , ], 1, 2, ,l

k
l

L L L l
t ≥

∂ = =
∂

�
�

(15)

where k = 0, 1 are corresponding to the dKP hierarchies 
and the mdKP hierarchies, respectively [4, 5, 12, 13]. Here, 
the Lax operators L are given by

	

0
1

1 0
1

( ) ( ) , 0,

( ) ( ) , 1,

j
j

j

j
j

j

f n f n k
L

v v n v n k

∆ ∆

∆ ∆

∞
−

−
=

∞
−

−
=


+ + =

= 
 + + =


∑

∑
�

(16)

where fi = fi(n, x, t) = fi(n, x, t1, t2, …) and vi = vi(n, x, t) = vi(n, 
x, t1, t2, …).

For k = 0, 1, if the functions Φ = Φ(x, t) satisfy the 
linear equations

	 ( ) ( ), 1, 2, 3, ,
l

l
t kL lΦ Φ≥= = … � (17)

then Φ are eigenfunctions of the hierarchy of the Lax 
equations (15).
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There is a gauge transformation connecting the dKP 
hierarchy and mdKP hierarchy showed in the following 
Lemma.

Lemma 2.2. Let L ∈ g be an Lax operator of the dKP hierar-

chy: 0[( ) , ].l

l

L L L
t ≥

∂ =
∂

 If Φ ≠ 0 and Ψ are two eigenfunctions 

of the dKP hierarchy, then 1L LΦ Φ−=�  satisfies the mdKP 

hierarchy: 1[( ) , ],l

l

L L L
t ≥

∂ =
∂

�
� �  and 1Ψ Φ Ψ−=�  is an eigenfunc-

tion of the new mdKP hierarchy, i.e. 1( )l

l

L
t
Ψ

Ψ≥

∂ =
∂

�
� �

Proof. For any given Δ-PDO: A ∈ g,
1 1

1 0 1
1 1

0 0 0 [0]
1 1

0 0

( ) ( )
( ) ( )

( ),

A A
A A
A A

Φ Φ Φ Φ

Φ Φ Φ Φ

Φ Φ Φ Φ

− −
≥ ≥ ≥

− −
≥ ≥ ≥

− −
≥ ≥

=
= −
= −

where A[0] = u0 if .iii
A u∆−= ∑

For 1L LΦ Φ−=�  and 1 ,Ψ Φ Ψ−=�  by means of the rela-
tionship of (15) and (17), then one can get

	

1
1 0

1
0

[( ) , ] ( [( ) , ])

[ ( ( ) ( )), ] 0,
l l

l

l l
t t

l
t

L L L L L L

L L

Φ Φ

Φ Φ Φ

−
≥ ≥

−
≥

− = −

− − =

� � �

� (18)

	

2
1 0

1
0

( ) ( ) ( ( ) ( ))

( ( ) ( )) 0.
l l

l

l l
t t

l
t

L L

L

Ψ Ψ Φ Ψ Φ Φ

Φ Ψ Ψ

−
≥ ≥

−
≥

− = − −

+ − =

� � �

� (19)

□
If the gauge transformation in Lemma 2.2 is 

applied to an Lax operator of the dKP hierarchy 

0 1
( ) ( ) ,jjj

L f n f n∆ ∆
∞ −

−=
= + + ∑  that is

	

1
1 0

1
( ) ( ) ,jj

j
L L v v n v nΦ Φ ∆ ∆

∞
− −

−
=

= = + + ∑�

�
(20)

where Φ ≠ 0 is an eigenfunction of the dKP hierarchy, then

1 1
1 0 0( ), ( ) ( ) ( ),v v n f nΦ Λ Φ Φ ∆ Φ− −= = +

	

1 1
1 1

1 2 1 2
2 2 1

( ) ( ), 
( ) ( ) ( ) ( ).

v f n
v f n f n

Φ Λ Φ

Φ Λ Φ Φ Λ ∆Φ

− −
− −

− − − −
− − −

=

= − � (21)

3  �Gauge Transformations
We shall discuss the gauge transformations of the mdKP 
hierarchy in this section. For the mdKP hierarchy [see (15) 
and (16) with k = 1], if there exists a Δ-PDO T ∈ g and

	 [1] 1 ,L T L T −= � � � (22)

such that the transformed Lax operator L[1] satisfies

	

[1]
[1] [1]

1[( ) , ],l

l

L L L
t ≥

∂ =
∂ �

(23)

then T is called a gauge transformation operator of the 
mdKP hierarchy. According to the definition of gauge 
transformation, we also have the following criterion.

Lemma 3.1. [23] The operator T is a gauge transformation 
operator of the mdKP hierarchy, if

	

1 1 1
1 1( ) ( ) .l l

l

TT L T T L T T
t

− − −
≥ ≥

∂= +
∂

� � � � �
�

(24)

Similarly as [30], the following basic identities about the 
Δ-PDO are useful for the construction of the gauge trans-
formation of mdKP hierarchy,.

Lemma 3.2. For an Δ-PDO operator A ∈ g and an arbi-
trary difference function Φ, it has the following operator 
identities:

1 1 1
1 1 1

1 1 1 1
1 1

1
1

(1). ( ) ( ).
(2). (( ) ( )) ( ) ( )( )

( ) ( ) ( ).

A A A
A A

A

Φ Φ Φ Φ Φ Φ

∆Φ ∆ ∆ ∆Φ ∆Φ ∆ ∆ ∆Φ

∆Φ ∆ Φ

− − −
≥ ≥ ≥

− − − −
≥ ≥

−
≥

= −
⋅ ⋅ =

−

Proof. By a direction calculation, the first identity can be 
got by,

1 1
1 1 1

1 1
1 0 1 [0]

1 1
1 1

( ) ( )
( ) ( )

( ).

A A
A A
A A

Φ Φ Φ Φ

Φ Φ Φ Φ

Φ Φ Φ Φ

− −
≥ ≥ ≥

− −
≥ ≥ ≥

− −
≥ ≥

=
= −
= −

And the second identity can be derivation by the 
following:

1 1
1

1 1
1 1 1

1 1 1 1
1 0 1 1 [0]

1 1 1
1 1

(( ) ( ))
(( ) ( ) ( ))
(( ) ( ) ( )) (( ) ( ) ( ))
( ) ( ) ( ) ( )( ).

A
A
A A
A A

∆Φ ∆ ∆ ∆Φ

∆Φ ∆ ∆ ∆Φ

∆Φ ∆ ∆ ∆Φ ∆Φ ∆ ∆ ∆Φ

∆Φ ∆ ∆ ∆Φ ∆Φ ∆ ∆Φ

− −
≥

− −
≥ ≥ ≥

− − − −
≥ ≥ ≥ ≥ ≥

− − −
≥ ≥

=

= −

= ⋅ ⋅ −

Different from the two types of gauge transformation 
operators of the mdKP hierarchy [23], there are two others 
elementary types of gauge transformation operators of the 
mdKP hierarchy in the following lemma:

Lemma 3.3. The mdKP hierarchy has two types of gauge 
transformation operators, namely,

	 Φ Φ−= 1
1(1). ( ) ,T � (25)

	 Φ ∆ Φ ∆−= 1
2(2). ( ) ( ( )) .T � (26)
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Here Φ is an eigenfunction of L in (16) with k = 1, which is 
called a generating function of the gauge transformation.

Proof. From (17) for k = 1, there are

	

1
1 1 1 11 1

1 1

( ) ( )
( ) ( ) ( ) ( ) ( )l

l l l

T T
T L

t t t
Φ Φ Φ

Φ Φ Φ Φ Φ
−

− − − −
≥

∂ ∂ ∂= − = − = −
∂ ∂ ∂

� (27)

	

1 1 1 12
2 1

( )
( ) ( ( )) ( ) ( (( ) ( ))

l

l
t

l

T
T L

t
Φ

Φ ∆ Φ ∆ ∆ ∆Φ ∆ Φ ∆Φ− − − −
≥

∂
= − ⋅ = −

∂

� (28)

One can find that T1(Φ) and T2(Φ) satisfied (24) by 
letting A = Ln in Lemma 3.2. So it is proved for Lemma 3.3. □

For an eigenfunction of the mdKP hierarchy Ψ, the 
action of the three gauge transformation operators T1(Φ), 
T2(Φ), and T3(Φ) can be derived by the following lemma.

Lemma 3.4. Assume Φ ≠ 0 (Φ is nonconstant for T2), Ψ be 
an eigenfunction of the mdKP hierarchy, then the action of 
the gauge transformation operator T1(Φ) and T2(Φ) generate 
new eigenfunctions of the transformed mdKP hierarchy, i.e.,

	 1 ( ) [1] 1
1( ) ,T TΦΨ Ψ Φ Ψ Φ Ψ−→ = = � (29)

	 2 ( ) [1] 1
2 ( ) ( ( )) ( ).T TΦΨ Ψ Φ Ψ ∆ Φ ∆ Ψ−→ = = � (30)

Proof. Under the gauge transformation operator T1(Φ), (29) 
can be got by using the first identity in Lemma 3.2,

[1] [1] [1] 2 1 1
1 1

1 1
1

1 2
1 1

( ) ( ) ( )
( )( )

( ( )) ( ( )) 0.

l l l

l l

l l
t t t

l

l l
t t

L L
L

L L

Ψ Ψ Φ Φ Ψ Φ Ψ Φ Ψ

Φ Φ Φ Ψ

Φ Ψ Ψ Φ Ψ Φ Φ

− − −
≥ ≥

− −
≥

− −
≥ ≥

− = − + −

+
= − − − =

With the help of the second identity in Lemma 3.2, 
(30) can be got as follows:

[1] [1] [1] 1 [1] 1
1 1

1 2
1 1

( ) ( ) (( ( )) ( )) ( ) (( ( )) ( ))
( ( )) ( ( )) ( ( )) ( ) ( ( )) 0.

l l

l l

l l
t t

l l
t t

L L
L L

Ψ Ψ ∆ Φ ∆ Ψ ∆ Φ ∆ Ψ

∆ Φ Ψ Ψ ∆ Φ ∆ Ψ ∆ Φ Φ

− −
≥ ≥

− −
≥ ≥

− = −

= − − − =

From the above-mentioned analysis, one can get a 
new gauge transformation operator [13]

	 [1] 1 1 1
3 2 1( ) (1 ) ( ) ( ( )) ,T T TΦ Φ ∆ Φ ∆ Φ− − −= = ⋅ ⋅ � (31)

where Φ is nonconstant and 1[1] = T1(Φ)(1) = Φ−1. Under the 
T3(Φ), an arbitrary eigenfunction Ψ of the mdKP hierarchy 
becomes Ψ[1] by the way

	 3 ( ) [1] 1 1 1
3( ) ( ( )) ( ).T TΦΨ Ψ Φ Ψ ∆ Φ ∆ Φ Ψ− − −→ = = ⋅ � (32)

4  �The Successive Applications 
of the Gauge Transformations

We will discuss the successive transformations by using 
the three types of gauge transformation operators of the 
mdKP hierarchy. For k nonzero independent eigenfunc-
tions of the mdKP hierarchy, Φ1, Φ2, …, Φk, consider a 
chain of the following gauge transformation operators, 
starting from the initial Lax operator L,

	

[2][1]
31 2

[ 1]

( )( ) ( )[1] [2] [3]

( )[ 1] [ ], 1, 2, 3.

ii i

n
i n

TT T

Tn n

L L L L

L L i

ΦΦ Φ

Φ −−

→ → → →

→ → =
    

�

� (33)

Here, the [ ]k
jΦ  is transformed by k-steps gauge trans-

formations from Φj, that is,

	 [ 1][ ] [2] [1]
3 2 1( ) ( ) ( ) ( )( ).kk

j i k i i i jT T T TΦ Φ Φ Φ Φ Φ−= ��� � � (34)

The Lax operator L[k] is transformed by the k-steps 
gauge transformations from the initial Lax operator L.

Now we firstly consider the successive application of 
the gauge transformations in (33). We define the operator as

	 [ 1][ ] [2] [1]
3 2 1( ) ( ) ( ) ( ), 1, 2, 3.kk

i i k i i iT T T T T iΦ Φ Φ Φ− =� ��� � � (35)

Case i = 1. From (25), it has

	 [ 2] [ 1] [ 2]
1

k k k
k j jΦ Φ Φ− − −

− = � (36)

with [ 1] [ 1][ ]
1( )( ).k kk

j k jTΦ Φ Φ− −=  So

	

[ ] [ 1] [2] [1]
1 1 1 3 1 2 1 1

[1] [2] [ 3] [ 2] [ 1] 1
1 2 3 2 1

[1] [2] [ 3] [ 2] 1
1 2 3 2

[1] [2] [ 3] 1
1 2 3

1

( ) ( ) ( ) ( )

( )

( )

( )

( ) .

k k
k

k k k
k k k
k k
k k
k
k

k

T T T T TΦ Φ Φ Φ

Φ Φ Φ Φ Φ Φ

Φ Φ Φ Φ Φ

Φ Φ Φ Φ

Φ

−

− − − −
− −

− − −
−

− −

−

=

=

= …

= …

=

  

      
    
    

  
  

��� � �

…

�

�
(37)

Case i = 2. Assume [ ] 2 3
2 1 2 3 .n n

nT a a a a∆ ∆ ∆ ∆= + + + +�  
Because [ ]

2 ( ) 0, 1, 2, , 1n
iT i nΦ = = … −  and [ ]

2 ( ) 1,n
nT Φ =  

then

	

2 3
1 1 2 1 3 1 1

2 3
1 2 2 2 3 2 2

2 3
1 1 2 1 3 1 1

2 3
1 2 3

( ) ( ) ( ) ( ) 0,
( ) ( ) ( ) ( ) 0,

( ) ( ) ( ) ( ) 0,
( ) ( ) ( ) ( ) 1.

n
n

n
n

n
n n n n n

n
n n n n n

a a a a
a a a a

a a a a
a a a a

∆ Φ ∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ
− − − −

 + + + + =


+ + + + =


 + + + + =
 + + + + =

        

�

�

�

�

�

� (38)

It can be got
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1 2 1
2 2 2

1 2 1
1 2

2 2 2
1 1 1 1 2

1 2 1
1 1 1

1 2 1
1 2

1 2 1

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( 1) / .( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

n

n
n

i n i i i n
i n

i i i
n n nn

n

n n n
n

a

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ
∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ
∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

−

−

+ − − −
−

+ + +
−

−

= −

�

�
�

� � � �
�

� � � � �
� �

� � � �

� �

(39)

Then

	

1 1
2 2 2

1 1

1 1

1 1[ ]
2

1 2
2 2 2

1 2

1 2

( ) ( )
( ) ( )

( ) ( )

( ) ( )
.

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

n

n

i i i
n

n n n
nn

n

n

n n n
n

T

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

−

−

−

−=

�

�

� � � �

�

� � � �

�

�

�
� � � �

�
�

(40)

Case i = 3. Assume [ ] 1 1 1 1
3 ( )( ( )) 1 ( ( )) 1,nT Λ Φ ∆ Φ ∆ Φ ∆ Φ ∆− − − −= + = + 

[ ] 1 1 1 1
3 ( )( ( )) 1 ( ( )) 1,nT Λ Φ ∆ Φ ∆ Φ ∆ Φ ∆− − − −= + = +  it can be let [ ] 2 3

3 1 2 31 .n n
nT b b b b∆ ∆ ∆ ∆= + + + + +� 

[ ] 2 3
3 1 2 31 .n n

nT b b b b∆ ∆ ∆ ∆= + + + + +�  For considering [ ]
3 ( ) 0, 1, 2, , ,n

iT i nΦ = = …  then

2 3
1 1 2 1 3 1 1 1

2 3
1 2 2 2 3 2 2 2

2 3
1 1 2 1 3 1 1 1

2 3
1 2 3

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) .

n
n

n
n

n
n n n n n n

n
n n n n n n

b b b b
b b b b

b b b b
b b b b

∆ Φ ∆ Φ ∆ Φ ∆ Φ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ Φ
− − − − −

 + + + + = −


+ + + + = −


 + + + + = −
 + + + + = −

          

�

�
�

�

�

� (41)

Solving the linear equations group,

	

1 2

1 2

1 1 1
1 2

1 1 1
1 2

1 2

1 2
2 2 2

1 2

1 2

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( 1) .

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

n

n

i i i
n

i i i
n

n n n
ni

i
n

n

n n n
n

b

Φ Φ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

− − −

+ + +

= −

�
�

� � � �

�

�
� � � �

�

�

�
� � � �

�
�

(42)

Then

	

1

1

1

1[ ]
3

1 2
2 2 2

1 2

1 2

1
( ) ( )

( ) ( )

( ) ( )
( 1) .

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

n

n

i i i
n

n n n
nn n

n

n

n n n
n

T

Φ Φ

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ

= −

�
�

� � � �

�
� � � �

�

�

�
� � � �

�
�

(43)

5  �The Commutativity of the Bianchi 
Diagram

For the Lax operator L of the mdKP hierarchy and two 
nonzero independent eigenfunctions Φ1 and Φ1, we can 
consider the following diagram

Φ

Φ

Φ Φ Φ

Φ

→




→

→ =
� �� �

2

2

( )
1 2 1

?( )
2

, , , 

,

i

i

T

Φ




→ 1( )iT
Φ1( )iT

T

L L

L L L�

where
1

1 1 2 1 2
1

2 2 1 2 1

1 1
2 2 1 1

( ) ( ) , ( )( ),

( ) ( ) , ( )( ),

( ) ( ) , ( ) ( ) .

i i i

i i i

i i i i

L T L T T

L T L T T

L T L T L T L T

Φ Φ Φ Φ Φ

Φ Φ Φ Φ Φ

Φ Φ Φ Φ

−

−

− −

= =

= =

= =

� �� �

� �
�� � � �� � � �

Whether this diagram will commute or not? That is 
[2] [2]

1 2 2 1( , ) ( , ), 1, 2, 3.i iT T iΦ Φ Φ Φ= =  It is an interesting 
question to discuss.

By means of (37), (40), and (43), we have

	 [2] [2] 1 1
1 1 2 1 2 1 2 1( , ) ( , ) 0,T TΦ Φ Φ Φ Φ Φ− −− = − ≠ � (44)
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1 2
2 2

1 2[2] [2]
2 1 2 2 2 1

1 2
2 2

1 2

( )
( )

( , ) ( , ) 0,
( ) ( )
( ) ( )

T T

∆ Φ Φ ∆

∆ Φ Φ ∆
Φ Φ Φ Φ

∆ Φ ∆ Φ

∆ Φ ∆ Φ

+
+

− = ≠

�

(45)

	

[2] [2]
3 1 2 3 2 1

1 2 2 1

1 2 2 1
2 2 2 2 2 2

1 2 2 1

1 2 2 1
2 2 2 2

1 2 2 1

( , ) ( , )

1 1
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0.
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

T TΦ Φ Φ Φ

Φ Φ Φ Φ

∆ Φ ∆ Φ ∆ ∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆ ∆ Φ ∆ Φ ∆

∆ Φ ∆ Φ ∆ Φ ∆ Φ

∆ Φ ∆ Φ ∆ Φ ∆ Φ

− =

− =

�

(46)

So it is clearly that the diagram commutes only in the 
third gauge transformation.

6  �Conclusions and Discussions
In this article, we have reviewed three types of the gauge 
transformation operators of the mdKP hierarchy as T1 [see 
(25)], T2 [see (26)], and T3 [see (31)]. T3 is the composition of 
T1 and T2. The successive application of these three types 
gauge transformations has been discussed, and the suc-
cessive applications of the gauge transformations opera-
tors for the mdKP hierarchy are also given. In (37), (40), 
and (43), the result is different from the successive appli-
cations of the gauge transformtion of the continuous KP 
hierarchy [21, 22]. Then the communities of these gauge 
transformation operators are also investigated in (44–46). 
Only the operator T3 commutes in the Bianchi diagram.
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