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Abstract: The multimode characteristics of the space-
charge wave are investigated in a cylindrical wave-
guide complex plasma. The dispersion relation of the 
space-charge wave is derived in a waveguide, including 
two-temperature electrons. The results show that the 
wave frequencies in a plasma with a high population 
of high-temperature electrons are always smaller those 
in a plasma with a low population of high-temperature 
electrons. It is also found that the population of high-
temperature electrons suppresses the group velocity of 
the space-charge wave. In addition, it is found that the 
frequency increases with an increase in the radius of the 
cylindrical wave guide. The variations of the frequency 
and the group velocity due to the density, temperature, 
and geometric effects are also discussed.

Keywords: Complex plasma; Multimode propagation; 
space-charge wave.

1  Introduction
The characteristics of the plasma surface have received 
considerable attention over the years in various bounded 
and semibounded plasmas because the surface waves 
have applications in many areas of modern science and 
technologies, such as laser physics, materials science, 
nanotechnology, plasma spectroscopy, and space physics 
[1, 2]. It is also shown that the propagation of surface 
plasma waves is important in fusion devices because the 
surface waves are related to plasma heating and impu-
rity generation [3]. Usually, the Debye-Hückel potential 

obtained by the linearization of the Poisson equation with 
the Maxwell-Boltzmann distribution function has been 
used to express screened interaction potentials in weakly 
coupled electron-ion plasmas because the average kinetic 
energy of a plasma particle is greater than the typical mag-
nitude of the interaction energy between plasma particles 
[4, 5]. Recently, the complex plasmas containing charged 
aerosol or dust grains are ubiquitous in astrophysical and 
laboratory dusty plasmas. In addition, the charged dust 
grains have wide applications in semiconductor devices, 
quantum dots, and high-tech industries because nano- 
and microsized dust grains have collective and nonideal 
effects [6–9]. The propagation of ion-acoustic waves 
has been investigated in a double-electron-temperature 
plasma [10]. In addition, the physical properties of ion-
acoustic solitary waves were explored in a two-electron-
temperature plasma [11]. It has been shown that strong 
electron-beam-plasma interactions can result in two-
electron-temperature distributions because the unsta-
ble Langmuir mode due to a nonlinear wave interaction 
process would be the parametric decay mode into a coun-
terpropagating second Langmuir mode and a forward 
propagating ion-acoustic wave [10, 12]. It is also shown 
that there exists an electron-acoustic mode when the 
plasma electrons have bi-Maxwellian distributions with 
two different temperatures [13–15]. However, to the best 
of our knowledge, the physical properties of the space-
charge electron-acoustic plasma wave in a cylindrically 
bounded dusty plasma of two-temperature electrons have 
not been investigated as yet. Thus, in this paper, we inves-
tigate the influence of plasma density and temperature 
on the space-charge electron-acoustic wave in a cylindri-
cally bounded dusty plasma of two-temperature electrons 
because the investigation of the plasma wave in the 
plasma-vacuum interface would provide useful informa-
tion on the propagation of the electron-acoustic plasma 
wave and the geometric effect due to the harmonic char-
acteristics of the Bessel functions. It is also expected that 
the variation of group velocity of space-charge waves due 
to the change of ratio of the temperature of hot electrons 
to the temperature of cold electrons provides useful infor-
mation on the physical characteristics of the space-charge 
wave in a plasma waveguide, including two-temperature 
electrons. We obtain the dispersion relation and the group 
velocity of the space-charge electron-acoustic wave in a 
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cylindrically bounded dusty plasma of two-temperature 
electrons. The variations of the frequency and the group 
velocity due to the density, temperature, and geometric 
effects are also discussed.

In Section 2, we discuss the plasma dielectric function 
in thermal duty plasmas with two-temperature electrons. 
We also obtain the dispersion relation for the space-charge 
electron-acoustic wave for the space-charge electron-
acoustic wave in a cylindrically bounded dusty plasma. In 
Section 3, we obtain the wave frequency and group veloc-
ity of the space-charge electron-acoustic wave. Finally, the 
discussions and conclusion, including the density, tem-
perature, and geometric effects on the frequency and the 
group velocity of the space-charge electron-acoustic wave 
in a cylindrically bounded dusty plasma of two-tempera-
ture electrons, are given in Section 4.

2  �Plasma Dielectric Function and 
Dispersion Relation

We shall consider a thermal duty plasma encompassing 
two-temperature electrons, ions, and charged dust grains 
because it is known that the electron-acoustic mode exists 
when the plasma electrons have two different tempera-
ture distribution functions [15]. In thermal duty plasmas 
with two-temperature electrons, the longitudinal plasma 
dielectric function [16] εl(ω, k) would be obtained by the 
plasma dielectric susceptibilities χ

α
(ω, k) for low-tempera-

ture electrons (α = L), high-temperature electrons (α = H), 
ions (α = i), and dust grains (α = d):
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where ω is the frequency, k is the wave number, 
2 1/2[ (4 / ) ]n q m

α α α α
ω π=  is the plasma frequency of the species 
α, n

α
 is the number density, q

α
 is the electric charge, m

α
 is 

the mass, 2 1/2 2 2( )[ (2 ) exp( /2 )]z zf
α α α

υ πυ υ υ−= −  is the distribu-
tion function, υ

α
[=(kBTα

/m
α
)1/2] is the thermal velocity, kB 

is the Boltzmann constant, and T
α
 is the plasma tempera-

ture. In the range of phase velocity ω/kz, i.e. the electron-
acoustic wave domain, (kBTd/md)1/2 < (kBTi/mi)1/2 <(kBTL/me)1/2  
= ω/kz = (kBTH/me)1/2 with Zd = md/mi, where Zd is the 
charge number of the dust grain, the plasma dielectric 
function [13, 15] εl(ω, k) with two-temperature plasma 
electrons is given by
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where λDH is the Debye length for high-temperature elec-
trons. In unmagnetized dusty plasmas, the continuity and 
momentum equations for the α species of plasma particle 
are given by
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and Poisson’s equation is
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where n
α
 = n

α0 + n
α1, vα

(=v
α0 + v

α1) is the velocity, P
α
 is the 

pressure, and ϕ is the electric potential. In cylindrical 
coordinates (r⊥, θ, z), the perturbation quantities n

α1(r, t), 
v

α
(r, t), and ϕ(r, t) would be written as the following wave-

like dependence [17, 18]:
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where n̅
α1(r⊥), v̅

α1(r⊥), and ( )rϕ ⊥  are the perturbation quan-
tities in the transverse direction and 2 2 1/2[ ( ) ]zk k k⊥= −  is 
the propagation wave number along the axial z-direction 
of the cylindrical wave guide with the radius R, k⊥ is the 
transverse wave number, and β is the separation constant 
for the azimuthal angle θ. Using Equations 2– 6, ∂/∂θ = 0, 
and β = 0, i.e. the azimuthally symmetric condition [18], 
and the plasma dielectric function εzz(ω, kz) = εl(ω, kz) 
with two-temperature plasma electrons, the differen-
tial equation for the transverse potential field ( )rϕ ⊥  is 
represented by
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because the Laplacian ∇2 is written as 2 2 2 2/ ,z⊥∇ =∇ +∂ ∂  
where 2

⊥∇  is the transverse Laplacian and n
α̅1(r⊥), v

α̅1(r⊥), 
and ( )rϕ ⊥  are the perturbation quantities in the x-y plane, 
where r⊥ is the radial distance in the x-y plane and the sep-
aration parameter ζ2(ω, kz) is given by
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The general solution of Equation 7 is then obtained 
by 1 0 2 0( ) ( ) ( ),r a J r a N rϕ ζ ζ⊥ ⊥ ⊥= +  where J0(ζr⊥) is the zeroth-
order Bessel function of the first kind and N0(ζr⊥) is the 
zeroth-order Neumann function, and a1 and a2 are con-
stants. According to the boundary condition at the surface 
of the cylindrically bounded dusty plasma r⊥ = R and 
the origin r⊥ = 0, i.e. a2 = 0 and J0(ζR) = 0, the parameter 
ζ2(ω, kz) is determined by
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where μ0n(=2.4048, 5.5201, 8.6537, 11.7915, …) are the nth 
roots of the zeroth-order Bessel function of the first kind, 
i.e. J0(μ0n) = 0. From Equations 8 and 9, the dispersion 
relation for the space-charge electron-acoustic wave in a 
cylindrically bounded dusty plasma of two-temperature 
electrons is then found to be
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3  �Frequency and Group Velocity 
of Space-Charge Electron-
Acoustic Wave

Because the dispersion relation for the space-charge 
electron-acoustic wave in a cylindrically bounded dusty 
plasma of two-temperature electrons (Equation 10) can be 
written as Aω4 − Bω2 − C = 0, the stable frequency solution 
ω ω ω≡SW( / )L  for the dispersion relation for the space-

charge electron-acoustic wave in a cylindrically bounded 
dusty plasma of two-temperature electrons is then found 
to be
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where ωL[=(4πnLe2/me)1/2] is the electron plasma frequency 
for low-temperature electrons, nL is the density of low-
temperature electrons, k̅z(≡kzλDL) is the scaled propagation 
wave number, λDL is the Debye length for low-temperature 
electrons, nH/L(≡nH/nL) is the ratio of the density nH of high-
temperature electrons to the density nL of low-temperature 
electrons, ni/L(≡ni/nL) is the ratio of the density ni of ions to 
the density nL of low-temperature electrons, nd/L(≡nd/nL) is 
the ratio of the density nd of dust grains to the density nL 
of low-temperature electrons, m̅(≡mi/me) is the ratio of the 
ion mass mi to the electron mass me, M̅(≡md/me) is the ratio 
of the dust mass mi to the electron mass me, TH/L(≡TH/TL) 
is the ratio of the temperature TH of high-temperature 
electrons to the temperature TL of low-temperature elec-
trons, Ti/L(≡Ti/TL) is the ratio of the temperature Ti of ions 
to the temperature TL of low-temperature electrons, and 
R̅(≡R/λDL) is the scaled radius of the cylindrical waveguide. 
The scaled group velocity of the space-charge electron-
acoustic wave in a cylindrically bounded dusty plasma of 
two-temperature electrons would be then determined by 

SW SW( d /d ):zkυ ω=

	

SW
SW 2

SW

1 d d d( ) ,
d d 2 d2 4z

z z z

A C Ak C A
k k A kB AC

ω
υ

ω

 
= + −  +

�
(15)

where the parameters A, B, and C are, respectively, given 
in Equations 12–14. Recently, the density and temperature 
effects [19] on a surface electron-acoustic wave are investi-
gated in a semibounded dusty plasma of two-temperature 
electrons. However, the multimode dispersion character-
istics of the space-charge wave have not been investigated 
in a cylindrical waveguide complex plasma, including 
two-temperature electrons. It would then be expected that 
the current results, i.e. Equations 11–15, are quite useful 
to investigate the physical properties of the frequency and 
the group velocity of the space-charge wave, including 
the density, temperature, and geometric effects. In recent 
years, the characteristics of quantum dusty plasmas have 
been extensively investigated because the quantum dusty 
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plasma can be found in various nanomaterials, nanode-
vices, and semiconductor plasmas [20–28]. Very recently, 
the physical characteristics of space-charge waves in a 
warm plasma-filled elliptical waveguide in an infinite 
axial magnetic field are investigated [29]. Hence, the inves-
tigation of the space-charge quantum electron-acoustic 
wave in a cylindrically bounded quantum magneto dusty 
plasma of two-temperature quantum plasma electrons 
will be treated elsewhere. Recently, two kinds of stream-
ing instabilities due to ion-streaming and dust-streaming 
are studied in the plasma system composed of a three-
component electron-ion-dust quantum plasmas bounded 
by a cylindrical domain [18]. It is also shown that the 
streaming speeds, the boundary conditions, and the 
quantum parameters strongly influence the physical char-
acteristics of instabilities [18] because of the boundary 
effect as well as the quantum effect. Hence, the stability of 
the space-charge wave in a cylindrically bounded stream-
ing two-temperature plasma electrons will also be treated 
elsewhere.

4  Discussions
To explicitly investigate the physical characteristics of 
the space-charge electron-acoustic wave in a cylindrically 
bounded dusty plasma of two-temperature electrons, we 
assume that λDL = 20a, Zd = 200, and the mass density of the 
dust grain is ρD ≅ 2 gm−3, where a is the radius of the dust 
grain. Figure 1 shows the scaled frequency SW SW( / )piω ω ω=  
of the space-charge wave in a cylindrically bounded dusty 

plasma of two-temperature electrons as a function of 
the scaled wave number k̅z(=kzlDL) along the axial z-axis 
for various values of the density ratio nH/nL of electrons. 
From this figure, the frequency of the space-charge wave 
increases with an increase in the scaled wave number k̅z. 
As shown, it is found that the frequency SWω  of the space-
charge wave decreases with an increase in the density 
ratio nH/nL. Hence, we have found that the wave frequency 

SWω  in a plasma with a high population of high-tempera-
ture electrons is always smaller than that in a plasma with 
a low population of high-temperature electrons. Figure 2 
represents the space-charge plot of the scaled group 
velocity SW SW( d /d )zkυ ω=  as a function of the scaled wave 
number k̅

z and the density ratio nH/nL. As shown in this 
figure, the group velocity SWυ  decreases with the increas-
ing scaled wave number k ̅

z and density ratio nH/nL. Hence, 
we have found that the population of high-temperature 
electrons suppresses the scaled group velocity SWυ  of 
the space-charge wave in a cylindrically bounded dusty 
plasma of two-temperature electrons. Figure 3 shows the 
surface plot of the scaled frequency SWω  of the space-
charge wave as a function of the scaled wave number k̅z 
and the temperature ratio TH/TL. It is interesting to find out 
that the scaled frequency SWω  of the space-charge wave is 
almost independent of the temperature variations of elec-
trons. Figure  4 represents the surface plot of the scaled 
group velocity SWυ  of the space-charge wave as a function 
of the scaled wave number k ̅

z and the temperature ratio 
TH/TL. From this figure, it is found that the scaled group 
velocity SWυ  increases with an increase in the tempera-
ture ratio TH/TL. Figure 5 shows the scaled frequency SWω  
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Figure 1: The scaled frequency ωSW  of the space-charge wave in a 
cylindrically bounded dusty plasma of two-temperature electrons 
as a function of the scaled wave number kz̅(=kzλDL) along the axial 
z-axis for the case of the first root μ01(=2.4048) when R ̅ = 3, TH/TL = 2, 
ni/nL = 2, nd/nL = 0.1, and Ti/TL = 1. The solid line represents the case 
of nH/nL = 0.5. The dashed line represents the case of nH/nL = 2. The 
dotted line represents the case of nH/nL = 5.
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Figure 2: The surface plot of the scaled group velocity υSW  as a 
function of the scaled wave number k ̅

z and the density ratio nH/nL 
for the case of the first root, i.e. μ01(=2.4048) when R ̅ = 3, TH/TL = 2, 
ni/nL = 2, nd/nL = 0.1, and Ti/TL = 1.
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z and 
the temperature ratio TH/TL for the case of the first root μ01(=2.4048) 
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z and 
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perature ratio TH/TL for the case of the first root μ01(=2.4048) when 
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of the space-charge wave as a function of the scaled wave 
number k̅

z for various values the root of the zero-order 
Bessel function J0. We find that the scaled frequency SWω  
with the higher-order μ0p of the root is smaller than that 
with the lower-order μ0q of the root, i.e. p > q. Figure 6 plots 
the scaled group velocity SWυ  of the space-charge wave as 
a function of the scaled wave number k ̅

z for various values 
the root μ0p, where the scaled group velocities SWυ  with 
the higher-order μ0p of the root are smaller for 0 < k ̅

z < 1 and 
larger for k̅

z > 1 than those with the lower-order μ0q of the 
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Figure 6: The scaled group velocity υSW  of the space-charge wave 
as a function of the scaled wave number kz̅ when R̅ = 3, nH/nL = 0.5, 
TH/TL = 4, ni/nL = 2, nd/nL = 0.1, and Ti/TL = 1. The solid line represents 
the case of the first root μ01(=2.40). The dashed line represents the 
case of the second root μ02(=5.40). The dotted line represents the 
case of the third root μ03(=8.65).

root. Figure 7 represents the scaled frequency SWω  of the 
space-charge wave as a function of the scaled radius R̅ of 
the cylindrical wave guide for various values the root μ0p. 
From this figure, we find that the scaled frequency SWω  
increases with an increase in the scaled radius R ̅, whereas 
the influence of root order on the frequency SWω  decreases 
with increasing scaled radius R̅. Figure 8 shows the scaled 
group velocity SWυ  of the space-charge wave as a function 
of the scaled radius R̅ for various values the root. We note 
that the scaled group velocity SWυ  decreases with increas-
ing scaled radius R̅. It is also found that the influence of 
root order on the group velocity SWυ  decreases with an 
increase in the scaled radius R̅.
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5  Conclusion
In this work, we investigated the multimode character-
istics of the space-charge wave in a cylindrical wave-
guide complex plasma. The dispersion relation of the 
space-charge wave is derived in a waveguide, including 
two-temperature electrons. The results show that the 
wave frequencies in a plasma with a high population of 
high-temperature electrons are always smaller those in a 
plasma with a low population of high-temperature elec-
trons. It is also found that the population of high-tem-
perature electrons suppresses the group velocity of the 
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space-charge wave. It is interesting to find out that the 
frequency of the space-charge wave is almost independ-
ent of the temperature variations of electrons. It is also 
found that the group velocity increases with an increase 
in the ratio of the temperature of hot electrons to the 
temperature of cold electrons. It is also found that the 
frequency with the higher-order root is smaller than that 
with the lower-order root. In addition, it is found that the 
frequency increases with an increase in the radius of the 
cylindrical wave guide. From this work, we have shown 
that the influence of plasma density and temperature 
plays a crucial role in the propagation of the space-charge 
electron-acoustic wave in a cylindrically bounded dusty 
plasma of two-temperature electrons. These results would 
provide useful information on the physical characteristics 
of space-charge waves in bounded bi-Maxwellian dusty 
plasmas consisting of two-electron-species.
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