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Abstract: Korteweg—de Vries (KdV)-type equation can be
used to characterise the dynamic behaviours of the shal-
low water waves and interfacial waves in the two-layer
fluid with gradually varying depth. In this article, by
virtue of the bilinear forms, rational solutions and three
kind shapes (soliton-like, kink and bell, anti-bell, and bell
shapes) for the Nth-order soliton-like solutions of a cou-
pled KdV system are derived. Propagation and interaction
of the solitons are analyzed: (1) Potential u shows three
kind of shapes (soliton-like, kink, and anti-bell shapes);
Potential v exhibits two type of shapes (soliton-like and
bell shapes); (2) Interaction of the potentials u and v both
display the fusion phenomena.
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1 Introduction

Nonlinear evolution equations (NLEESs) are used to describe
the nonlinear physical phenomena in the nature. Among
those models, Korteweg—de Vries (KdV)-type [1-3] equation
can be used to characterise the dynamic behaviours of the
shallow water waves, ion-acoustic waves in the plasmas,
interfacial waves in the two-layer liquids with gradually
varying depth, Alf¥en waves in the interaction plasmas,
and acoustic waves in the anharmonic lattices [4-9].
Besides, several results of the KdV-type equation
have been reported over the past few decades [10-15].
For example, the integrability aspects, perturbation
theories, numerical solutions, conservation laws, ana-
lytical solutions, and various other aspects have all been
addressed. Among those results, soltion solutions and
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rational solutions have been studied because these have
some special properties. Rational solutions are used to
describe the rogue waves in the fluid mechanics and non-
linear optics [16, 17]. A rogue wave is thought of as an iso-
lated huge wave with the amplitude much larger than the
average wave crests around it in the ocean [17] and also
seen in the Bose—Einstein condensates, optics, and super-
fluids [18, 19]. A soliton is a solitary wave that preserves
its velocity and shape after the interaction [20], i.e. the
soliton can be considered as a quasi-particle [21, 22].

In this article, we will work on a coupled KdV system,
which is impressive in [23-27] and interest in the fluid
physics [25, 28]

u—2uv-QBo-4u,  —2uu —4uv,
+3(0-2°v, +2(0c-1)ow =0, (1)
v,=2uyv-3u_ —2uv —(8-40)vv,
~(8-30)v,,, =0, @
where the potential functions u and v are both the real
functions of the scaled temporal coordinate t and spatial
coordinate x and o is an arbitrary constant. Lax pair by
virtue of the prolongation structure, Painlevé analysis and
soliton solutions via the Backlund transformation of (1)
have all been attained [28].

To our knowledge, soliton solutions and rational
solutions of (1) via the bilinear forms have not been
obtained. With the aid of symbolic computation [29-
31], in Section 2, Bilinear forms, rational solutions and
three kind shapes of the Nth-order soliton-like solutions
for (1) will be attained. In Section 3, wave propagation
and interaction will be discussed. Section 4 will be the
conclusions.

2 Bilinear Forms and Exact
Solutions

Through the following dependent variable transformations,

33-0)f7 3(c-2f,
u= +

7 ;o G)

v=3log(f)_, (4)
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where f is a function of the variables x and ¢, (1) becomes
the trilinear forms as

(0 - 2)(fxxt - 2fxxxxx )fz - Zf[(O' - 3)fx (ﬁ(t - 2fxxxx)
—(0-2f f, N+ f[2(0-3)f?
—(o-2ff, 1-4(c-3)f’f, =0, (5)

f;f; _zfxxxfx _ff;d +2ffxxxx =0. (6)

We note that: When o =2, Expression (5) can degenerate

into Expression (6); When o # 2, Expression (5) can be sim-

(5)-2(0-3)f,(6)
(0-2)f

and (6) is Expression (6). Thus, Expressions (5 and 6) can

be simplified to the bilinear forms,

zfXXXfXX - f;fXX + ffXX[ - szXXXXX = 0, (7)

plified as , where (5) is Expression (5)

ftfx _zfxxxfx _ffxt +2ffxxxx =0. (8)
We expand f into the power serious of a small parameter
€as

f=1+ef,+f, +- 9)

where f’s (i=1, 2, ...) are all the real functions of x and t.

2.1 Rational Solutions

In order to obtain the rational solutions for (1), we assume
that

f=LC+L X +1x+1t+E, f,=0,f,=0, - (10)
where [ ’s (m=0, 1, 2, 3) and & are all the real numbers.
Substituting Expression (10) into Expressions (7 and 8),
we derive out the rational solutions of (1),

6(0—2)(1, +3x1,)f, —3(0 —3)[, + x(2L, +3x1)}

U= 2 (1)
()

. 3021, +3x1) f, —[1, + x(2L, + 3xL)}

(f,r '

(12)

2.2 Soliton Solutions

In order to attain the first-order soliton-like solutions of
(1), we assume that
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f,=Qe" +Pe™" +Rcosy, (13)

where 7, =kx+wt+0, and y=kx-wt, while Q, P, R, k,
w,, k, w, and 61 are all the real constants. Substituting
Expression (13) into Expressions (7 and 8), we derive out
the relationship between k, w, k, and w as

w, =2k}, w=2I’, (14)
which is called the nonlinear dispersion relation [32].

Similarly, in order to derive the second-order soliton-
like solutions, we set

f,=Qe" +Q,e" +Pe " +Pe " +Rcosy, (15)
where 0= k]x+wjt+éj (i=1, 2), while Q, P,, k,, w,, and 9,
are all the real constants. Substituting Expression (15) into
Expressions (7 and 8), we have

w, =2k;. (16)

Thus, we can obtain the second-order soliton-like solu-
tions for (1) as

u
u =u—§1, (17)
22
1%
v=—>3, (18)

where u, =3(3—0)[—kRsin[k(2kt+x)]+k,(—e ™ %~ p

1
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[1+Rcos[k(2kt+x)[+e ™ " " P4e TR TP e T T

—xk; -2tk -6

xk, +2tk; +9, ]
Q,+e™ " *" "%, |[-k’Reos[k(2kt +x)+k} (e 4
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2

xk, +2tk; +0 xk, + 2tk +0, 2
+e™ 1 1Ql+e 2 2 ZQZ} ,

v, =3{-[~kRsin[k(2kt + x)]+ k (—e % " P 4N Q)

+k,(~e % 7% p e R T )P 1 [14 Reos[k(2kt +X)]

—xk, —Ztkl3 - —xk, —Ztkz3 - xk, + 2[kl3 +0,

0, 0. k. i+ 0,
+e 11,)]+e 1P2+e 1Q1+exz+2[z+ zQZ]

[~k*Reos[k(2kt +x)]+k (e~ 2=, P+e"” 204+, Q)

— —2tk3 - 3
+ kzz(e xk, —2tk; 62P2 +esz +2tk; +0, QZ)]}

This process can be continued for us to derive the third-
order soliton-like solutions, which can be written as
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u

u=—%, (19)
32

v=—7, (20)

where u, =3(3-0){-kRsin[k(2kt + x)]- o~ 2t =0, kP,
4 k1 (_67Xkl -2tk -0, Pl retit 26k} +0, Q1 )+ kz (_ekaz -2k} -0, Pz

3 Y 3 Y
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2
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v=3log(f) , (22)

N
kx+2I3t+90, —kx =23t -0,
where f=1+3(Qe "0 4 ™™ ") + Reosy,

j=1
while Q, P, kj and éi (=1, 2, ..., N) are all the real
constants.

We note that the values of Qj, P)., and R can affect the
shape, propagation, and interaction of the solitons. Thus,
three type shapes (soliton-like, kink and bell, anti-bell,
and bell shapes) of the soliton solutions for (1) will be
obtained in the following.

Special case |

If QPR#0 in Expressions (21 and 22), the N-order
soliton-like solutions of (1) will be obtained. For example,
when Q,=P,=R=1, the first-order soliton-like solutions
are

(cosy+2coshy, )*

3e" {—k’[e" +(1+e’™)cosy]-2kk,(e*" —1)siny +[4€” +(1+e*" ) cosylk’}
V=

(23)

(1+€” +e" cosy)?

>

(24)

—xk, -2t} o —xk, -2tk -5

u,, =1+ Rcos[k(2kt + x)] +e 'P+e *P,
—xk, -2t -0, xk, +2tk; +9, xk, +26S +0,
+e P +e Q +e Q,
L exk3 +2tl] +63Q

39

v, = 3{—(~kRsin[k(2kt + x)]-e -2 -0, kP, +k,
(- o X2 7alpl 4 M2 +o, Q1 )+ kz (_ekaz —2tk3 -0, P,

+eter Q,)+e™ +205 "k,Q,)* +(1+ Reos[k(2kt +x)]

3 3
—xk, —2tk; o —xk, —2tk; —

3
, —xk; - 2tk; 753P

xk, + 2tk + "1Q
3 1

+e 'P+e % P+e
k. 3 3
+e e thg 4 et h g ) (—k?Reos[k(2kt + X)]
—xk, —2tk> =6, 4 2 2, —xk —2tk} -6 xk, + 2tk + 6.
+e s 3 3k3p3+kl(e 1 1 1P1+e 1 1 1Ql)
i k22 (e—xk2 - 2tk; —azpz n exk2 +21k +0, Qz) i exk3 +21h3 +0, k3zQ3 1.
If we continue such process, the Nth-order soliton-like
(N >1) solutions of (1) are

33-0)f! 3(c-2)f,
u= +
f f

(1)

>

wherey=kx+2k°tand 7, =kx+2kt+0,.

Special case II

If we take R=P,=f=0 and e¢=Q,=1in Expressions 21
and 22), the Nth-order kink and bell-shape soliton-like
solutions for (1) can be attained. Such as, the one-order
solutions are

3
xk, + 2tk +0,

_36 (U_2+exk1+2tkf+61)klz
u= 1+ kit 206+, 5 ’ (25)
31
(26)

v= .
2[1+cosh(xk, +2tk} +0,)]

Special case III

If we take R= f} =0ande= Q}. = P] =1in Expressions (21
and 22), the Nth-order anti-bell and bell-shape soliton
solutions for (1) can be obtained. For example, the one
solitons are
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. 6k’ {20 —5+(0 —2)Cosh(xk, +2tk; +0,)+ Cosh[2(xk, +2tk] +5 )]}

[1+2Cosh(xk, +2tk} +0,)F

Ve 6k;[2+Cosh(xk, +2tk’ +9,)]
[1+2Cosh(xk, +2tk’ +6 )

3 Propagation and Interaction
of the Solitons

In this section, propagation and interaction of the solitons
will be analysed. We note that Rational Solutions (11 and
12) have the singularities when & +xI, +x?,+x°, +12t1,=0.
Thus, we will only analyse the dynamic behaviours of the
others via the graphics in the following.

3.1 Propagation and Interaction
of the Special Case |

Figure 1 displays that the propagation of the soliton-
like solutions. Potential u and v are both have the peri-
odic properties, which are caused by the term R cos y in
Expression (13).

Figure 2 shows the interaction of the second-order
soliton-like solutions. Figures 1 and 2 display that the
potential u is a dark soliton-like while the potential v is a
bright soliton-like.

3.2 Propagation and Interaction
of the Special Case ll

Figure 3 shows that the shape of u is affected by the para-
meter o. Figure 3(b) exhibits that the potential u is a shock
wave when o =2, while the potential u is composed of two
shock waves when ¢ =0 as displayed in Figure 3(a) and (c).
Besides, the direction of the one soliton-like propagation
is decided by the sign of k, i.e. Figure 3(a) and (c) have the
counter directions of the soliton-like propagation, when k,
has the different sign.

Figure 4 shows that the parameters k, and o have no
effect on the shape and direction of the soliton-like prop-
agation for the potential v. Besides, potential v is a bell
shape soliton-like.

Figures 5 and 6 display the interaction of the two
soliton-like solutions. Figures 5 and 6 exhibit that the
potential u and v both have the fusion phenomena, when
the parameters are taken as above.

@7)

(28)

Figure 1: First-order soliton-like solutions for u and v via Expres-
sions (23 and 24) with the parameters k =0.9, k=1.2,0,=0=0,
Q,=P,=1,R=0.6, and (a) of u; (b) of v.

Figure 2: Second-order soliton-like solutions for u and v via Expres-
sions (21and 22) with the parameters N=2, k,=0.5, k,=1.1, k=1.6,
0=0,=0,=0,Q,=Q,=P,=P,=1,R=0.6, and (a) of u; (b) of v.

3.3 Propagation and Interaction of the
Special Case lll

Figure 7 shows that the potential u is the anti-bell shape
while potential v is a bell-shape soliton. Figures 1(a), 3,
and 7(a) exhibit that the shape of the potential u changes
with the values of Q,, P,, and R, while the potential v is a
bright soliton in Figures 1(b), 4, and 7(b).

Figure 8 exhibits that the interaction of the two soli-
tons are elastic, i.e. the velocity and direction are invari-
able before and after interaction.

4 Conclusions

Among the NLEEs, KdV-type equation can be used to
characterise the dynamic behaviours of the shallow
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Figure 3: One soliton-like solutions for u via Expression (25) with the parameters 4, =1.3 and (a) of k,=1.4, 0=0; (b) of k, =1.4,0=2; and
(c) of k,=-1.4,0=0.

Figure 5: Two soliton-like solutions for u and v via Expressions
(17 and 18) with the parameters k,=1.4, k,=0.9, Q,=Q,=1,
P,=P,=R=0=0,=0,=0, and (a) of u; (b) of v.

s%etly
T
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Figure 7: One-soliton solutions for u and v via Expressions
(27 and 28) with the parameters k,=1.6, =0, and (a) of u; (b) of v.

Figure 6: Two soliton-like solutions for u and v via Expressions
(17 and 18) with the parameters k,=1.4, k,=0.9, Q,=Q,=1,0=2,
P,=P,=R=0,=0,=0, and (a) of u; (b) of v.

water waves and Alf¥en waves. In this article, a coupled

KdV system (1) has been studied. Our main results as

follows:

1. By virtue of the Bilinear Forms (7 and 8), Rational Solu-
tions (11 and 12), Nth-order Soliton-Like Solutions (13),
Kink-Bell-Shape Solutions (25 and 26) and Bell-Bell-
Shape Solutions (27 and 28) have all been attained.

Figure 8: Two-soliton solutions for u and v via Expressions (21 and
22) with the parameters n=2, k,=1.6, k,=0.5, Q,=Q,=P,=P,=1,
0=R=0,=0,=0, and (a) of u; (b) of v.

2. Propagation and interaction of the solitons have been
analysed:

As the one-soliton pictures, potential u has exhibited three
kind shapes, i.e. Figure 1(a) has shown the soliton-like shape,
Figure 3 has displayed the kink shape, and Figure 7(a) has
shown the anti-bell shape; Potential v has exhibited two type
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shapes, i.e. Figure 1(b) has exhibited the soliton-like shape,
while Figures 4 and 7(b) have both shown the bell shape.

As the two-soliton pictures, potentials u and v have
displayed the fusion phenomena in Figures 5 and 6, while
potentials u and v have exhibited the elastic collision in
Figures 2 and 8.
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