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Abstract: Based on the modified Darboux transformation 
method, starting from zero solution and the plane wave 
solution, the hierarchies of rational solutions and breather 
solutions with “high frequency” and “low frequency” of 
the coupled nonlinear Schrödinger equation in parity-
time symmetric nonlinear couplers with gain and loss are 
constructed, respectively. From these results, some basic 
characteristics of multi-rogue waves and multi-breathers 
are studied. Based on the property of rogue wave as the 
“quantum” of pattern structure in rogue wave hierarchy, 
we further study the novel structures of the superposed 
Akhmediev breathers, Kuznetsov-Ma solitons and their 
combined structures. It is expected that these results may 
give new insight into the context of the optical communi-
cations and Bose-Einstein condensations.

Keywords: Modified Darboux Transformation; 
PT-Symmetric Nonlinear Couplers; Rogue Waves; Super-
posed Breathers.

1  Introduction
Nowadays, a vast variety of methods have been developed 
to obtain solitonic solutions of a given nonlinear partial 
differential equation [1–8]. Rogue waves (RWs, also known 
as freak waves, monster waves, killer waves, extreme 
waves, and abnormal waves) are relatively large and 
spontaneous waves which is firstly recorded and studied 
in oceanography [9]. Generally speaking, RWs sometimes 
can be several times higher than the average wave crests. 

Nowadays, RWs have flourished into a research area of 
great importance and interest in nonlinear optics [10], 
plasmas [11] and Bose-Einstein condensations [12], etc.

As we all know, rational solutions (also Peregrine 
solitons [13]) as theoretical prototypes to describe RWs 
have been extensively studied. Akhmediev’s group [14, 15] 
obtained rational solutions of the standard nonlinear 
Schrödinger equation (NLSE) and higher order NLSE. More 
recently, the time-periodic Kuznetsov [16] or Ma [17] (KM) 
soliton and the space-periodic Akhmediev breather (AB) 
[18] have become two prototypes to theoretically describe 
RWs [19, 20]. Rogue wave solutions of some generalised 
nonautonomous nonlinear equations in the nonlinear 
inhomogeneous fiber have also been discussed [21, 22]. 
However, all works [13–22] were done without considering 
parity-time (PT) symmetric medium.

The PT symmetry firstly appeared in quantum 
mechanics since Bender and coworkers [23] in 1998 
pointed that non-Hermitian Hamiltonians exhibit entirely 
real spectra, provided that they respect both the parity and 
time-reversal symmetries. In optics, the first experiment 
of the PT symmetry was implemented in coupled optical 
waveguides with balanced gain and loss [24]. Spatiotem-
poral localizations in (3 + 1) -dimensional PT-symmetric 
and strongly nonlocal nonlinear media were studied [25]. 
The PT symmetry can also realised as a pair of linearly 
coupled optical waveguide (also called a dimer) com-
posed of a passive waveguide carrying linear loss and its 
active counterpart imparted with a matched compensat-
ing gain [26]. Recently, breathers in PT-symmetric optical 
couplers were discussed [27]. Moreover, nonlinear tunnel-
ling effect of combined KM soliton in (3 + 1)-dimensional 
PT-symmetric inhomogeneous nonlinear couplers with 
gain and loss was also investigated [28]. However, to the 
best of our knowledge, multi-RWs and multi-breathers 
have not been studied in PT-symmetric coupled optical 
waveguides although single breathers [27] and KM soli-
tons [28] in PT-symmetric couplers have been reported.

In this article, we obtain the hierarchies of rational 
solutions and breather solutions with “high frequency” 
and “low frequency” of the coupled NLSE in PT symmetric 
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nonlinear couplers with gain and loss via the modified 
Darboux transformation (DT) method. With the help of 
these results, we discuss some basic properties of multi-
RWs and multi-breathers. Based on the property of RW as 
the “quantum” of pattern structure in RW hierarchy, we 
further study the novel structures of the superposed ABs, 
KM solitons and their combined structures.

2  Model and Lax Pair
The dynamics of light beams and pulses in PT-symmetric 
nonlinear couplers with gain and loss can be described by 
the following NLSE [29]

	

2

2

i 2 | | i ,
i 2 | | i ,

z xx

z xx

u u u u v u
v v v v u v

γ

γ

+ + = − +
+ + = − − � (1)

where z stands for time and x for the spatial coordinate in 
the frame moving with the pulse group velocity [30]. u(z, x) 
and v(z, x) are two normalised complex mode fields. Alter-
natively, this model can also describe one-dimensional 
array of PT-symmetric coupled waveguides with z and x 
being dimensionless propagation and transverse coordi-
nates [31, 32]. In this case, the initial-value problem cor-
responds to an optical beam shone into the waveguides’ 
input at given z = zi. Here the Kerr nonlinearity coefficients 
in the two waveguides (coefficients in front of |u|2u and 
|v|2v) have equal. They are self-focusing nonlinearity in the 
case of beams and the anomalous dispersion with posi-
tive Kerr nonlinearity in the case of pulses. The first terms 
in the right-hand sides of (1) denote the coupling between 
the modes propagating in the two waveguides. The second 
terms in the right-hand sides account for the gain in one 
and loss in the other waveguide, which describes the PT-
balanced gain in the first equation of (1) and loss in the 
second equation of (1). The gain and loss coefficients are 
taken equal to conform to the PT-symmetry condition [33]. 
In optics, this setting can be realised using a system of two 
lossy parallel-coupled waveguides, doped by gain-provid-
ing atoms, in which only one waveguide is pumped by the 
external source of light which supplies the gain.

When the gain/loss term is small enough, such as 
γ  ≤  1, the energy through linear coupling is transferred 
from the core with gain to the lossy one, and modes can 
be excited in the system by input beams but do not arise 
spontaneously. Without loss of generality, it is convenient 
to make a change of variable with γ = sin(θ). Along the idea 
of [29], we make the following change of variables

	
( , ) ( , )exp[i( )], 
( , ) ( , )exp(i ).
u x z U z x z
v x z V z x z

ω θ

ω

= −
= � (2)

Inserting this relation into (1), and assuming U = V = ψ 
yields

	 2 2i 2 | | 0,z xx aψ ψ ψ ψ ψ+ + − = � (3)

with a2 = ω − cos(θ).
In solution (2), u(x, z) and v(x, z) have same ampli-

tude, however, possess different phase. γ = sin(θ) defines 
two different angles, that is, θ = arcsin γ ∈[0, π/2] and 
θ = π − arcsin γ ∈[π/2, π]. Accordingly, (3) describes two 
separate invariant manifolds of the system (1). Both 
invariant manifolds are characterised by the Hamiltonian 
evolution. Moreover, two families of solutions are also dis-
tinguished by the sign of cos(θ). One has 2cos( ) 1θ γ= −  
denoting the corresponding solitons by {u+, v+} and 
another has 2cos( ) 1θ γ= − −  denoting the corresponding 
solitons by {u−, v−}.

From a2 = ω − cos(θ), we know that the frequency ω 
of solution has the expression ω = a2 + cos(θ). Thus the 
frequency ω of {u+, v+} is 2 2 21 ,a aω γ= + − >  but the fre-
quency ω of {u−, v−} is 2 2 21 .a aω γ= − − <  It is clear that 
the frequency ω of {u+, v+} is higher than that of {u−, v−}. 
Therefore, we can name two solitons after the “high fre-
quency” and “low frequency” solutions. Similar low- and 
high-frequency solitons have been analysed before [27, 29, 
31, 32]. Note that authors only studied “high frequency” 
solitons in [31]. Also note that these “high frequency” and 
“low frequency” solitons have not been reported in the 
system without PT-symmetric terms. In this meaning, the 
transformation from coupled NLSE with PT-symmetric 
terms into a standard NLSE provides a way to study the 
“high frequency” and “low frequency” solitons in PT-
symmetric system.

Equation (3) is a condition of compatibility of the two 
following linear equations

	
2

,
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where the column matrix R satisfies

	
,

r
s

 
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 
R

�
(5)

with two linear complex functions r = r(z, x), s = s(z, x) and 
the square matrices U, J, V and M are in the form

	

i 00
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where * denotes the complex conjugate and λ is a complex 
eigenvalue. It is easy to verify that Eq. (3) can be recovered 
from the compatibility condition Rxz = Rzx. According to the 
relations above, we can easily write down the scalar set of 
equations for the linear equations (4) as follows
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3  RW Solutions and Structures
According to the modified DT technique in [14, 15], the 
one-to-one correspondence between the solution ψ of 
(3), and the solutions r and s of the linear system (4) or 
(8) is constructed, thus solution ψ of (3) can be derived 
by solving the linear system, which is easier to be solved. 
The modified DT technique starts from the trivial solu-
tions of (3), such as the zero solution ψ0 = 0 or the plane-
wave solution ψ0 = exp(iz). Then via the following scheme 
ψ0 → (r1, s1) → ψ1 → (r2, s2) → ψ2 → (r3, s3) → u3…, the trivial 
“seeding” solutions of (3) to generate more complicated 
solutions, and the relation between the given “seeding” 
solution and the next level solution is expressed as

	
1 2 2

2( )
,

| | | |
j j

j j
j j

s r
r s
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ψ ψ
∗ ∗

−

−
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+
�

(9)

where the index j is related to the order of the solution in 
the hierarchy, ψj−1 is the solution of the previous step while 
ψj is the solution of the next step. Different “seeding” 
solutions results in different complicated solutions. For 
example, the zero “seeding” solution allows us to con-
struct the hierarchy of multisoliton solutions, while the 
plane-wave “seeding” solution leads to the hierarchy of 
solutions related to modulation instability or rational 
solutions [14, 15]. For rational solutions, the complex 
eigenvalue λ = i.

In the following, we start from the seeding solution 
ψ0 = exp[i(2 − a2)z] to obtain RW solutions. We split the 
functions ψ(z, x), rj and sj into their real (with the subscript 

r) and imaginary (with the subscript i) parts and factor out 
the exponentials:
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Substituting these expressions (10) into the linear equa-
tions (8) yields
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where ( , ) ( , ), ( , ) ( , ),jr jr ji jir z x r z x r z x r z x= − = −� �  and the 
mirror symmetries sjr(z, x) = zrji (z, −x), zsji(z, x) = rjr(z, −x) 
[14, 15] are used.

For the lowest order j = 1, φ0r = 1 and φ0i = 0. Substitut-
ing them into the linear equations (11), one obtains

	

2
1

2
1
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1 1( , ) 2 i exp i (2 ) ,
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(12)

with the arbitrary constant k.
From the recurrence formula (9), we have the first-

order rational solution

	

21 1 1 1
1 0 2 2

11 1

4i i
1 exp[i(2 ) ],

| | | |
s r G H

a z
Dr s

ψ ψ
∗  +

= − = − + − +   �
(13)

where G1 = 4, H1 = 16z, D1 = 1 + 4x2 + 16z2.
In the next step, we solve the linear equations with 

the ψ function obtained at the previous step, ψ = ψ1, to 

derive r2, s2. For the lowest order j = 2, 
2 2

1 2 2
3 4 16
1 4 16r

x z
x z

φ
− −=
+ +

 

and 1 2 2
16 .

1 4 16i
z

x z
φ =

+ +
 Inserting these expressions into 

linear equations (11), we obtain
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with the arbitrary constant p.
Thus, the recurrence formula (9) admits us to obtain 

the second-order rational solution

	

22 22 2
2 1 2 2

22 2

4i
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where

4 2 4 2 2 2
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Similarly, substituting j = 3, φ2r = [64x6 + (768z2 − 144) 
x4 + (−180 + 3072z4 – 5760z2) x2 + 45 – 8448z4 + 4096z6 – 1872
z2]/D2 and φ2i = [−768zx4 + (1152z – 6144z3) x2 + 720z – 1536z3 
– 12288z5]/D2 into linear equations (11), one has
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with the arbitrary constant q. Using these relations 
3

3 3 3

( , )
( , ) ( , ), ( , ) ,r
r i i

r z x
s z x zr z x s z x

z
−

= − =  we can obtain 

these expressions about s3r(z, x) and s3i(z, x). Inserting 
these expressions into the recurrence formula (9), the 
third-order rational solution reads

	

23 3 3 3
3 2 2 2

33 3

4i i
1 exp[ (2 ) ],

| | | |
s r G H

i a z
Dr s

ψ ψ
∗  +

= − = − + − +   �
(17)

where G3 = 24576x10 + (92160 + 1474560z2)x8 + (−1474560z2 + 
322560 + 19660800z4)x6 + (−172800 + 2764800z2 − 14745600
z4 + 110100480z6)x4 + (−64800 − 20736000z2 + 165888000z4  
+ 165150720z6 + 283115520z8)x2 + 276824064z10 + 778567680 
z8 +  2152 85760z6 −  47001600z4 −  777600z 2 +   16200,  
H3 = 98304x10z + (−368640z + 1966080z3)x8 + (−921600z −  
13762560z3 + 15728640z5)x6 + (−2073600z − 11059200z3 − 
82575360z5 + 62914560z7)x4 + (1814400z − 38707200z3 +  
168099840z5 − 94371840z7 + 125829120z9)x2 + 100663296z11 +  
157286400z9 − 342097920z7 − 236666880z5 − 3801600z3 +  
453600z, D3 = 4096x12 + (6144 + 98304 z2)x10 + (34560 − 368640 
z2 + 983040z4)x8 + (149760 + 552960z2 − 2949120z4 + 524288
0z6)x6 + (54000 + 3456000z2 − 5529600z4 + 3932160z6 + 1572
8640z8)x4 + (48600 − 2332800z2 + 80179200z4 + 221184000 
z6 + 70778880z8 + 25165824z10)x2 + 16777216z12 + 132120576 
z10 + 244776960z8 + 62668800z6 + 36806400z4 + 1490400z2 
+ 2025.

Note that these expressions (15) and (17) have differ-
ent forms compared with second-order and third-order 
RWs of standard NLSE in [14] because there are arbitrary 
constant p in the expressions r2r, r2i, s2r and s2i, and arbi-
trary constant q in the expressions r3r, r3i, s3r and s3i.

Therefore, along this procedure, for any n-order, we 
can write the solution of (3) as follows

	

2i
( 1) exp[i(2 ) ],n n n

n
n

G H
a z

D
ψ

 +
= − + − 

  �
(18)

where Gn, Hn and Dn are polynomials in the two variables z 
and x, and they can be obtained from rn and sn by solving 
the linear equations (11).

From (2) and these expressions of ψn as (13), (15), 
(17) and (18), we can obtain RW solutions with the “high 
frequency” as {u+, v+} and “low frequency” as {u−, v−} of 
coupled NLSE (1). Note that multi-RWs have not been 
studied of system (1) although first-order RW (single RW) 
has been reported in [34].

Figure 1 exhibits the first-order, second-order and 
third-order RWs. Obviously, the solutions (11), (13) and 
(15) are symmetric about z = 0 and x = 0. Direct analysis 
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Figure 1: (Color online) (a), (c) and (e) The first-order, second-order and third-order RWs. (b), (d) and (f) Contour plots corresponding (a), (c) 
and (e).

shows that the background magnitude level of RWs is 
always 1, and the maximal values of these RWs are 3, 5 
and 7 in Figure 1, respectively. The highest amplitude of 
the wave field reaches the values 2n + 1 for the n-order 
solution.

In [35], authors have reported that three first-order 
RWs, rather than just two, can construct the second-order 
rational solution. The reason is that the highest power of 
the denominator dn(z, x) of the nth-order rational solution 
is n (n + 1), and we can suppose that the general n-th order 
RW can be approximated as follows:

	

( 1)/2
2

1

1 4i( )
1 4 exp{i(2 ) },

n n
n

n
k k

z z
a z

d
ψ

+

=

 + − = − + − 
  

∑
�

(19)

where the denominators are dk = 1 + 4(x − xk)2 + 16(z − zk)2. 
There are n (n + 1)/2 terms which produce n(n + 1)/2 com-
ponents in the complete solution. These related results 
have been presented in [35], thus we omit these similar 
discussions.

In [19], authors have been mentioned that first-order 
RW can be considered as a “quantum” to construct pattern 
structures of RW hierarchy including higher-order RWs 
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and breathers, etc. In next section, we construct breather 
solutions.

4  �Breather Solutions and 
Structures

In order to illustrate the solving procedure more clearly, 
two linear functions in (8) can be re-written as r = rnj(z, x) 
and s = snj(z, x) [36], where the subscript n is the order 
number and j is related to the eigenvalue λj. Note that dif-
ferent eigenvalues in the same order number are used to 
distinguish different lower order solutions. For example, 
when n = 1, the single eigenvalue is λ1 (j = 1). When n = 2, 
eigenvalues are λ1 and λ2 for j = 2.

Along the procedure of [36], the seeding solution in a 
plane wave form is chosen as u0 = exp[i(2 − a2)z] with the 
purely imaginary number λ. The compatibility of system 
(8) with u = u0 leads to two linear functions r11 and s11 as

	

2
11 1 1

2
11 1 1

12isin( i )exp i (2 ) ,
2

12cos( i )exp i (2 ) ,
2

r i

r i

r A A a z

s B B a z

 
= + − −  

 
= + −   �

(20)

with the subscripts r and i denoting real and imaginary 

parts, and 1
1 1 1

1 arccos ( ) ,
2 2 2rA x x

κ π
κ

  
= + − −    

   
 

1
1 1 1 1 1 1

1 arccos ( ) , ( )
2 2 2r i iB x x A B z z

κ π
κ

  
= − + − − = = −    

  
 
 2

1
1 1

4
κ

κ −  and 2
1 12 1 .κ λ= +  Here (z1, x1) are coordinate 

shifts.

The recurrence formula (9) yields the first-order 
breather solution

	

21 1 11 11 1 1
1 0 2 2

111 11

2( ) i
1 exp[i(2 ) ],

| | | |
s r L M

a z
Nr s

λ λ
ψ ψ

∗ ∗  − +
= + = − + − +   �

(21)

where 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 12 cosh ( ), 4 sinh ( ), 4[cosh ( ) cos ( )]L z z M z z N z z x xκ δ κ ν δ δ ν κ= − = − = − − − 

2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 12 cosh ( ), 4 sinh ( ), 4[cosh ( ) cos ( )]L z z M z z N z z x xκ δ κ ν δ δ ν κ= − = − = − − −  with ν1 = Im(λ1) and 

δ1 = ν1κ1. When 0 < ν1 < 1, this solution (21) describe AB, and 
when ν1 > 1 (κ1 is imaginary), this solution (21) describes 
KM soliton. Specifically, if ν1 → 1, this solution (21) can 
degenerate into the first-order rational solution (11) via 
the l’Hôpital’s rule.

When we consider the second-order solution, two 
independent frequencies of modulation, κ1 and κ2, are 
combined in the solution via the next step of the DT. For a 
different eigenvalue λ2, r12 and s12 are expressed as

	

2
12 2 2

2
12 2 2

12isin( i )exp i (2 ) ,
2

12cos( i )exp i (2 ) ,
2

r i

r i

r A A a z

s B B a z

 
= + − −  

 
= + −   �

(22)

with 2
2 2 2

1 arccos ( ) ,
2 2 2rA x x

κ π
κ

  
= + − −    

 
2

2 2
2 2 2 2 2 2 2

1 arccos ( ) , ( ) 1 ,
2 2 2 4r i iB x x A B z z

κ κπ
κ κ

   
= − + − − = = − −      

  
 

2
2 2

2 2 2 2 2 2 2
1 arccos ( ) , ( ) 1 ,
2 2 2 4r i iB x x A B z z

κ κπ
κ κ

   
= − + − − = = − −      

 and  
 

2
2 22 1κ λ= +  and coordinate shifts (z2, x2). Based on these 

linear functions s11, r11, s12 and r12, the second-order (n = 2) 
versions of the expressions r and s read [37]

	

2 2
1 1 11 11 12 2 1 11 12 2 1 11 12

21 2 2
11 11

2 2
1 1 11 11 12 2 1 11 12 2 1 11 12

21 2 2
11 11

( ) ( ) | | ( ) | |
,

| | | |

( ) ( ) | | ( ) | |
.

| | | |

s r s r r s r
r

r s

s r r s s r s
s

r s

λ λ λ λ λ λ

λ λ λ λ λ λ

∗ ∗ ∗

∗ ∗ ∗

− + − + −
=

+

− + − + −
=

+
� (23)

Therefore the second-order solution of NLSE (3) read

	

22 2 21 21 2 2
2 1 2 2

221 21

2( ) i
1 exp[i(2 ) ],

| | | |
s r L M

a z
Nr s

λ λ
ψ ψ

∗ ∗  − +
= + = + − +   �

(24)

where 2 2
2 12 1 2 1 1 2 2 2 2 1[ cosh( )cos( ) /s sL Z Xκ κ δ δ κ κ κ δ= − −  

2 2 1 1 1 12 1 1 2 2cosh( )cos( ) / cosh( )cosh( )],s s s sZ X Z Zδ κ κ κ δ δ−  

2 12 1 2 1 1 2 2 2 2 1 2 22 [ sinh( )cos( ) / sinh( )s s sM Z X Zκ δ δ δ κ κ δ δ δ= − −   

1 1 1 1 1 1 2 2 2 1 1cos( ) / sinh( )cosh( ) cosh( )s s s sX Z Z Zκ κ δ δ δ δ δ− +  
2 2

2 2 2 1 2 1 2 1 1 2 2 1 2sinh( )], 2( ) cos( )cos( ) /( )s s sZ N X Xδ κ κ δ δ κ κ κ κ= +  
2 2 2 2
1 1 2 2 1 1(2 2 )cosh( )sZκ κ κ κ δ− − +  cosh(δ2Zs2) + 4δ1δ2[sin(κ1Xs1) 

sin(κ2Xs2) + sinh(δ1Zs1) sinh(δ2Zs2) ] − 2κ12[δ1 cos(κ1Xs1) 
cosh(δ2Zs2)/κ1 − δ2 cos(κ2Xs2) cosh(δ1Zs1)/κ2] with 

2 2 2
12 1 22( ), ,  4 / 2, ,sj j sj j j j jZ z z X x x δ κ κ κ κ κ= − = − = − = −   

22 1 , 1, 2.j j jκ λ= + =  Here κ is the modulation frequency, zj 
and xj determine the center of solution in z − x coordinates.

When the values of Im(λ1) and Im(λ2) are both between 
0 and 1, this solution (24) describe two ABs. When the 
values of Im(λ1) and Im(λ2) are both bigger than 1, this 
solution (24) describe two KM solitons. For the values of 
Im(λ1) and Im(λ2), When one of them is bigger than 1, and 
another is between 0 and 1, we can construct an AB and a 
KM soliton together.

Especially, when κ1 ≠ 0 and κ → 0, from solution (24), 
we can construct an AB or a KM soliton with a Peregrine 
soliton, and these expressions of L2, M2 and N2 in solution 
(24) read
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2 2 2
2 2 2 1 1

2 2
2 2 1 1 2 2

1

2 2 2 2 2
2 2 2 1 2

2
2 1 2

{ [ (4 4 1) 8]cosh( ) 8 cos( )} /8,
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sinh( )} / 4,

{ [ (4 4 1) 16]cos( ) ([ (4

4 3) 16]cosh( ) 16 [ si

s s s s

s s s s s

s

s s s s

s s s

L Z X Z X

M Z X Z Z X

Z

N Z X X Z

X Z Z

κ κ κ δ δ κ

κ δ κ κ δ δκ

δ

δ κ κ κ κ

δ δ

= + + − +

= − + + +

= − + + − +

+ − + − 1

2 1

nh( )

sin( )])} /(4 )
s

s s

Z

X X

δ

κ κ+� (25)

with 2 2
12( ), , 4 / 2, 2 1 ,sj j sj jZ z z X x x δ κ κ κ λ= − = − = − = +  

1, 2.j =  When 0 < Im(λ1) < 1 and Im(λ1) > 1 in solution (25), 
the PS combined by AB and KM soliton can be built up, 
respectively.

In order to obtain higher order solution, higher 
order versions of these expressions for r and s can be 
defined as [37]

2 2
1 1 1,1 1,1 1, 1 1 1 1,1 1, 1 1 1 1,1 1, 1

2 2
1,1 1,1

2
1 1 1,1 1,1 1, 1 1 1 1,1 1, 1 1

( ) ( ) | | ( ) | |
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| | | |

( ) ( ) | | (
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s r s r r s r
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s r s s s
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− −

∗ ∗
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1 1,1 1, 1

2 2
1,1 1,1

) | |
.

| | | |
n n m

n n

r s

r s

∗
− − +

− −+
�

(26)

Here the subscript m is used purely for enumeration. 
For such, the third order function r31 can be determined 
by the second-order functions r21, s21, r22 and s22, which are 
related to the first-order functions r11, s11, r12, s12, r13 and s13.

Therefore, the n-order solution can be obtained from 
the following recursion

	

21 1
1 2 2

1 1

2( ) i
( 1) exp[i(2 ) ],

| | | |
nn n n n n n

n n
nn n

s r L M
a z

Nr s
λ λ

ψ ψ
∗ ∗

−

 − +
= + = − + − +  

� (27)

where Ln, Mn and Nn can be generated from the above 
procedure.

From (2) and these expressions of ψn as (21), (24), (25) 
and (27), we can obtain breather solutions with the “high 
frequency” as {u+, v+} and “low frequency” as {u−, v−} of 
coupled NLSE (1). Note that these second-order breather 
solutions have not been reported in the system without 
PT-symmetric terms.

Two-breather solution (24) can describe two-KM soli-
tons, two-ABs and an AB and an KM soliton by choosing 
different values of λ1 and λ2 [x-periodic and z-localised 
structure]. Figure  2 displays three kinds of two-ABs and 
three kinds of superposed ABs. The white lines separate 
Figure 2 into the left and right regions with the same struc-
tures. For long periods, the AB can be considered as chains 
of Peregrine soliton peaks in x-direction and z-localised 

structure. Figure 2a, c and e are all two parallel ABs built 
from first-order RW-like structures. The number of RWs in 
two-ABs is decided by the ratio κ1:κ2.

At first, we discuss two-ABs [x-periodic and z-local-
ised structure]. The white lines separate Figure 2a and b 
into the left and right regions with the same structures. 
The conformation from Figure 2a and b displays the 
process for the superposition when κ1:κ2 = 3:1. In Figure 2a, 
two RWs in the array with the smaller value of z and a 
RW in the array with the bigger value of z triangularly 
arrange and form a triplet, and another RW in the array 
with the smaller value of z has no counterpart in another 
array. The triplet merges into a second-order RW and the 
pair-less RW remains the first-order RW when they share 
the same origin, and the superposed AB is constructed in 
Figure 2b. This superposed AB produces as a chain of the 

second-order RW-like structure alternating with the first-
order RW-like structures.

When κ1:κ2 = 2:3, the ratio of the numbers of RWs in 
two arrays of KM solitons is also 2:3 (Figure 2c). In the 
left or right region of Figure 2c, there are five first-order 
RW-like structures. When they share the same origin, the 
quin-RW-like structure produce. In Figure 2d, the super-
posed AB is a series of quin-RWs which are localised in 
z-axis and periodic in x-axis.

When the ratio of κ1 and κ2 has other values, we can 
also construct other structures. For example, κ1:κ2 = 1:2, in 
Figure 2f, the superposed AB is a chain of triplets which 
build from three first-order RWs in Figure 2e.

These superposed two-AB structures are firstly reported 
although some nonlinear superposition of two ABs for 
standard NLSE has also been studied in [36]. Similar struc-
tures repeating along the x axis appear in the AB cases, 
although the integer ratios in this situation must be applied 
to δ1:δ2. For the length of limit, we omit their structures.

Besides two-ABs and two-KM solitons, we can also 
discuss a AB crossing a KM soliton when one of the values 
of Im (λ2) and Im (λ2) is between 0 and 1, and another is 
bigger than 1. Figure  3 demonstrates two cases of ABs 
crossing KM solitons. In Figure 3a, the crossing location is 
between two RWs of KM soliton, thus AB and KM soliton 
intersect without interaction. In Figure 3b, one of RWs in 
KM soliton interact with the AB in the intersection, thus a 
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Figure 2: (Color online) (a), (c) and (e) three kinds of two-ABs, and (b), (d) and (f) three kinds of superposed ABs. Parameters are chosen as 
(a) κ1 = 1.2, κ2 = 0.4, z1 = 5, z2 = 15, x1 = x2 = 0, (b) κ1 = 1.2, κ2 = 0.4, z1 = z2 = 5, x1 = x2 = 0, (c) κ1 = 0.4, κ2 = 0.6, z1 = 5, z2 = 10, x1 = 2, x2 = 4, (d) κ1 = 0.4, 
k2 = 0.6, z1 = z2 = 5, x1 = 2, x2 = 4, (e) κ1 = 0.3, κ2 = 0.6, z1 = 5, z2 = 10, x1 = 2, x2 = 4 and (f) κ1 = 0.3, κ2 = 0.6, z1 = z2 = 5, x1 = 2, x2 = 4.
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Figure 3: (Color online) Two kinds of AB crossing KM soliton. Parameters are chosen as (a) z2 = 15 and (b) z2 = 11 with λ1 = 1.1i, λ2 = 0.4i, z1 = 5, 
x1 = x2 = 0.

second-order RW appears in the crossing location, which 
is firstly reported although the crossing AB and KM soliton 
for standard NLSE in Figure 1a has been studied in [36]. 
This difference of structures originates from the different 
shifts z2 of KM solitons in two cases. Thus we can modu-
late this parameter to construct different structures.

At last, we discuss the PS combined by AB and KM 
soliton from solution (25). Here we give a nonlinear super-
position structure of an AB with a PS in Figure 4, where 
the PS is parallel with the AB, and they are separated. 
Moreover, the PS is embedded in the AB can be also con-
structed like in [36].



D.-J. Yu and J.-F. Zhang: Rogue Wave and Breather Structures in PT-Symmetric Nonlinear Couplers      969

5  Conclusions

In conclusion, via the modified DT method, starting from 
zero solution and the plane wave solution, the hierarchies 
of rational solutions and breather solutions with “high fre-
quency” and “low frequency” of the coupled NLSE in par-
ity-time symmetric nonlinear couplers with gain and loss 
are constructed, respectively. From these results, some 
basic characteristics of multi-RWs and multi-breathers are 
studied. Based on the property of RW as the “quantum” 
of pattern structure in RW hierarchy, we further study the 
novel structures of the superposed ABs, KM solitons and 
their combined structures.

Note that we only consider the case with the same Kerr 
nonlinearity coefficient of both the waveguides. If there 
is a slight mismatch between the Kerr nonlinearity coef-
ficient of the two waveguides, it is difficult to transform a 
coupled NLSE into a single NLSE. Therefore, exact multi-
RWs and multi-breathers can not be derived. In this case, 
we can use direct numerical simulation to study how the 
propagation of the RWs will be affected by mismatched 
Kerr nonlinearity. This issue requires a separate report (in 
preparation).
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Figure 4: The combined PS and AB for solution (25): (a) Shifts are z1 = −z2 = 4, (b) shifts are z1 = −z2= −4 with x1= x2 = 0.


