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Abstract: In this note, I generalized the Klein-Gordon and
the Dirac equations by using Suykens’s nonlocal-in-time
kinetic energy approach, which is motivated from Feyn-
man’s kinetic energy functional formalism where the posi-
tion differences are shifted with respect to one another. I
proved that these generalized equations are similar to
those obtained in literature in the presence of minimal
length based on the Quesne-Tkachuk algebra.
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1 Introduction

In his nonrelativistic approach to quantum mechanics,
Feynman introduced the concept of nonlocal-in-time
backward-forward coordinates where position differences
of the particle are shifted with respect to one another [1].
This idea was used afterward by Nelson in his stochastic
approach to quantum mechanics, which aims to recover
quantum mechanics from a primary stochastic process
by deriving the wave and the Schrédinger equations in
forward and backward time directions from natural con-
ditions on a diffusion Brownian process in configuration
space [2, 3]. Actually, the reversible Schrodinger equation
follows from the set of both the forward and the back-
ward stochastic equations and the Newton-like equation
of motion. Extensions of Nelson’s theory were discussed
in [4-6], and its generalizations to interacting particles
were performed by Loffredo and Morato [7]. This approach
was used also to derive the Klein-Gordon equation from
classical relativistic action from stochastic arguments
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[8]. A stochastic formulation of the Dirac equation was
also pointed out by Tiwari [9]. Other implications of the
concept of nonlocal-in-time backward-forward coordi-
nates are found in Nottale’s scale relativity, which aims
to combine fractal space-time with relativity principles
[10]. Supplementary implications concern dissipative pro-
cesses in quantum mechanics [11, 12], the extended New-
tonian mechanics characterized by a nonlocal-in-time
kinetic energy [13], nonconservative dynamical systems
[14], nonstandard Lagrangian dynamics [15], complexi-
fied Lagrangian dynamics [16], local fractional derivative
formulation of nondifferentiable functions [17], and frac-
tional actionlike variational approach [18], among others.
Moreover, a general setting for Nelson’s stochastic pro-
cesses associated with quantum fields was discussed by
Albeverio et al. [19]. It should be stressed that the concept
of nonlocal-in-time backward-forward coordinates leads
to the materialization of higher-order derivatives due to
the Taylor approximations of the coordinates system.
These higher-order derivatives play a crucial role mainly in
all branches of theoretical physics ranging from quantum
field theory [20] to classical mechanics [21]. More particu-
larly in quantum field theory, higher-order field equa-
tions such as the generalized Klein-Gordon equation were
discussed in literature through different arguments, e.g.
Lagrangian procedures [22, 23] and the Quesne-Tkachuk
Lorentz-covariant deformed algebra [24]. In the present
paper, we will use the concept of nonlocal-in-space-time
backward-forward coordinates to generalize both Klein-
Gordon and Dirac equations, which represent basic equa-
tions in quantum field theory. Our analysis is motivated
from Suykens’s nonlocal-in-time kinetic energy approach
[13], which is motivated from Feynman argument [1].
Therefore, our approach will generalize one of the basic
equations in quantum field theory by means of classical
arguments and not from quantum and stochastic argu-
ments. We will try to systematize in a straightforward way
the mathematical procedures that can be followed for
the development of the theory. It should be stressed that
nonlocal field equations may be obtained by means of
pseudo-differential operators acting on a space of analytic
functions [25, 26]. These nonlocal equations play a crucial
role in nonlocal quantum field theory and have many
advantages in solving several problems arising in high
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energy physics and particle theory [27-30]. Besides, a field
theory can also display nonlocal kinetic terms because of
the presence of nonlocal interactions [31].

The paper is organized as follows: in Section 2, we
introduce the basic setups of our model, mainly the
nonlocal-in-space-time backward-forward Klein-Gordon
field coordinates and the modified Klein-Gordon Lagran-
gian in the sense of Suykens’s nonlocal kinetic term. In
Section 3, a comparable nonlocal derivation of the gen-
eralized Dirac equation is derived from nonlocal spinor
field. In the same section, we discuss the correspond-
ing solutions and we compare our result with solutions
obtained in literature through minimal length argu-
ments. Finally, conclusions and perspectives are given in
Section 4.

2 Basic Setups: Nonlocal-in-Space-
Time Backward-Forward Field
Coordinates and the Generalized
Klein-Gordon Equation

In classical mechanics, one usually considers a particle of
mass m at some position x(t). The Lagrangian is defined
by L=T - U, where T=mx?/2 and U is the potential. The
equation of motion is derived from the principle of least
action, which states that the motion of the particle must

be such that the action S =.[:f L(x, x)dt is minimum. For

fixed boundary conditions, the requirement 6S=0 leads
to the Euler-Lagrange equation oL/dx — (d/dt)(dL/ox)=0
from which the equation of motion is derived directly.
In Suykens’s approach, the Kkinetic energy T=mx?/2 is
replaced by a nonlocal-in-time kinetic energy T=(mx/2)
(x(t + 7) + x(t - 7))/2, where 7 is a tiny parameter [13]. It
is easy to check that after expanding the second paren-
thesis factors in a Taylor series, the theory leads to a
generalized Newton’s second law of motion, which
contains advanced and retarded terms in the limiting
case. The Lagrangian in that way contains higher-order
derivative terms, and a set of equations of motion is
derived from a higher-order Euler-Lagrange equation:

2;:;(—1)j (d’/dt’)(dL, ,/0x")=0 which is the stationary
solution to the action functional S=f:’ Lmdt under the

assumption that the action functional is subject to given
boundary conditions ox9(¢,) =c§x@(tf) =0,j=0,1,2,..,N-
1and by considering independent variables x (t) such that
x=x_,1=1,2,..,N-1,x,=xand x=x,.
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In field theory, the particle’s trajectory x(t) is
replaced by the classical field ¢(x, t), and the Lagrangian
density L(x, x) is replaced by L(¢, aﬂ¢), and usually ¢ is
replaced by x*, u=0, 1, 2, 3. The action is now defined by
S :J£(¢, E)qu)d“x where the Lagrangian is given in terms
of the Lagrangian density by L(¢, 8ﬂ¢):.|‘l:(¢, 8#¢)d3x.
The equation of motion is derived from the minimum prin-
ciple 6S=0, which gives d£/dp — 9,(3L/0(d ¢))=0. Here
gradient operators are as follows: aﬂ =d/ox*=((1/c)d/ot, V),
0 :8/8)(” =((1/c)a/at, -V), where x*=(x°, x); X, = x°, —xi);
i=1, 2, and 3; and aﬂ:nwan, with nw=;7‘“”=(+l, -1, -1, -1)
being the Minkowski metric tensor [32]. By considering
the Lagrangian L(g, d,9)=(1/2)0'¢pd ¢ — m’c’¢?/2h’, it is
easy to check that the Euler-Lagrange equation yields the
Klein-Gordon equation C¢ + m’c’p/h*=0, where D:aua#
is the d’Alembertien operator, h is the Planck constant,
and c is the celerity of light.

First, motivated from Suykens’s nonlocal-in-time
kinetic energy approach, we introduce the following non-
local-in-space-time Lagrangian:
d¢p, +d b 1 mzzcZ 7 0

2 2 h

£(p,0,0)=30"9

where ¢_and ¢_are the forward and backward classical
fields, respectively, defined by their corresponding Taylor
approximations:

¢ (t+7, X' +E)=¢(t, xﬁ+i%(r%+§%) o(t, x),

¢ (t+7, X' +E)=g(t, x")+i(_k1|) (T%+§£j #(t, x'). (3)

where t is the proper time, x'=(x, y, z) the proper distance,
and (z, &) are tiny constants where physical meanings will
be addressed at the end of this section. In what follows,
we assume for convenience that &=cr, and accordingly,
we can rewrite (2) and (3) as follows:

B (t+7, X +E)=g(t, xi)+i%(aﬂ)k¢(t, X), @

VTG Yo x). )

ok

¢ (t+7, X' +E)=p(t, x')+

where 8;¢+ and E);qb_ are the corresponding forward
and backward derivatives, respectively. The nonlocal-in-
space-time kinetic energy based on the nth-order Taylor
approximations (4) and (5) is as follows:
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The Lagrangian of the theory is then written as
follows:

c (p0 ¢)=T,,H—V=1a“¢a,,¢
—8"(/52”:( +( ) ) ka(aM)(k+l)¢—%m2¢2- (7)

It is observable that the nonlocal Lagrangian con-
tains higher-order derivative terms, and accordingly the
equation of motion must be derived from the higher-order
Euler-Lagrange equation:

oL oL
,n _a ,n + a T,n
o¢ ﬂ[a(a ¢)] “ ”[a(aﬂayqﬁ)]

0,00 9L =0.
0% 3a0.00 )" ®

wvoy
By limiting our analysis to n=2, we find

£1,2(¢’ aﬂ¢)=T[2 —V:laﬂ¢a ¢

1 m’c?
+ 2 28”(258 00 ¢——
cT 5

. 9)

wovon

This gives after some algebra:

2.2

CrO00p+0¢ + mhf (10)

$=0.

Equation (10) is the generalized Klein-Gordon equa-
tion obtained from nonlocal arguments. The first term
can be considered as nonlocal corrections. Assuming
a plane wave solution ¢ o e it is easy to check that a
possible solution exists if and only if c’r%* — k? + A?=0,
K=h/mc being the reduced Compton wavelength and
kzczzczkuk":wz—czl?lz [24]. 1t is easy to check that the
previous quartic equation admits two different solutions:
k=%7 and k=i~ where & =h/m cand & _=h/m_c, with
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2
\/1+2mc 4
m = h

+

2
i\/1_2771(: T
- h, (11)

L€
h

It is easy to check that the parameter 7 <h/2mc? to
obtain real masses. Expanding (11) in a series expansion
up to order 7%, we find the following:

n =M (12)
Tt 2n
. _m+m3c“r2 13)
- 21
where =0, m =m, and m, diverges. The
generalized nonlocal energy-momentum

relations are given by E’=mic’+|p'c’ and there-

fore E *=m’c"+|pf ¢’=m’c" +|p[’ ¢’ +m"c®c* /i’. This s the
only physical state, whereas the positive case corresponds
to a ghost. The solution of (10) is then the superposition
of plane waves, and accordingly our results are closely
similar to the findings obtained by Moayedi et al. [24],
which are based on the concept of minimal length derived
from quantum fluctuations of the gravitational field. This
proves the importance of nonlocal-in-space-time kinetic
energy in quantum field theory.

3 Generalized Dirac Equation

The derivation of the generalized Dirac equation for the
case of a spinor field is obtained based on parallel argu-
ments. Normally, for particles of spin, one half of the Dirac
Lagrangian density for a spinor field v is given as follows:
L(p, ¥, 9 p, 9, P)=(inc/2)(y"0 Y~ P)y"p)-mc*yi.
Here y* is the Dirac matrix, and yp=v"y° is the adjoint
spinor [32]. The equations of motion are derived from
the minimum principle, which gives dL/dy - 8ﬂ(8£/8
0,9)=0, and JL/dP-9 (L[, P)=0 which gives
thy*d,y - mcy=0 and ih(a/lﬂ))y”+mc171=0 respectively.
Motivated from Suykens’s approach, we generalize the
Dirac Lagrangian density as follows:

L‘«('l/}, 17}’ a,ﬂ/% 8”17})

Cihe[ O Oy NP+,
2 (W 2 2

w]—mczy@, (14)

where y_andy_are the forward and the backward spinor
fields, respectively, defined by their corresponding Taylor
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approximations (2) and (3) with ¢,(t 7, X + &) -y (t +7,
x'+ &), where yet again we assume & = cr. Accordingly, (14)
takes the general form as follows:

L., 0,04)
_inc 1 (1+(=D°) 1)
ok
k
{ z ( ) k k(a )(k+1) }‘y 1/’] mc ww’
P ! 2
ih
=",y =@, Dy p)-mey
ific| — u u (1+(_1)k) k _k (k+1)
+T[W {ETT c (Bﬂ) Y
r (14+(=1)%) =
{5 oo spro)
=1
It is evident the occurrence of higher-order derivative
terms and, consequently, the generalized equations of

motion are derived from the following higher-order Euler-
Lagrange equations:

0L, (2L, ), 5[ 2L,
ap "oy 7| 90,9,9)

599 | Lu
90 a0 |

kck(a )(k+1) w}

(15)

16)
CH LR [ ]
w oe,w ) 96,0,
—-d dd [L] =0. 17)
«11 9(0,0,0,9)

By limiting our analysis once more to n=2, we obtain
from (15):

_ _. ihc,— _ ,
£,,00 52 0,1 9,9)=5(y"0,1-0, )y y)-me*yip

ZT *c?(¥y"(9,9,9,¥)-(9,9,0,Y)y"y).

woven woven
(18)

From (16) and (17), we find, respectively, after some
algebra:
iny* (1+7°c?

D)8M17J+m017)=0, (19)

iny"(1+7°c*0)0, y—~mcy=0. (20)

Equations (19) and (20) and their corresponding solu-
tions are similar to those obtained by Moayedi et al. [33]
based on the Quesne-Tkachuk algebra and minimal length
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phenomenology. When 7 =0, these equations are reduced
to the standard Dirac equations. Assuming a plane wave
solution of (19) and following the arguments of Moayedi
et al. [33], it is easy to check that (11) still holds for non-
local spinor fields augmented by the constraint 7 < h/2mc?.
Up to order 7%, (12) and (13) still hold together with the
corresponding Einstein relations E.’=mc"+|pf'c’ and
therefore E*=m’c’+|pfc*=m’c"+|p['c*+m'c*c*/n*. The
theory admits two particles of masses m+ given by (12) and
(13). When 7=0, m_=m while m_ diverges, yet as long as
0<t<h/2mc?, the theory is divergence-free and obeys all
physical constraints.

4 Conclusions

In this work, we have generalized Klein-Gordon and Dirac
equations by using a nonlocal approach motivated from
Suykens’s nonlocal-in-time kinetic energy framework. We
have limited our Taylor expansion to order 72, which results
to third-order covariant derivatives. Surprisingly, the gener-
alized field equations are closely similar to those equations
obtained within the framework of minimal length based
on the Quesne-Tkachuk algebra. These field equations
contain higher-order derivatives and describe two massive
real particles unless 7 <h/2mc?. Let us mention at the end
that by comparing our results with findings obtained by
Moayedi et al. [24, 33] based on minimal length arguments
and Quesne-Tkachuk algebra, mainly (10), (19), and (20),
we may introduce the following representation:

{x*, 0"} ={x*, (1+r>c*O)o"},

up to n=2. Therefore, the quantum momentum opera-
tor p*=iho* is generalized to p*=ih(1 + 7>c®)d". Conse-
quently, the nonlocal generalized momentum operator
may be defined by P*=ih(1 - 72c’p?/h?)p“. In that way, we
conjecture that there exists a nonlocal modified Heisen-
berg algebra with the extra quadratic p? term, which may
lead to a nonlocal minimal length. This modification was
found in string theory, black hole physics, and doubly
special relativity, among others [34-36]. It is therefore
interesting to obtain modified quantum algebra from
simple nonlocal arguments. Works in this direction is
under progress.
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