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Abstract: We consider the generalised Cornell, Song-Lin
and Richardson interquark interactions in a semi-relativ-
istic two-body basis which originates from the spinless
Salpeter equation and is valid for heavy quark limit. In
our calculations, due to the complicated nature of arising
differential equations, we use the quasi-exact ansatz tech-
nique and thereby report the ground-state solution.
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1 Introduction

The few-body problems play a crucial role in many areas
of physics including very tiny systems of particle physics
such as mesons, which are quark-antiquark systems. To
deal with such quark systems, the Bethe—Salpeter formal-
ism is a quite reliable framework [1-4]. The formalism,
however, possesses such a complicated mathematical
structure that we often have to make some simplifications.
A proposition to keep the essential physics of the formal-
ism and simultaneously reduce the mathematical com-
plexity of the equation appears in the form of the so-called
spinless saltpeter equation (SSE) which neglects the spin
degrees of freedom in the original formalism [5-8]. The
SSE also bears some approximations which change the
integral structure of the original equation into a simpler
differential form [9-13]. This is not yet the end of the story
as the resulting differential equation appears in nonlocal
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form. Therefore, to deal with the equation, we have to use
numerical techniques or work on approximate analytical
approaches, each of them having their own advantages
and weaknesses. An interesting proposition to bring the
equation into the form of an ordinary differential equation
is the idea of expansion of the square roots. This solution
is shown to work well for heavy-quark systems [10-13].

In very recent studies on this equation, the scattering
states of the exponential Hulthén potential was studied
in [14] in one spatial dimensions. A kink-like potential in
an approximation of SSE was analysed in a conceptual
approach by elementary considerations and inequali-
ties of quantum mechanics [15]. The problem in a time-
dependent basis was analysed via the Lewis-Riesenfeld
dynamical invariant method in [16].

A definitely instructive survey on various analytical
approximations and bounds on the nonlocal SSE can be
found in [5-8]. On the other hand, the successful phenom-
enological interactions in particle physics ought to have
confining term(s) besides the well-known non-confining
terms such as coulomb interaction. In particular, the so-
called Richardson [17-19], generalised Cornell [20, 21] and
Song-Lin [22, 23] interactions have this characteristics and
their predictions are consistent with experimental data.
All these interactions, just like any successful interaction
of bound quark systems, include both confining a non-
confining terms and have already been used within the
framework of potential model in connection with Char-
monium, AdS/QCD and Quarkonium.

Here, we intend to study these interactions within a
semi-relativistic two-body basis. In our calculations, as
the forthcoming equations reveal, we have to use a quasi-
exact approach as, to our best knowledge, the arising
equations cannot be solved by other well-known exact
techniques of mathematical physics such supersymmetry
quantum mechanics, factorisation, Nikiforov-Uvarov (NU)
technique, etc. In Section 2, we briefly review an approxi-
mation to the two-body SSE which is valid for the case of
heavy quarks. We then introduce the simple but powerful
quasi-exact ansatz technique [24-29] by which we solve
all arising equations.
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2 An Approximation to the Spinless
Salpeter Equation in Heavy-Quark
Limit

The SSE in the two-body basis is written as [3-9]

(24—A+mf+V(r)—ij(F)=O, A=V?, )

i=1,2

where x(r)=Y, (0,¢)R (r). We can expand the square
roots as [10-14]
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From (2) to (5) in units where (h=c=1), we have (in
center of mass frame)

[_A—A23+V(r)}Rnl(r)=EmRm(r)- (6)
2u  8ny

From the well-known relations
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A =p' =4’ (E, V(1))

aZ

A=—+ ,
orr ror r?

with I’ =1(I+1) 7)
Equation (6) appears as
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We have thus succeeded in finding a Schrédinger-like
equation.

3 AClass of Interquark Potentials

In this Section, we consider the generalised interquark
terms including Richardson, generalised Cornell and
Song-Lin terms in a quasi-exact approach and obtain the
set of equations determining the ground-state wave func-
tion and associated energy.

3.1 The Richardson Potential

The Richardson potential includes cubic and inverse
terms [17-19]:

V()= Ar -%, 1)

Where A,B are constant parameters. Substituting the
potential into (9) yields the equation
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Equation (12), obviously, does not appear in the form
of known equations of mathematical physics. Therefore,
we introduce the ansatz solution [24-29]

Y, (r)=h (r) exp(s,(r), (13)
Where
1, if n=0
h,(r)= H(r al), if n=1 (14)

and the term in the exponent is determined by solving a
corresponding Riccati equation. Considering the latter
ansatz for (11) and solving the corresponding Riccati equa-
tion determines the term in the exponent as

s(r)=ar" +br+cln(r), (15)
Substituting the latter in (9) and equating the corre-

sponding powers on both sides gives the set of equations
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which determine the spectrum for given values of poten-
tial parameters.

3.2 The Generalised Cornell Potential

In this Section, we consider the generalization of the
Cornell potential [20, 21]

V(r)=v0+kr—§+riz, @17)

in which v, k, e and f are constant parameters. The cor-
responding equation then reads
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and the solution of the associated Riccati equation gives
s(r)=ar’ +br+£+d1n(r), (19)
r

By the same token of the previous subsection, we
obtain the set
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3.3 The Song-Lin Potential

In this section, we consider the term proposed by Song
and Lin to analyse the quark systems [22, 23]. The poten-
tial includes the square root and its inverse

1

1
V(r)=Ar>+Br 2. (21)

with A and B being constant parameters. In this case, we
have to deal with the differential equation
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and the term in the exponent is calculated to be

3

s,(r)=ar? +br+cln(r). (23)
The latter gives the required set of equations as
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which can be solved numerically to report the energy for
given potential parameters.

4 Conclusions

The Richardson, Song-Lin and especially the generalised
Cornell interaction are among interactions of particle
physics to model meson systems. In our work, we con-
sidered these interactions within the framework of an
approximation to spinless Salpeter equation, which is
acceptable in heavy quark limit. To solve the arising dif-
ferential equation, we used the quasi-exact ansatz tech-
nique which is based on solving a Riccati equation and
thereby reported the ground-state solutions. To our best
knowledge, this is first time these interactions have been
considered in an analytical manner in two-body basis.
In addition, none of our common tools of mathemati-
cal physics such as supersymmetry quantum mechan-
ics, factorisation and NU techniques can solve these
equations. It is also worth-noting that although we only
derived the ground state, the higher states can be simi-
larly obtained by choosing hl(r)=(r—a1) for the first
state, h,(r)=(r—a’)(r—c3) for the second state, etc. Nev-
ertheless, it should be mentioned that the approach, just
like any quasi-exact technique, does have its disadvan-
tages: the first is that it puts a restriction on the choice
of potential parameters and becomes more difficult for
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higher states. However, we when recall that, the problem
cannot be solved by other common techniques and even
in one its special cases, namely the special case of Cornell
interaction, appears in the form of Heun differential equa-
tion, the limitation becomes worthy. Having calculated
the wave function and the spectrum, the results can be
used to study heavy mesons systems properties includ-
ing the mass spectrum, binding energy, scattering states,
decay rates, slope parameter, convexity parameter, charge
radius, form factors, etc.
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