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Abstract: By the homotopy renormalisation method, the 
global approximate solutions to Falkner-Skan equation 
and Von Kármá’s problem of a rotating disk in an infinite 
viscous fluid are obtained. The homotopy renormalisation 
method is simple and powerful for finding global approxi-
mate solutions to nonlinear perturbed differential equa-
tions arising in mathematical physics.
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1  Introduction
In early 1990s, Goldenfeld et  al. initially applied the 
renormalisation group (RG) method instead of dimen-
sional analysis [1], to nonlinear partial differential equa-
tions, such as Barenblatt’s equation [2], modified porous 
medium equation [3], and turbulent-energy-balance equa-
tion [4]. The results showed that the method was more 
efficient and perhaps more accurate than the usual pertur-
bation methods for asymptotic analysis because it avoided 
the necessity to perform asymptotic matching, they also 
anticipated that RG method would be useful in numeri-
cal calculations. After that, many scientists’ work proved 
it is true. For example, recently, Tu and Cheng published 
series of papers about applying some improved RG method 
to perturbed partial differential equations [5–7] such as 
Barenblatt equation, etc., in a series of papers [8–11], Teiji 
Kunihiro gave a geometrical interpretation to RG method 
based on the classical theory of envelop in differential 
geometry. In [12], Kai applied the Kunihiro’s geometrical 

formulation of RG method to deal with perturbed Burger’s 
equation and perturbed Korteweg–de Vries equation, and 
obtained their global asymptotic solutions. However, the 
mathematical foundation of the RG method is still unclear. 
Recently, in [13], Liu formulated the mathematical founda-
tion of the RG method by the traditional Taylor series, and 
he proved that the RG method was just based on the usual 
Taylor expansion, and all key assumptions in the stand-
ard RG method could be given as the natural facts in Taylor 
expansion. The mathematical foundation of Liu’s pro-
posed renormalisation method based on Taylor expansion 
(TR) was so simple and clear that we could easily under-
stand it in theory and use it in practice. On the other hand, 
there also exist some weaknesses for the RG method and 
TR method, for example, the standard RG or TR method 
can not work or do not improve the global solutions to 
some equations [13]. To overcome these weaknesses, Liu 
[13] proposed a powerful method called homotopy renor-
malisation method (HTR) by combining the TR method 
and homotopy. By Liu’s HTR method, we can actually solve 
some problems that traditional RG method shows little 
help. In the article [13], Liu dealt with some important and 
interesting problems including the forced duffing equation 
and Blasius equation and so on, the results showed that 
the HTR method is an important and powerful method in 
the asymptotic analysis.

In this article, we apply Liu’s HTR method to get the 
global approximate solutions correct up to O(ε2) to the 
Falkner-Skan equation [14]

	 η η η β η+ + − =′′′ ′′ ′2( ) ( ) ( ) [1 ( )] 0,f f f f � (1)

and Von Kármá’s problem of a rotating disk in an infinite 
viscous fluid [15]

	


− + − =′′′ ′′ ′


 − + =′′ ′ ′

2 21 2 0
2

0,

w w w w g

g wg w g
�

(2)

where β is a constant and f, w, g are functions to be deter-
mined. The Falkner-Skan equation was originally derived 
in 1931 by Falkner and Skan [14], is of central importance 
to the fluid mechanics of wall-bounded viscous flows. 
It is derived from the two-dimensional incompressible 
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Navier-Stokes equations for a one-sided bounded flow 
using a similarity analysis [16] and its solution describes 
the form of an external laminar boundary layer in the 
presence of an adverse or favourable stream wise pres-
sure gradient. Ullah et al. [17] used the optimal homotopy 
asymptotic method [18] to Falkner-Skan equation and 
obtained some results. And Von Kármá’s problem of a 
rotating disk in an infinite viscous fluid was originally 
considered by Von Kármá, which is also very important in 
the study of flows on rotating bodies, centrifugal pumps, 
viscometers etc [19–24].

The outline of this article is as follows. In Section 2, we 
consider a simple multi-solutions problem as an illustra-
tion example to introduce the Liu’s HTR method and show 
the advantages of this method. In Sections 3 and 4, we use 
HTR method to obtain the global approximate solutions 
to Falkner-Skan equation and Von Kármá’s problem of a 
rotating disk in an infinite viscous fluid. In Section 5, we 
give a conclusion.

2  HTR Method
According to the article [13], we list basic ideas and steps 
of Liu’s TR and HTR methods. Consider an equation

	 ε=( ) ( ),N y M y � (3)

where N and M are in general linear or nonlinear opera-
tors. Assuming that the solution can be expanded as a 
power series of the small parameter ε

	 = + + + +� �ε ε0 1 ,ny y y y � (4)

and substituting it into the above equation yields the 
equations of yn’s such as

	 =0( ) 0,N y � (5)

and

	 −= =� �1 1 1 0 1( ) ( ), , ( ) ( ), k k k kN y M y N y M y � (6)

for some operators Nk and Mk. By the first equation, we 
give the general solution of y0 including some integral 
constants A and B and so on. Then we find the particular 
solutions of yk and expand them as the power series at a 
general point t0,

	
0 0

0
( ) ( )( ) , 0, 1, .m

k km
m

y t y t t t k
+∞

=

= − =∑ �
�

(7)

Furthermore, by rearranging the summation of these 
series, we obtain the solution

	

+∞

=

= −∑ ε0 0
0

( ) ( , )( ) ,nn
n

y t Y t t t
�

(8)

where

	

+∞

=

= =∑ �ε ε0 0
0

( , ) ( ) , 0, 1, .k
n kn

k
Y t y t n

�
(9)

According to Liu’s theory [13], we have
(i)	 Solution is just y(t) = Y0(t, ε);
(ii)	 Renormalisation equations are 

= = �ε ε0
1 d( , ) ( , ), 1, 2, ;
! d

n

n nY t Y t n
n t

The advantages of Liu’s method are obvious. Firstly, in 
Liu’s theory, the secular terms need not be considered 
at all since the first terms Y0 is just solution. Secondly, 
to determine the unknown integral constants, the renor-
malisation equation is just taken as the usual relations 
between the coefficients of the Taylor series. This is just 
Liu’s TR method for asymptotic analysis. Then by combin-
ing the TR method and homotopy, Liu proposed a HTR 
method to overcome some weaknesses of RG method and 
TR method. Assume the aim equation is

	 =′ �( , , , ) 0,N t y y � (10)

where N is a function. Take a simple linear equation

	 =( ) 0,L y � (11)

where L is in general a linear operator. Next we take the 
homotopy equation as follows

	 − + =′ �ε ε(1 ) ( ) ( , , , ) 0,L y N t y y � (12)

where the homotopy parameter ε satisfying 0  ≤  ε  ≤  1. We 
can see that the homotopy equation changes from the 
simple equation L(y) = 0 to the aim equation N(t, y, y′, 
‧ ‧ ‧) = 0 as ε changing from 0 to 1. Then we use TR method 
to deal with the homotopy equation by considering ε as a 
small parameter and taking ε = 1 in final. A large number 
of important applications of TR and HTR methods can be 
found in [13].

Remark 1. As emphasised in [13], we must also point out 
that if there are m unknown integral constants, in princi-
ple, we will need m renormalisation equations − =′ 1n nY nY  
to get a closed equations system to solve out m unknown 
functions for n = 1, ‧ ‧ ‧ , m. But, in practice, we usually 
need only one renormalisation equation, that is, the first 
renormalisation equation =′0 1Y Y  to get the closed equa-
tions system by some approximations or other balance 
relations.
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As an illustration example, we consider the equation 
y′(t) = ε(1 − y2(t)) which cannot be dealt with RG method 
and TR method. So, we apply HTR method to deal with it. 
According to [13], we can write the homotopy equation as

	 + = − −′ ε 21 ( ).y y y y � (13)

Expanding y as

	

+∞

=

= ∑ ε
0

,nn
n

y y
�

(14)

and substituting it into the above homotopy equation 
yields

	 + =′0 0 1,y y � (15)

and

	 + = −′ 2
1 1 0 0,y y y y � (16)

and so on. From these two equations, we have

	 = − +0 exp( ) 1,y A t � (17)

	 = − − − + −2
1 0( )exp( ) exp( 2 ).y A t t t A t � (18)

Therefore

	 = − + + − − − + − +ε ε2 2
0exp( ) 1 ( ( )exp( ) exp( 2 )) ( ).y A t A t t t A t O

� (19)

We assume that A is independent on t0, that is

	 = 0( ).A A t � (20)

The Liu’s renormalisation equation is

	 + =′ ε0( ) 0,A t A � (21)

which gives A(t0) = A0 exp(−εt0), where A0 is a constant. 
Therefore, the global solution is

	 = + − + + − + +ε ε ε ε2 2
0 01 exp( (1 ) ) exp( 2(1 ) )) ( ).y A t A t O � (22)

By taking ε = 1, we have

	 = + − + − +2
0 01 exp( 2 ) exp( 4 )) (1),y A t A t O � (23)

which is a non-trivial global solution.
For the terminal value condition, the exact solution is

	

− −= = + − + − +
+ −

�21 exp( 2 ) 1 2 exp( 2 ) 2 exp( 4 ) .
1 exp( 2 )

A ty A t A t
A t �

(24)

Comparing the asymptotic solution with the exact 
solution, when t tends to infinity, these two solutions are 
the same one. This shows that the HTR method is efficient 
for this problem.

From the above, the procedure of HTR method can be 
summarised as follows:

Step 1. Write the homopoty equation.
Step 2. �Using the TR method to deal with the homot-

opy equation by considering the homotopy 
parameter as a small parameter.

Step 3. �Take the homotopy parameter equals to one 
and give the global asymptotic solution.

3  �Application to Falkner-Skan 
Equation

In this Section, we use HTR method to solve the 
Falkner-Skan equation (1). First, we write the homotopy 
equation as

	 2( ).f f f f ffε β β+ = + − −′′′ ′′ ′′ ′ ′′ � (25)

Expanding f as

	 2
0 1 2( ) ( ) ( ) ( ) ,f f f fη η ε η ε η= + + +… � (26)

yields

	 + =′′′ ′′0 0 0,f f � (27)

and

	 β β+ = + − −′′′ ′′ ′′ ′ ′′2
1 1 0 0 0 0,f f f f f f � (28)

and so on, whose solutions are given by

	 ηη η η−= + −0 0( ) ( ),f Ae B � (29)

and

	

η η

η

η

η η η β η η

β β
β η η

β
η η

− −

−

−

= − − + − − −

−+ − − + −

−+ − −

2
1 0 0

2
2

0

2 2
2

0

( ) ( ) ( 2 2 )( )
2

(2 4 3 ) ( )
2

( ).
4

ABf e A AB AB e

BA AB AB e

A A e B
�

(30)

Inserting formulas (29) and (30) into (26), we have

	

0

2
0 0

2
2

0

2 2
2 2

0

( ) ( )

( ) ( 2 2 )( )
2

(2 4 3 ) ( )
2

( ) ( ).
4

f Ae B

AB e A AB AB e

BA AB AB e

A A e B O

η

η η

η

η

η η η

ε η η β η η

β β
β η η

β
η η ε

−

− −

−

−

= + −


+ − − + − − −

−+ − − + −

−+ − − + � (31)
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According to the standard procedure of the TR method, 
we assume that A and B are both dependent on η0, namely

	 η η= =0 0( ), ( ).A A B B � (32)

By taking ε = 1 and the Taylor expansions of e−η and 
e−2η at η0, we have

	
0 0

2 2
2

0 0( , ) (3 4 3 ) ,
4

A AY A AB AB e eη ηβ
η ε β − −−≈ − − +

�
(33)

	

0 0

0

1 0
2 2

2

( , ) ( 2 2 ) (3 4 3 )

2

Y A AB AB e A AB AB e

A A e

η η

η

η ε β β

β

− −

−

≈ − − − − −

−−
�

(34)

	

0 0

0 0

2

2 0

22 2

1( , ) ( 2 2 )
2 2

1 (3 4 3 ) ( ) .
2

AB BY e A AB AB e

A AB AB e A A e

η η

η η

η ε β β

β β

− −

− −

−≈ − + − − −

+ − − + −
�

(35)

Since Y0, Y1, and Y2 are all finite terms and hence are 
approximate, so the renormalisation equations =′0 1Y Y  
and =′1 22Y Y  are in general incompatible each other. And 
hence, further, in order to give a closed renormalisation 
equations system as simple and nontrivial as possible, 
we often take only one renormalisation equation and 
ignore some terms such as these terms including η− 02 .e  

For this example, we take 
η

∂
=

∂
0

1
0

Y
Y  as the renormalisation 

equation to have

	

η η

η

β
β

β

− −

−

−− + +′ ′ ′

= − −

0 0

0

21(3 (4 3)( ) )
2

( 2 2 ) .

A AB e AA e

A AB AB e � (36)

Since η− 02e  is very small than η− 0e  as η0 tends to posi-
tive infinity, so we remove the last term in the left side of 
the above renormalisation equation, and get

	 β β− + = − −′ ′3 (4 3)( ) 2 2 .A AB A AB AB � (37)

For the purpose of further simplicity, we assume that 
B is a constant and hence get a closed renormalisation 
equations system

	

β β − − = − −′
 = 0

(3 4 3 ) (1 2 2 )
.
B B A A B B

B B
�

(38)

Solving the above equations give

	

β
η

βη

− −
− −=

0 0

0 0

1 2 2
3 4 3

0( ) ,
B B
B BA A e

�
(39)

where A0 is a constant. Therefore the global asymptotic 
solution is represented by

	

β
η

β

β
η

β

η β

β

+ −
−

+ −

 + −
−  + − 

= − −

−+ +

0

0

0

0

(1 2 ) 2
(3 4 ) 3

0 0

(1 2 ) 2
2

(3 4 ) 32
0

( ) (3 4 3 )

1 (1).
4

B
B

B
B

f B B e

A e O
� (40)

When the constant B0 satisfies 
β

>
+0
2

1 2
B  or 

β
<

+0
3 ,

3 4
B   

 
 we have 

β

β

+ −
>

+ −
0

0

(1 2 ) 2
0

(3 4 ) 3
B
B

 since 
β β

>
+ +
2 3

1 2 3 4
 if we 

assume that β > 0 without loss of generality, and hence the 
solutions is fast decreasing at positive infinity. It is clear to 
see that we need not consider the secular terms of formula 
(31) at all, and a global approximate asymptotic solution 
is obtained by the HTR method.

Remark 2. In [17], Ullah et al. used the OHAM to solve the 
Falkner-Skan equation and give the corresponding power 
series approximate solution under the boundary condi-
tions at two points 0 and 5. Our solution has an exponen-
tial function form, thus it is suitable for the condition at 
infinity.

Remark 3. Form the above example, we can see that an 
important problem is how to choose a closed renormalisa-
tion equations system. We have no a unique way to get it 
and have no a strict theory to tell us how to know which 
terms can be ignored. This problem needs further deep 
study in future.

4  �Application to Von Kármá’s 
Problem of a Rotating Disk 
in an Infinite Viscous Fluid

In this Section, we use HTR method to solve the Von 
Kármá’s problem (2) of a rotating disk in an infinite viscous 
fluid. First, we write the homotopy equation as

	

ε

ε

  
+ = − + +′′′ ′ ′′ ′ ′   

 + = − +′′ ′ ′

2 21 2 ,
2

( ).

w w w w w g w

g g wg w g g
�

(41)

Similar to Section 3, expanding w and g as

	 ε ε ε ε= + + + = + + +� �2 2
0 1 2 0 1 2, ,w w w w g g g g � (42)

then substituting them into (41) yields

	 + =′′′ ′0 0 0,w w � (43)
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2 2

1 1 0 0 0 0 0
1 2 ,
2

w w w w w g w+ = − + +′′′ ′ ′′ ′ ′
�

(44)

and

	 + =′′0 0 0,g g � (45)

	 + = − +′′ ′ ′1 1 0 0 0 0 0.g g w g w g g � (46)

The solutions of (43–46) are given by

	 ϕ= + +0 1 1 1sin( ) ,w a t b � (47)

	 ϕ= +0 2 2sin( ),g a t � (48)

	

ϕ ϕ

ϕ ϕ

ϕ ϕ

=− + + +

 
+ − − + + + + −  

+ + + +

2 2
1 2

1 1 2

2 21 1 1
0 1 1 2 1

1 1 1
1 1

sin(2 2 ) sin(2 2 )
24 6

3( ) cos( ) sin( )
2 2 4

cos( ) sin( ),
2 2

a a
w t t

a a b
t t t t a a

a b a
t t

�

(49)

and

	

ϕ ϕ ϕ ϕ
 

= − + − + − +  
2 1 2

1 1 2 1 2 0 2 2sin( ) ( ) sin( ) cos( ) .
2 2

a b a
g a a t t t t

� (50)

Inserting them into (42), we have

	

ϕ ε ϕ ϕ

ϕ ϕ

ϕ ϕ ε


= + + + − + + +


 
+ − − + + + + −  


+ + + + +


2 2
1 2

1 1 1 1 2

2 21 1 1
0 1 1 2 1

21 1 1
1 1

sin( ) sin(2 2 ) sin(2 2 )
24 6

3( ) cos( ) sin( )
2 2 4

cos( ) sin( ) ( ),
2 2

a a
w a t b t t

a a b
t t t t a a

a b a
t t O

� (51)

and

	

2 2 1 2 1 2

22 1 2
0 2 2

sin( ) { sin( )

( )( sin( ) cos( ))} ( ).
2 2

g a t a a
a b a

t t t t O

ϕ ε ϕ ϕ

ϕ ϕ ε

= + + −

+ − + − + +
�

(52)

For simplicity, we first assume that ϕ1 = ϕ2. Then 
according to the procedure of the TR method, let a1, a2, 
b1, ϕ1 and ϕ2 be both dependent on t0, namely a1 = a1(t0), 
a2 = a2(t0), b1 = b1(t0) and ϕ1(t0) = ϕ2(t0) = ϕ(t0). By taking 

ε = 1, and ignoring the terms ϕ+
2
1

1sin(2 2 )
24
a

t  and 

ϕ+
2
2

2sin(2 2 ),
6
a

t  the renormalisation equation gives

	

ϕ ϕ

ϕ ϕ ϕ

− = + = −′ ′ ′ ′

= − = = − =′ ′ ′

1 1 1
1 1 1 1 1 1 1

2 2 2 1 2
1 2 1 2 2 2 1 2

3 1 1 3, ( ) ,
2 2 2 2 2 2

3 , , , .
4 2 2

a b a
a a b a b a

a b a
b a a a a

�
(53)

But this equations system is incompatible, so we 
must remove some equation(s). A reasonable choice is 

to remove the equation = −′ 2 2
1 2 1

3
4

b a a  since Y0 and Y1 are 
approximate and it is impossible in general that these 
two terms are exactly equal. The remaining equations are 
compatible and form a closed equations system which is 
further reduced to the following form

	
ϕ ϕ= = = = = −′ ′ ′ ′ ′1 1 2 1

1 1 1 1 2 1 2
1 1, ( ) , , .

6 2 2 2
a b a b

a a b a a
�

(54)

Solving the closed system gives a set of special 
solutions

	

3 3
6 2

1 2 1 1 2( ) , , 3, ,
2

t t ta t Ae a Be b ϕ ϕ ϕ
− −

= = = − = = − +
�

(55)

where A ̅, B ̅ and ϕ  are constants. Under this condition, 
the global asymptotic approximate solutions to (41) are 
given by

	

33
2 36

3
2 3 6

3 1sin 3 sin( 2 )
2 2 24
1 3sin( 2 ) cos (1),
6 2 2

tt

tt

A tw e A e t

tB e t Ae O

ϕ ϕ

ϕ ϕ

−−

−−

 
= + − − +  

 
+ + − + +   �(56)

and

	
ϕ

−  
= + +  

3
2 sin (1).

2
t tg Be O

�
(57)

It is easy to see that we needn’t consider the secular 
terms of formulas (51) and (52) at all, and global approxi-
mate asymptotic solutions are obtained by HTR method.

5  Conclusion
In this paper, we apply the HTR method to Falkner-Skan 
equation and Von Kármá’s problem of a rotating disk in 
an infinite viscous fluid, and obtain their global asymp-
totic solutions. The results show that the HTR method is 
simple and powerful to give the global approximate solu-
tions since the secular terms needn’t be considered at 
all and the renormalisation equation is very simple and 
natural.
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