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Abstract: We presented an analytical study on dynamics
of solitons for Langmuir waves in plasma physics. The
mathematical model is given by the perturbed nonlinear
Schrodinger equation with full nonlinearity and Kerr law
nonlinearity. There are three techniques of integrabil-
ity were employed to extract exact solutions along with
the integrability conditions. The topological 1-soliton
solutions, singular 1-soliton solutions, and plane wave
solution were reported by Ricatti equation expansion
approach and then the bright 1-soliton solution, singular
1-soliton solution, periodic singular solutions, and plane
wave solution were derived with the help of trial solution
method. Finally, based on the G’/G-expansion scheme,
we obtained the hyperbolic function travelling wave solu-
tion, trigonometric function travelling wave solution, and
plane wave solution.

Keywords: Integrability; Nonlinear Schrédinger Equation;
Solitons.

1 Introduction

The nonlinear dynamics of solitons for Langmuir waves
in the context of plasma physics is ruled by the perturbed
nonlinear Schrédinger equation (NLSE) [1-3]. The pertur-
bation with full nonlinearity and cubic nonlinearity are
taken into account. In the previous works, many tech-
niques of integrability were applied to extract to exact sol-
itons, which include multiple-scale perturbation analysis
and Lie symmetry approach [1-3]. In this study, three tools
of integration carried out to the soliton solutions along
with the constraint conditions. They are Ricatti equation
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expansion approach, trial solution method, and G’/G-
expansion scheme [4-12].
The dimensionless form of NLSE is given by [1-3]

ig,+aq_+bF(qf)g=iR. (1)

In (1), x is a spatial variable, while ¢ is the temporal
variable and the dependent variable g(x, t) is the Lang-
muir wave profile. In (1), F is a real-valued algebraic func-
tion and it is necessary to have the smoothness of the
complex function F(|g|)q:C — C. Considering the complex
plane C as a two-dimensional linear space R?, the function
F(|q])q is k times continuously differentiable, so that

FllgP)ge | C*((-n, myx(-m, m); R). @

mn=1

As it appears, (1) is not integrable, in general. There
are two special cases of the function F that will be studied
in this article. They are commonly referred to as the cubic
NLSE and the second one is commonly known as the
power-law NLSE. The soliton solutions of (1) are called
Langmuir solitons and, in the form of cavitons, were
observed in 1974. These cavitons are local regions from
which plasma is ousted by the electromagnetic field. In
the presence of strong magnetic field, cavitons in a moving
plasma were observed. Ion acoustic solitons have been
detected earlier in 1970-1971. The perturbation term is

R=—iclql’q —ip(af), q +iyla Fa—-iE(qf) g €)

where «, 3,7y, and & are constants. The first three perturba-
tion terms arise in the study of interaction between Lang-
muir waves and ion acoustic waves in plasmas, provided
the velocity of the Langmuir waves is small as compared
to the sound velocity. These perturbation terms may be
regarded as combination of nonlinear and spatial disper-
sion. The coefficient of £ arises when electromagnetic soli-
tons are studied in the context of relativistic plasmas.

2 Soliton Solutions

In order to solve (1), we use the following wave
transformation [13-21]
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q(x, )=U(z)e"*" (4)
where U(7) represents the shape of the pulse and

7=B(x—-vt), (5)

D(x, t)=—kx+wt+0. (6)

In (4), the function ®(x, t) is the phase component of
the soliton. Then, in (6), « is the soliton frequency, while @
is the wave number of the soliton and 6 is the phase con-
stant. Finally, in (5), v is the velocity of the soliton. Sub-
stituting (4) into (1) and then decomposing into real and
imaginary parts yields a pair of relations. The imaginary
part gives

v=-2ka, (7)
and

y=a+p, (8)
while the real part gives

+aB’U” —(w+ax*)U+b FU)U —k*(y—a)U?
-B*(a+2&)U°U”-B*(2B+2E—y)U(U’)’ =0. 9)

From (8) and (9), we have

+aB’U” —(w+ax’)U+bFU*)U—-«* B U? (10)
—B (a+2E)UU” - B*(f+2E-a)U(U’)* =O0.

The Kerr law of nonlinearity originates from the
fact that a light wave in an optical fibre faces nonlinear
responses from nonharmonic motion of electrons bound
in molecules, caused by an external electric field. Even
though the nonlinear responses are extremely weak, their
effects appear in various ways over long distance of propa-
gation that is measured in terms of light wavelength. The
origin of nonlinear response is related to the nonharmonic
motion of bound electrons under the influence of an
applied field. As a result, the induced polarisation is not
linear in the electric field but involves higher order terms
in electric field amplitude.

The Kerr law nonlinearity is the case when F(u) =u, so
that (1) reduces to

ig,+aq +b(qf)q=clql’q,,

+plaP).a,~vla Parelat) a,
and (10) simplifies to
aB’U” —(w+ax®)U+(b—«’B)U° — B*(a+2E)UU”
_BX(B+2E-a)U(U’) =0. (12)
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2.1 Application of the Riccati Equation
Expansion Approach

In this section, the Ricatti equation expansion approach
will be shown in detail to obtain the singular solutions,
singular and dark soliton solutions to (1). According to the
homogeneous balance method, (12) has the solution in the
form

U(r)=A,+Ap(1), (13)
where ¢(7) satisfies the Riccati equation
¢’ (0)=f+lp’(7) (14)

where f and [ are all nonzero real-valued constants that
are independent on 7. Equation (14) is the well-known
Riccati equation, which admits the following explicit
solutions:

(p(r):\/lﬁtan(\/ﬁr) (15)
w(r):—\/lﬁcot(\/ﬁr) (16)
(p(r):\/Iﬁ{tan(z\/ﬁr)isec(z\/ﬁr)} (17)
when fI>0,

go(r):_J;_ﬂtanh(ﬁr) (18)
(p(r)z—\/? coth(\/-fIr) (19)

when fl< 0, and
D= (20)

T

when f=0.

Substituting ansatz (13) along with (14) into (12), col-
lecting the coefficients of ¢, and solving the resulting
system, we find

Bzii M, (1)
210\ al—Aff(ﬁ+4§)
e ale’ + A; f(b—« ﬁ), 22)

l
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A =0,

0

(23)

a=—6&-£, (24)

where [, «, f, and A, are arbitrary constants, which imme-
diately prompts the constraint

I(k*B—b)(al—-A’f(b—K’))>0. (25)

Substituting (21)-(25) into (13) and inserting the result
into the transformation (3), we get the exact solutions of
(1) as follows:

Topological 1-soliton solutions:

o f | fb-xp)
q(x, )=FA —ltanh[A1 2411—214f)c(,&tlkf)(x+2axt)]

2 2f(h_ 2
7KX7[al;c +Af (b ﬁ)]m}

xel{ ! , (26)

and

.| f / f(b—«’p)
q(x, t)—+A1\/71coth[Al 2al—2Aff(ﬂ+4§)(X+2aKt)}

i{fxxf[ialkz+Alzf(b_K2ﬁ)Jz+e}
xe ! . @7
Singular 1-soliton solutions:
’B—b
q(x, t)=F4 ! tan| A M(Hzau)
l 2al-2A; f(B+4€)
{[wje}
xe ! s (28)

. / f(’B—b)
q(x, t)—+Alﬁ {tan{ZAl 2al—2Aff(ﬂ+4§)(X+2aKt)}
ise{ZA f(lczﬂ_b)(x+2a/ct)}
"\[2al-2A} f(B+4E)

2 a2 p(p 2
_KX_[azA +A2f(b-k p)}w}

X el{ ! , 29)

and

o F ] feep-b)
q(x, t)_iAl\fl cot[A1 2al—2Aff(ﬂ+4§)(X+2aKt)]

fpefareen). -
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Plane wave solution:

2a ei(—xx—a:cztw}
\J2a(x* ~b)(x+2axt)

q(x, )=t €3y

These solutions will be defined subjected to the constraint
conditions (8) and (24).
On the other hand, when

a+2E=0, (32)

and
B+2E—a=0, (33)

then we have
a=-2&, B=-4E. (34)
By the constraint conditions (8) and (34), we get

aBU” —(w+ax®)U+(b+4Kk*E)U° =0, (35)

and
y=—6&. (36)

Substituting ansatz (13) along with (14) into (35), col-
lecting the coefficients of ¢, and solving the resulting
system, we find

A
B=t+—L |-2a(b+4K’E),

2o (37)
o alk +A1fl(b+4lc 5), (38)
A =0, (39)

where [, «, f, and A, are arbitrary constants, which imme-
diately prompts the constraint

a(b+4K°E)<0. (40)

Substituting (37)-(39) into (13) and inserting the result
into the transformation (3), we get the exact solutions of
(1) as follows:

Topological 1-soliton solutions:

q(x, t)=FA \/jtanh{A 4/M(X+2(1Kt):|
N1 ! 2al

2 2 2
ﬂcx{ab{ +A7 fl(b+lm E)]HG}

xel{ R (41)

and
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q(x, t)=FA \/—7coth|:A Jf(b-l-lmé)(x+2alct)}
N1 ! 2al

2 2 2
i{ixx{au« + A2 f (b E)]HG}
xe ! .

(42)
Singular 1-soliton solutions:
| f(b+4x’
q(x, t)=iAl\Ftan{A1 —f(lcg)(x+2a/ct):|
l 2al
1{_”_[111;3+Aff(b+4x2§)]t+9'
xe ! (43)
b+4x?
q(x, t)=iAl\F tan{ZA1 —f(KE)(x+2alct)}
l 2al
| f(b+4x?
isec{ZAl —f(,cg)(x+2a/ct):|
2al
I{_ﬂ_[abcz+A11f(b+4xz.§)}t+0}
xe ! , (44)
and
b+4x
q(x, t)=$Al\Fcot[A1 —ﬂlcé)(x+2alct)}
l 2al
i{_“_[amz+Aff(b+4ng)]t+0}
xe ! . (45)
Plane wave solution:
q(X, t):i 2a ei{—xx—a:czwﬁ}. (46)
J-2a(b+4K°E) (x+2axt)

These solutions will be defined subjected to the constraint
conditions (34) and (36).

2.2 Application of the Trial Solution Method

Equation (12) has the following trial equation

Uy =A+AU+AU*+AU’+AU". (47)
Thus, we have
34
U”:%+A2U+T3U2 +2AU°. (48)

Substituting (47) and (48) into (12), collecting the
coefficients of U, and solving the resulting system we
find
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A4=K ,8—b+A2BZ (ﬂ+4§)’ 49)
2aB
w=-ak’+aB’A,-2A B*(f+4&), (50)
a=—6&-p3, (51)
A=A,=0, (52)

where A , k, B, and A, are arbitrary constants.
Then (47) becomes

(U’)2=A0+AZU2+[’C ﬁ—b+/ng (ﬂ+4§)JU“. (53)
2aB
The integral form of (53) is
J_r(t—ro)=J - du - .
\/A0+AZU2+(K B-b+AB (ﬁ+4§)JU4 (54)
2aB’

If we set A =0 in (54) and integrating with resect to U,
we get the following exact solution of (1):

Bright 1-soliton solution:

2aA,B’ )
q(x, t):i\/— Kzﬁ_b+Asz(ﬂ+4§)oech[\/Z(x+2a/ct)]

ei{—lcx—a(lcz ~B’A,)t+0} .

(55)
Singular 1-soliton solution:
q(x, t):i\/Kzﬂ_bi‘iiﬁz(ﬁ“}g)csch[@(x+2a/ct)]
QiR B A, )0} (56)

Periodic singular solutions:

s ZCIAZB2 . ~
" t)_iJ b Az pran b A 20x0)

ei{—xx—a(lcz 7BZA2 )t+6}

) (57)

and
2aA B’ . -
q(x, t):i\/— /czﬁ—b+Asz(ﬁ+4§)LSC[\/72(X+2aKt)]

ei{—)cx—a()cz —B’A,)t+6} )

(58)

Plane wave solution:

2a i{—kx—ak’t+0}
e .

q(x, t)==%
J2a(x? f-b) (x-+2axt)

(59)
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These solutions will be defined subjected to the constraint
conditions (8) and (51).
Similarly, (35) has the following trial equation

Uy =A+AU+AU*+AU’+AU". (60)
Thus, we have
34
U":i+A2U+—3U2+2A U’. (61)
2 2 ‘

Substituting (60) and (61) into (35), collecting the
coefficients of U, and solving the resulting system, we find

4i*E+D
A=———"——, 62
' 2aB’ (€2
w=-ak’+aB’A,, (63)
A=A=0, (64)
where A, k, B, and A, are arbitrary constants.
Then (60) becomes
, 4ic°E+D
Uy =A+AU’ —[ B ]U". (65)
The integral form of (65) is
dUu
i(r—ro)z_[
(66)

JA +A UZ—[4K2§+b]U"
0 2 ZaBZ

If we set A =0 in (66) and integrating with resect to U,
we get the following exact solution of (1):

Bright 1-soliton solution:

2aA B
b+4i’E

q(x, t)=* sech[\/Aj(x+2a/ct)]ei{"“_“('cz_BzAZ)Ha}.

(67)
Singular 1-soliton solution:

2aA,B’

X, t)=% |-
a0 b+4K’E

cschly/4, (x+2akt)]e! e -FaIo}

(68)

Periodic singular solutions:

q(x, t)=% 2045 sec[\/q(x+2a/ct)]e“’“’“(”2’BZAZ)”(”
T T\ b+ak’E ’

(69)
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and
ZaAng i{—kx—a(~B2A,)t+6}
(x, t)== cscly/—A (x+2axt)]e EaRE
a b+4K’E ?
(70)
Plane wave solution:
2a i{—kx—ark’t+
qlx, t)=% e o 71)

\/—Za(b+4/c2.§)(x+2a/ct)

These solutions will be defined subjected to the constraint
conditions (34) and (36).

2.3 G'G-Expansion Approach

In this section, the G’/G-expansion method [4] will be
shown in detail to obtain the singular solutions, singular
and dark soliton solutions to (1). According to the homo-
geneous balance method, (12) has the solutions in the
form

(72)

U(r)=A, +A4, (G'(’)),

G(7)

where G(7) satisfies the second-order linear ordinary dif-
ferential equation

G”(7)+AG' (7)+uG(r)=0, (73)

where A and u are real constants to be determined.
Substituting (72) along with (73) into (12) leads to

aB’ {ZAL(C(;) +3A1/1((g) +(2Alu+Aliz)(Cg]+luAl}
, G’ ) a\
—(w+ax ){AO+A1 (Gj}ﬂb—x ﬂ){AO+A1 (G)}
—Bz(a+2§){A ‘A (GJ} {ZA (GJ 134 A(G')
0 1 G 1 G 1 G
(G , G’
+(Au+AL )(GJ+/lptAl}—B (,3+2§—a){AO+A1(Gj}

) 2
{Al (CZ;) +/1Al(%j+Al,u} =0.

Then, equating the coefficient of each power of G’/G
to zero, we obtain a system of nonlinear algebraic equa-
tions and by solving it, we get

(74)
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. 2(b—-k*p)
B_AlJ tha+A (A2 —4u)(B+4E) 7
2 A2 2 2
w=—ak +71(/l —4u)(b—«*p), (76)
2A,
A== 77)
a=—6&-p, (78)

where «, 4, u, and A are arbitrary constants, which
immediately prompts the constraint

(€ B-b)(4a+A2(* ~4u)(B+48))>0, (79)

Substituting the solution set (75)-(78) into (72), the
solution formulae of (12) can be written as
A G’(r)}

U’(T):141 {2"‘ G(T)

(80)

(4u—=2")(k*B~b)
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On the other hand, assuming C,# 0 and C,=0, the top-
ological 1-soliton solution of (1) can be written as

A2 —4u

q(x, t)= 5

annl A J (A2 —4u)(k* B—D)
"\[8a+2A% (A —4u)(p+4E)

2
i{—KX—[mCZ —A—l(lz —4;4)(b—/czﬁ)]t+9}
xe 4 .

(x+2a;ct)}

(82)

Next, assuming C,=0 and C,#0, then we obtain sin-
gular 1-soliton solution for (1) as

A2 —4u

q(x, t)= 5

J (A2 —4u)(x*B-D)
coth
"\ 8a+2A7 (A2 —4u)(B+4E)

(x+2a/ct)}

2
—Io(—[auc2 —T(/l2 —4,44)(b—/c2/3))t+9}

xei{ . (83)

Case II: When A=/%-4u <0, we obtain the trigonometric
function travelling wave solution

(4u—-1")(*f~b)

(x +2a/ct)}+ C, cos [Al \/ (x+ ZaKt)}
8a+2A! (A’ —4u)(B+4E)

—C sin[A\/
L ! " 8a+2AX(A*—4 4
atx, o;‘w‘*zﬂ G ar2A G ) at)

(4u—27)(k*B—b)

G COS[AlJ 8a-+242 (12— 4u)(f+4¢)

(4u-A*)(k*p-Db)

(x+2a/ct)]+C2 sin[Al\/ (x+2a/ct)]
8a+2A (A’ —4u)(B+4E)

2. 2 Alz 22 2
Xex{—xx—[mc —T(A —4u)(b—« ﬁ)]HG}’ (84)
Substituting the general solutions of second-order where C, and C, are arbitrary constants.
linear ODE into (80) gives three types of travelling wave Moreover, with the assumption C,#0 and C,=0,
solutions.
A Jbu—A?
) Coqx, )=
Case I: When A=4?-4u>0, we obtain the hyperbolic 2
function travelling wave solution (4u-2*)(k*B-b)
tan| A e (x+2axt)
8a+2A (A" —4u)(B+4E)
J " 2 Alz 2 2 1
Xell—hx—[ak —T(i —4u)(b-« ﬂ)Jt+6J, (85)

(A*~4u)(x*f~b)

C, sinh| A
A,MZ—WX 1 [ 1\/8a+2Af(/12—4/1)([5+4§)

(A =4u)(x*p~b)

(x+2a/ct)}+c2 cosh[Al\/ (x+2a/ct)]
8a+2A (A’ —4u)(B+48)

q(x, t)=

(A’ =4u)(x’B-b)

|

2
zl—/cx—(axz 7i(/12 *4/4)(17*K213)]f+9}
xe ‘ )

where C, and C, are arbitrary constants.

2
Clcosh[Al\/ e
8a+2A (A" —4u)(f+4E)

(A*~4u)(x* f~b)

(x+2a;ct)}+c2 sinh [Al \/ (x+2a;ct)]
8a+2A7 (A’ —4u)(f+4E)

(81)



DE GRUYTER Q. Zhou et al.: Analytical Solitons for Langmuir Waves in Plasma Physics =—— 813

and when C =0, C,#0, the singular periodic solution of B= A [ a(B+48) (90)
(1) will be 2a ’
A sz A 2
qx, )=—"——— w=-ar’+" (2 -4 (b+4x’E), (91)
4u—A*)(k*B-b
cot| A ( ,u2 2)( p=b) (x+2axt)
8a+2A! (A —4u)(f+4E) A4
AO:T’ (92)
{ kx| a? == /12 —4u)(b-k*p) JHG}
xe . (86)
where k, 4, u, and A, are arbitrary constants, which imme-
diately prompts the constraint
Case IIl: When A=A-4u=0, we obtain plane wave a(B+4£)<0. (93)
luti
solution Substituting the solution set (90)-(92) into (88), the
C Hokx—ax’t+0) solution formulae of (35) can be written as
4t =4, A,\J2a( Zzﬁ b) ‘ ’
a\k p— L G'(7)
C+C—— " (x+2axt
+C, a (x+2axt) U(r)=A {2 6o | (94)
(87)
Substituting the general solutions of second-order
where C, and C, are arbitrary constants. linear ODE into (94) gives three types of travelling wave
Similarly, (35) has the solutions in the form solutions.
U(r)=A0+A1(GG(T)). (88) Case I: When A=4%-4u>0, we obtain the hyperbolic
(@) function travelling wave solution
A A -4
q(x, l‘)Z%
A’ =4u)(b+4K° A 2’ —4u)(b+4K°
C smh[ \/ ( ) 5)( +2a:ct)}+C2 cosh{l\/—( M £ (x+2axt)
% 2a 2 2a
2’ —4u)(b+4K° A A’ —4u)(b+4K°
C cosh{ \/ ( M &) (x+2a/ct)}+c2 sinh{l\/—( M £ (x+2axt)
2a 2 2a
i{—/cx—(alcz—T(Az—Au)(bJrlsz)JHO}
xe ,
(95)
Substituting (88) along with (73) into (35) leads to where C and C, are arbitrary constants.
5 , On the other hand, assuming C, #0 and C,=0, the top-
aB {2 A (G) +34, /1( ) +Q2Au+A lz)(G] +u Al} ological 1-soliton solution of (1) can be written as
G G
3 2
ALA—
—(a)+a;c2){A +A (i)}+(b+4x E){A +A (Z)} =0.(89) ql(x, t)_f
(/12 —4u)(b+4K7E)
Then, equating the coefficient of each power of G’/G tanh 2 2a (x+2axt)
to zero, we obtain a system of nonlinear algebraic equa-
: s : l{ KX—| (aKZ—A' (A2 - 4;4)(b+4xz§)}+9}
tions and by solving it, we get Ye ) (96)
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Next, assuming C,=0 and C,#0, then we obtain sin-
gular I-soliton solution for (1) as

ALA—4u
ax, ="
coth l:Al \/_ (2°~4u)(b+4x7E) (x +2alct)}
2 2a

22
i\—kx—| ak? =12 —4u)(b+4K%E) [t+6
xe 4 . 7

Case II: When A=A2-4u <0, we obtain the trigonometric
function travelling wave solution

DE GRUYTER

3 Conclusions

This work studied the perturbed NLSE that describes the
propagation of Langmuir waves in plasmas. The pertur-
bations with full nonlinearity and cubic nonlinearity
are considered. We use the Ricatti equation expansion
approach, trial solution method, and G’/G-expansion
scheme to integrate the perturbed NLSE. As a result,
many new exact soliton solutions are derived, and the
corresponding parameter constraint conditions are
exhibited.

4u—A°
,)=—
q(x, t) 5
4u—22)(b+4K’ 4u—A2)(b+4i?
N [ TR T TR N |9 TR T e
X
4u—A*)(b+4K* 4u—2)(b+4K*
S N T T P N = A T
2a 2 2a
i{—xx—[mczf%z(/‘»z*4ﬂ)(b+4KZ,5)]f+9}
xe s

(98)

where C, and C, are arbitrary constants.
In addition, with the assumption C,#0 and C,=0,

AJbu-2?
2

{Al J (4pu—22)(b+4xE)
tan| 2L, [-—— =7
2 2a

Q(X, t):—

(x+2a/ct)}

2
i —:cx—[alcz —T(lz 74‘u)(b+4/c2§)]t+9

xe , (99)

and when C, =0, C,#0, the singular periodic solution of
(1) will be

/ _/12 _ 12 2
Ao cot[Al\/ _au= 2 b+ 4xe) (x+2a/ct):I
2 2 2a
2

2
i{—xx—{axz —7(12 —4;4}(b+4x2§)]t+0}
xe

q(x, t)=

(100)

Case III: When A=A?-4u=0, we obtain plane wave
solution

C i{—kx—ak’t+0}

2 e ,
: A, [-2a(b+4x°€)
e 2a

q(x, t)=A,
C

) (x+2axt)

(101)

where C, and C, are arbitrary constants.
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