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Abstract: In this paper, based on similarity transforma-
tion and auxiliary equation method, we construct many 
exact solutions of N-coupled nonlinear Schrödinger equa-
tions with variable coefficients, which include soliton 
solutions, combined soliton solutions, triangular periodic 
solutions, Jacobi elliptic function solutions and combined 
Jacobi elliptic function solutions. These solutions may 
give insight into many considerable physical processes.
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1  Introduction
In recent years, the N-coupled nonlinear Schrödinger 
(NLS) equations which are used to describe the simul-
taneous propagation of N nonlinear waves in a uniform 
medium have received considerable interest due to their 
numerous applications in the areas of plasma physics 
[1], nonlinear optics and quantum electronics [2], Bose–
Einstein condensates [3], and hydrodynamics [4, 5]. For 
better understanding the complicated nonlinear physi-
cal phenomena, the solution is much involved. In the 
past, various methods have been used to handle nonlin-
ear partial differential nonlinear equations, such as the 
variational iteration method [6, 7], homotopy perturba-
tion method [8, 9], the Bäcklund transformation method 
[10], the subsidiary ordinary differential equation method 
(sub-ODE for short) [11, 12], F-expansion method [13–15], 

sine-cosine method [16, 17], sech-tanh method [18, 19], 
Exp-function method [20, 21], Jacobi elliptic function 
method [22–24], residual power series method (RPSM for 
short) [25, 26], and homotopy analysis method [27, 28].

It is well known that the nonlinear partial differential 
equations with variable-coefficients are more realistic in 
various physical situations than their constant coefficients 
counterparts. So the aim of this paper is to construct exact 
solutions of the following N-coupled NLS equations with 
variable coefficients using similarity reduction and auxil-
iary equation method:
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where the physical field Ψk ≡ Ψk(x, t)(k = 1, 2, …, N), the 
external potential vk(x, t)(k = 1, 2, …, N) is a real-valued 
function of time and spatial coordinates, and the nonlin-
ear coefficient gkj(t)(j, k = 1, 2, …, N) and gain or loss coef-
ficient γ(t) are real valued functions of time.

The rest of this paper is organised as follows: In 
Section 2, we study the similarity solutions by reducing 
(1) to the (1+1)-dimensional standard NLS equations with 
constant coefficients via the similarity transformation 
and auxiliary equation method. In Section 3, some con-
clusions are given.

2  �Similarity Transformation and 
Solutions

In general, it is difficult to seek directly analytical solu-
tions of (1). Here, we search for a similarity transfor-
mation connecting solutions of (1) with those of the 
(1+1)-dimensional standard NLS equations with constant 
coefficients
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where the physical field Φk(η, τ)(k = 1, 2, …, N) are func-
tions of two variables η ≡ η(x, t) and τ ≡ τ(t), which are to 
be determined later, and Gkj(j, k = 1, 2, …, N) are constants.
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To do this, we write the solution of (1) as

	 ϕΨ ρ Φ η τ= ( , )( , ) ( ) [ ( , ), ( )]ki x t
k kx t t e x t t � (3)

Substituting transformation (3) into (1) and after rela-
tively simple algebra obtain the system of partial differen-
tial equations

	 η ϕ η η τ η+ = = − =22 0,   0,   0,t kx x xx t x � (4)

	 ρ ρϕ γ ρ+ − =( ) 0,t kxx t � (5)

	 ρ η− =2 2( ) 0,kj kj xg t G � (6)

	 ϕ ϕ+ + =2( , ) 0.k kx ktv x t � (7)

Solving (4), we can write the similarity variables 
η(x, t), τ(t), and the phase ϕ(x, t) in the following form

	 η = +( , ) ( ) ( ),x t k t x c t � (8)
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where k(t), c(t), w(t) are time-dependent functions and 
an overdot stands for the derivative with respect to time. 
Now, from (5) to (7), we obtain the functions ρ(t), vk(x, t), 
and gjk(t) as follows:
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where ρ0 is a constant.
To obtain the solutions of (2), we make the complex 

transformation

	 η τΦ η τ η τ= ( , )( , ) ( , ) ,kiB
k kA e � (14)

where Ak(η, τ) and Bk(η, τ)(k = 1, 2, …, N) are real functions 
of η and τ.

Substituting Φk(η, τ)(k = 1, 2, …, N) into (2) and setting 
the real and imaginary parts of the resulting equations to 
zero lead to the following set of PDEs:
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The solution of (15) and (16) is chosen in the following 
form:

	 η τ θ θ−= + + 1( , ) ( ) ( ),k k k kA a b F d F � (17)

	 θ η τ= + ( ),p q � (18)

	 η τ η τ= +( , ) ( ),k k kB m l � (19)

where ak, bk, dk(k = 1, 2, …, N), p, mk, and q(τ), h(τ) to be 

determined later, and θ
θ

=′ d( )
d
FF  satisfies

	 θ θ θ= + +′2 2 4
0 2 4( ) ( ) ( ).F h h F h F � (20)

With the aid of Mathematica, substituting (17)–(19) 
along with (20) into (15) and (16), setting the coeffi-
cients of monomials of F(θ) and η of the resulting system 
numerator to zero, we obtain a set of ODEs with respect to 
unknowns ak, bk, dk, p, mk, and q(τ), lk(τ).
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Solving the system, we get the following solution set:
Case 1:
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where ξ0, ξk, p, and m are arbitrary constants, and the 
parameter ε can have the values ε = 0, ±1.
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Case 2:
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where ak, ζ0, ζk, p, and m are arbitrary constants, and the 
parameter ε can have the values ε = 0, ±1, the expression 
of D as following:
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and Dk is the determinant formed by replacing the k-th 
column of D by the unit column vector.

Therefore, we obtain exact traveling wave solutions 
of (2)
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where ζ= − + +∫2 2
0

( ) ( )d ( ) .
t

k kB mk t x m k s s mc t

Substituting (21) and (24) along with (8)–(11) into (3), 
we get exact traveling wave solutions of (1) in the follow-
ing form:
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where ξ= + − ± − + +∫ ∫2 2 2 2
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Table 1: Solutions of (20) m (0 < m < 1) denotes the modulus of the 
Jacobi elliptic function.
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where ζ= − + +∫2 2
0

( ) ( )d ( ) .
t
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Remark 2.1. As we know the more solutions of (20) we find, 
the more exact solutions of (1) may be obtained. However, 
the general solutions are difficult to be listed because of 
the complexity of (20). Some special solutions [29–33] are 
listed in Tables 1–3.

For example, if we choose ε = 0, we can obtain the fol-
lowing solutions using (25) and Table 1:



668      B. Tang et al.: Exact Solutions for N-Coupled Nonlinear Schrödinger Equations

Table 2: Solutions of (20) (continued) m (0 < m < 1) denotes the 
modulus of the Jacobi elliptic function. 

h0   h2   h4   F(ξ)

–m2   2m2 – 1  1 – m2   ncξ
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Case 2.1 Soliton and soliton-like solutions
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Case 2.2 Triangular periodic solutions
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where ξ= + − + +∫ ∫2 2 2 2
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Case 2.3 Jacobi elliptic function solutions and combined 
Jacobi elliptic function solutions
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Table 3: Solutions of (20) (continued) m (0 < m < 1) denotes the modulus of the Jacobi elliptic function.

h0   h2   h4   F(ξ)
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where ξ= − + − + +∫ ∫2 2 2 2 2
0 0

( ) (1 ) ( )d ( )d ( ) .
t t

k kB mk t x p m k s s m k s s mc t 
ξ= − + − + +∫ ∫2 2 2 2 2
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( ) (1 ) ( )d ( )d ( ) .

t t
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k
k

t
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D
mp t k t

D
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Ψ ρ θ
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 + +  ∫ � (36)

where ξ= − + + − + +∫ ∫2 2 2 2 2
0 0

( ) (1 6 ) ( )d ( )d ( ) .
t t

k kB mk t x p m m k s s m k s s mc t 
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where ξ= − + − + +∫ ∫2 2 2 2 2
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where ξ= − + + − + +∫ ∫2 2 2 2 2
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where ξ= − + + ± − + +∫ ∫2 2 2 2 2
0 0
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where 2 2 2 2 2
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where ξ= − + − + +∫ ∫2 2 2 2 2
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where ξ= + − + +∫ ∫2 2 2 2 2
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Since k(t) and c(t) are arbitrary functions, the solution 
(27) has abundant properties. We show some properties of 
the bright soliton intensity of Eq. (27) in Figure 1. And the 
wave propagation of the dark soliton intensity of Eq. (29)  
is illustrated in Figure 2.

Remark 2.2 We can obtain many other solutions using 
(25), (26), and Tables 1–3, but we omit them for simplicity.

Remark 2.3 There are some hyperbolic function solutions 
and trigonometric function solutions can be obtained at 
the limit case when m → 1 and m → 0, but we also omit 
them for simplicity.
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3  Conclusion

In this paper, we have obtained many types of exact solu-
tions for the N-coupled NLS equations with variable 
coefficients by means of the combination method of the 
similarity transformation and auxiliary equation method, 
which include soliton solutions, combined soliton solu-
tions, triangular periodic solutions, Jacobi elliptic function 
solutions, and combined Jacobi elliptic function solutions. 
To the best of our knowledge, the solutions obtained in 
this letter have not been reported in the previous literature. 
These solutions may provide more information to further 

study the mechanisms of the complicated nonlinear physi-
cal phenomena.
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