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Abstract: The current study presents the results of the use 
of the wave function of a nucleus in place of the nucleus 
density distribution to calculate the nucleus-nucleus 
interaction potential. The wave function is obtained by 
solving the D-dimensional wave equation using the hyper-
spherical formalism. The interaction potential between 
two nuclei is calculated using the double folding model. 
The numerical results for the interaction potential and the 
scattering cross section are presented to evaluate the for-
malism used to calculate the nucleus wave function.
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1  Introduction
The physical world is a many-body-forces world that 
incorporates solid state, plasma, nuclear and atomic 
physics, metals, and physical chemistry. To study these 
many-body systems, their differential equation or their 
N-particle Schrödinger equation should be solved and 
their wave function should be obtained. Investigating 
the wave equation and wave function of these systems is 
important because it gives important information about 
them like energy, the phase shift of the scattered wave 
function, scattering amplitude, cross section, resonance, 
deformation, polarization, etc.

Various techniques have been used to solve the N-par-
ticle Schrödinger equation. The Jacobi coordinates and 
hyperspherical formalism is one of these methods [1–4]. 
We calculate the wave function of the nucleus as a many-
body system using this method. We use this model as one 

of the models for solving the wave equation for N-particle 
systems. In this method, a D-dimensional wave equation 
must be solved and a D-dimensional wave function must 
be obtained. The dimension is related to the number of 
particles in the center of mass coordinate D = 3N − 3, where 
N is the number of particles.

Our goal in this work is to evaluate the hyperspheri-
cal formalism and D-dimensional wave equation for 
describing a nuclear system as a many-body system and 
calculating the wave function of the nucleus. For this 
reason, we consider a two-nuclei system. Then we solve a 
wave equation for each nucleus using the hyperspherical 
method. The obtained wave functions are used for calcu-
lating the interaction potential with the double folding 
model (DFM) [5, 6]. The DFM has been widely used by 
many groups in describing light and Heavy-ion scatter-
ing [5–8]. The DFM calculates the interaction potential 
between the two interacting nuclei using their density 
distributions. In this paper the obtained D-dimensional 
wave functions of two nuclei are used in place of their 
densities in the DFM. We are looking for two purposes: 
first, credit assessment of the hyperspherical formalism 
and D-dimensional wave equation for calculating the 
wave function of the nucleus and second, valuation of 
the DFM with the obtained D-dimensional wave func-
tions of two interacting nuclei in place of their density 
distributions. We do this by investigating the DFM results 
for the interaction potential and also comparing the cal-
culated scattering cross section with the experimental 
data. Finally, comparing our results with the experimen-
tal data, we conclude that the hyperspherical formalism 
and obtained D-dimensional wave function are appropri-
ate for describing the nucleus. So it is obvious that the 
hyperspherical formalism and obtained wave function 
can be used to calculate the energy of the nucleus, inves-
tigating the scattering process of the nucleus during an 
interaction and also resonance, deformation, and polari-
zation of the nucleus.

A general definition of the folding model is provided 
in Section 2. The wave functions of two colliding nuclei 
are obtained in Section 3. The results and discussions are 
presented in Section 4. The conclusions are presented in 
Section 5.
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2  �The Folding Model
The optical model was developed to explain nuclear 
reactions. The optical potential is a complex potential 
that represents the intermediate interaction between 
the projectile and the target nuclei [7, 8]. In this way, a 
many-body problem can be approximated by an effective 
nucleon-nucleon (NN) interaction. The folding model is 
a good method for calculating the real part of the optical 
potential. If inelastic scattering occurs, the absorption 
processes should be investigated using the imaginary part 
of the optical potential. The folding model is microscopic 
and dependent on the distance between the two nuclei 
centers of mass and defined by the NN interaction and 
the nuclear density distributions. The nuclear part of the 
interaction potential contains two terms: direct term and 
exchange term. The direct part of the interaction between 
two nuclei is determined by the DFM as follows [9, 10].

	 ND 1 2 1 1 2 2 NN( )( , ) ( ) dr dr (r ) (r )v ( )P P DV R E g E sρ ρ= ∫ ∫
� � � � �

� (1)

where 1(2)r�  denotes the position of the interacting nucleon 
of each nucleus, 1(2) 1(2)(r )ρ

�  is the density of each nucleus, 
νNN is the effective NN potential, R

�
 is the distance between 

the colliding nuclei centers of mass, vector 1 2r rs R= − +
�� � �  

corresponds to the distance between two specified 
interacting points of the projectile and the target, and 
g(EP) = 1 − k.EP is an energy-dependent coefficient in which 
Ep = Elab/AP is the average energy of each projectile nucleon 
(Elab is the laboratory energy, and Ap is the nucleon number 
of the projectile). The exchange part of the nuclear inter-
action by the DFM is

	 NE 1 2 1 1 1 2 2 2 NN( )

rel red

( , ) ( ) dr dr (r ; r ) (r ;r ) ( )
exp( / )

P P EV R E g E s s v s
ik s A

ρ ρ= + −∫ ∫
� � � � � � � � �

�� (2)

The exchange part densities have been determined using 
density matrix expansion relations [11, 12] as

	
1 eff 1

3

ˆ ˆ(r; r ) (r / 2) (| (r / 2)| ), ( )

3[sin( ) cos( )]/

s s j k s s j x

x x x x

ρ ρ± ≈ ± ± ⋅

= −

� � � � � � �

� (3)

where 1̂( )j x  is the first degree spherical Bessel function 
and keff is the effective Fermi momentum, which has been 
extracted from the extended Tomas-Fermi approximation 
[13] as

	

2 3 22 2
2
eff

53 ( ) ( ) 5 ( )( )
2 3 ( ) 36 ( )

sCr r rk r
r r

π ρ ρ ρ
ρ ρ

   ∇ ∇= + +     

�� � �
�

� �
�

(4)

where Cs determines the strength of the Weizsäcker cor-
rection term for the kinetic energy density [14, 15]. We use 

Cs = 1/36, which provides good results [14]. Wave number 
krel is added in consideration of the relative motion of col-
liding nuclei as follows

	 2 2
rel red . . tot2 [ ( )]/n c mk m A E V R= − � � (5)

where Ared = APAT/(AP + AT) is the reduced mass number and 
mn is the bare nucleon mass.

The NN interaction is widely assumed for the finite-
range approximation as the M3Y potential for both the 
direct and the exchange parts and is defined with the 
specified coefficients [16] as

	

3

( ) ( )
1

exp[ / ]
( ) ( ), ( )

[ / ]
i

D E D E i i i
i i

s r
v s G v s v s

s r
ν

ν=

−
= =∑

�
(6)

It is known that the M3Y NN interaction must be density 
dependent. We use the generalized density dependence 
of the M3Y interaction introduced elsewhere [17]. It is 
employed as a multiplier in the nuclear part of the inter-
action as follows

	 ( ) {1 exp( ) }F Cρ α βρ γρ= + − − � (7)

In place of the finite-range NN interaction, a zero range 
was used in the earlier works [6] as

	 ( ) ( ) ( ), ( ) ( )E E Pv s J E s J E G g E
δ δ

δ= = � (8)

In this work we use the finite-range CDM3Y5-Reid density-
dependent interaction. All required constant values are 
derived from Ref. [16].

Because the total interaction potential is the sum of 
the nuclear, Coulomb, and rotational potentials denoted 
by total rot( ) ( ) ( ) ( ),N CV R V R V R V R= + +

� � � �
 the Coulomb potential 

is also required (we have ignored the rotational part in the 
present study). The Coulomb part assumes that νNN is in 
the form of the point-point Coulomb potential as

	

2
1 2

0

1(r)
4C

Z Z e
v

rπε
=

�
(9)

where Z1 and Z2 are the nuclei charges. The Coulomb part 
has a form similar to the direct interaction in (1) [18, 19]

	
1 2 1 1 2 2( ) dr dr (r ) (r )v ( )C CV R sρ ρ= ∫ ∫

� � � � � � (10)

where 1(2) 1(2)(r )ρ
�

 are the charge densities of the projectile 
and the target nucleus.

This paper uses wave functions instead of densities; 
therefore, the density distributions for the direct and the 
Coulomb parts are

	
1 1 1 1 2 2 2 2| (r ) (r ) || (r ) (r ) |ψ ψ ψ ψ∗ ∗� � � � � (11)
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and the density distributions for the exchange part are

	

* *

1

(r; r ) (r; r ) (r 2) (r 2)

ˆ ( ( 2)· )eff

s s s s

j k r s s

ψ ψ ψ ψ± ± ≈ ± ±

±

� � � � � � � � � �

� � � (12)

where 1 1(r ), (r / 2)sψ ψ +
� � �  and 2 2(r ), (r / 2)sψ ψ −

� � �  represent 
the wave functions of the projectile and the target nucleus, 
respectively, and νNN(s) shows the NN interaction between 
the two nuclei; thus, ( )FV R

�
 is the interaction potential 

between the two nuclei.
To calculate the wave function of each interacting 

nucleus, we assume that the interaction between the 
nucleons of each nucleus has a Yukawa form and solve 
the many-body equation using this potential. The wave 
function obtained for each nucleus is used to calculate 
the interaction potential using the DFM. In real physical 
processes, the interaction between two compound parti-
cles such as nuclei, atoms, and molecules is much more 
complicated than the interaction described by the central 
potential; however, the use of even such a simple model 
in many cases allows us to find the most important fea-
tures of the processes under consideration. Moreover, the 
results can be directly generalized for more difficult cases.

3  �Wave Equation
As stated, we must calculate the wave functions of two 
nuclei to find the interaction potential using the DFM. 
Because the nucleus is a many-body system, we examine 
the many-body wave equation. The Schrödinger equation 
for a system of the N fixed identical particles is

	

1
2

1 , 

1 ( ) (r ) 0
2 i

N

r ij ij
i i j i

V r E
m

ψ
−

= 〉

  − ∇ + − = 
  

∑ ∑
�

�

(13)

where rij = rj − ri is the relative coordinate of the particles 
and V(rij) is the interaction potential between the particles 
in terms of the relative distance of the pair in the two-body 
subsystem. It is known that the relative distance between 
the particles by the Jacobi coordinate transformation is

	
1

1

1r  1, 2, , 1
1

i

i i j
j

i r i N
i i

ξ +
=

 
= − = − +  

∑ …
�

(14)

There are N−1 Jacobi coordinates for the N-particle system. 
In this way, one can consider the center of mass of two 
arbitrary particles; the third particle location is consid-
ered to be relative to the center of mass of the two first 
particles and similarly for all particles. We now define the 
hyperradius [20] as

	 1/2
1 2 1( )Nx ξ ξ ξ −= + + +… � (15)

The hyperradius is composed of terms of the Jacobi coor-
dinates where each one contacts the center of mass of the 
subsystem for the remaining particles. The hyperradius 
is, thus, the relative distance of the particles from each 
other and from the center of mass. For the hyperspheri-
cal coordinates and D-dimensional space, the Laplacian 
is [21, 22]

	

2 21
2

2 2
1

d 1 d ( )
ddi

N

i

D
x xx xξ

Γ Ω−

=

 −∇ = + +  ∑
�

(16)

where 
2

2
( )
x

Γ Ω  is a generalization of the centrifugal barrier 

and Γ2(Ω) is the grand orbital operator with the following 
eigenvalues [23, 24]

	 2 ( ) ( 2)DΓ Ω γ γ= − + − � (17)

where 
1 2

2n l l
ξ ξ

γ = + + +…  is the grand angular quantum 
number, n is any non-negative integer, and 

1 2
, , l l

ξ ξ
…  

are the angular momenta associated with relative Jacobi 
coordinates ξ1 and ξ2,.. It then follows that the hyperradial 
Schrödinger equation in the D dimensions is [20–24]

	

2
1

1 2
1 1 d d ( ) ( ) (x) E (x)

2 d d
D

D x V x
m x xx x

Γ Ω
ψ ψ−

−

  − + + =  
    �

(18)

In this formalism, the potential between the parti-
cles depends only on the relative distance between them 
(hyperradius); thus, it is called the hypercentral potential. 
Here, the dimension is related to the number of particles 
in the center of mass coordinate D = 3N − 3, where N is the 
number of particles.

We intend to solve this D-dimensional wave equation 
for investigating each nucleus of two interacting nuclei 
system. Our focus in this work is on the hyperradial part 
of the wave equation.

3.1  �Finding the Wave Function

This section investigates a nucleus to obtain the radial 
wave function. We must solve the wave equation shown in 
(18). To do this, we must first identify the potential. When 
solving (18) with the specified potential for a nucleus, we 
assume that the potential is the internal interaction of the 
nucleus particles; thus, a short-range potential is required. 
Herein, we consider it to be the Yukawa potential as

	
(x)

x

o
eV v
x

α−

= −
�

(19)



982      F. Pakdel and A. A. Rajabi: Nucleus-Nucleus Interaction Using Wave Function

The potential placed in the D-dimensional equation 
is dependent on the hyperradius. The dependence on 
hyperradius x means, in general, that the potential has an 
N-body character. It is dependent only on the relative dis-
tance of the particles and it is invariant for anyrotation in 
D-dimensional space. The nature of the potential is two-
body, but it is dependent on the relative distance between 
the available particles. Herein, this potential is dependent 
on the relative distance between the N particles.

We are faced with two potentialsin this paper. The 
potential of this section is different from the potential used 
in Section 2. The M3Y interaction used in Section 2 is the NN 
interaction potential between two interacting nuclei, while 
the potential used in the wave equation is the imaginary 
potential for considering the internal interaction between 
the nucleons of each nucleus. We consider that this interac-
tion is the Yukawa potential. In other words, we consider 
that the internal interaction of nucleons of each interacting 
nucleus is Yukawa type and the interaction of them with 
the nucleons of another interacting nucleus is M3Y type.

In this way, and according to the eigenvalues of the 
centrifugal barrier, (18) becomes

	

1
1 2

1 1 d d ( 2) (x) E (x)
2 d d

x
D

oD
D ex v

m x x xx x

αγ γ
ψ ψ

−
−

−

  − + − − − =  
   

� (20)

To simplify the equation, we require the following approx-
imation and change the variable [25–27]

	

2
2

1 2  1
(1 )

x
x

x
e y e

x e

α
α

α
α

−
−

−≈ = −
− �

(21)

Substituting these into (20) produces

	

2

2

, 0
2

d (y) d (y) ( 1)( 3) 1(1 ) ( 2)
d 4d

( 2)
(y) 0

14
n l

D Dy y y D
y yy

m E mvy
y

ψ ψ
γ γ

ψ
αα

 − −− − − + + −  
−

− − =
− 

�

(22)

A solution for this wave equation [28, 29] is

	 (y) (1 ) ( )y y f yµ νψ = − � (23)

Rewriting Eq. (22) with this function produces

	

0
2

(1 ) ( ) [2 (1 ) 2 ] ( )

(1 )( 1) 2 ( 1)
(1 ) (1 )

(D 1)(D 3) 1 ( 2)( 2)
4 (1 )4

( ) 0

y y f y y y y f y

y y y
y y y

mVm E yD
y y

f y

µ ν

µ µ µν ν ν µ ν

γ γ
αα

− + − − −′′ ′

 −+ − − + − − + − −
 − − −− + + − + +    − 

=

� (24)
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Figure 1: The direct, exchange, and total nuclear interaction 
potential for 16O + 16O in terms of CDM3Y5-Reid density-dependent 
interaction using the DFM and D-dimensional calculations.

The general form of the hypergeometric equation [29] 
is

	 2 1

(1 ) ( ) [ ( 1) ] ( ) ( ) 0,
( ) F ( , , ; )

y y f y c a b y f y abf y
f y a b c y
− + − + + − =′′ ′

=
� (25)

According to this equation, (24) is a hypergeometric equa-
tion with solution f(y) = 2F1(a, b, c; y). We have solved this 
hypergeometric equation; the coefficients are calculated 
as follows

	
2 2

( 2) ( 2), , 2
4 4

m E m Ea b cµ ν µ ν µ
α α

− − − −= + + = + − =
�

(26)

2
1 1 ( 2) ( 2)1 ( 1)( 3) , 
2 2 4 4

D m ED D iγ γ
µ ν

α

+ − −= ± + − − + =

Using these coefficients, the radial wave function of a 
nucleus with a Yukawa internal interaction (N is the nor-
malization constant) is

	 2 2 2
2 1(x) (1 ) F ( , , ; 1 )x x xN e e a b c eα µ αν αψ − − −= − − � (27)

The wave function of each nucleus with a Yukawa 
internal interaction can be achieved by changing the 
number of nucleus particles and, consequently, the 
dimensions of Hilbert space (D = 3N − 3) using the above 
relation.

In the present work, we considered the 16O + 16O 
interaction. Using the wave function obtained for each 
nucleus, we numerically calculated the DFM integral. The 
nuclear, Coulomb, and total interaction potentials were 
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obtained for 16O + 16O, and the numerical results are shown 
in Figures 1 and 2.

On the other hand, we have investigated the scat-
tering problem using the partial wave method and have 
calculated the elastic scattering cross section [30, 31]. The 
numerical results are shown in Figure 3.

4  �Results and Discussion

The interaction potential between two colliding nuclei 
has been calculated using their wave functions. The goal 
was to evaluate the validity of substitution of the wave 
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Figure 2: The Coulomb and total interaction potential for 16O + 16O 
obtained from DFM using the D-dimensional space calculations.
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Figure 3: The obtained elastic 16O + 16O scattering data at 124 MeV 
compared with the experimental data [32].

functions of two colliding nuclei for their density dis-
tributions in the DF integral. The wave functions were 
obtained by solving the D-dimensional wave equation in 
hyperspherical space. The 16O + 16O interaction was inves-
tigated, and the exchange part of the nuclear interaction 
was taken to be in the finite range. The density depend-
ence of the NN interaction was accounted for. The numeri-
cal results for the nuclear, Coulomb, and total interaction 
potentials are presented in Figures 1 and 2. Figure 1 shows 
the difference between the direct and exchange parts of 
the nuclear interaction. It can be seen that the direct part 
has the larger values and tends to have a smaller slope 
toward zero. The slope is greater for the exchange part 
and the total nuclear interaction amounts tend toward 
zero slower than the exchange part amounts. Figure 2 
shows the Coulomb interaction potential and the total 
interaction potential. It can be seen that the height of the 
Coulomb barrier in R = 5 fm is 20.4 Mev.

Also the elastic scattering cross section was studied 
for E = 124 Mev, and the numerical results are compared 
with the experimental data in Figure 3 [32].

5  �Conclusions
The goal of this paper was to evaluate the usage of the 
wave functions of two interacting nuclei obtained from 
solving the D-dimensional wave equation using the hyper-
spherical formalism instead of their densities to calculate 
the interaction potential. According to Figures 1 and 2 of 
our previous work [33], we can see that usage of the differ-
ent forms of the NN interaction (M3Y-Reid or Paris, zero-
range or finite-range, density-dependent or independent) 
affects the results of our work. For example, it can be 
seen in that paper that the direct part of the interaction 
potential for the considered reaction has larger values 
and tends to have a smaller slope toward zero, while the 
slope is greater for the zero-range exchange part, and the 
finite-range amounts tend toward zero slower than the 
zero-range amounts [33]. All of these affect the height 
of the Coulomb barrier and so cross section values. Reid 
and Paris interactions produce very close results for the 
interaction potential and so have very similar results for 
the scattering cross section in our work that is almost 
indiscernible. Thus, in this work, we have used the finite-
range CDM3Y5-Reid density-dependent interaction, and 
its results are closer to the experimental data according to 
the results of our previous work.

It is also well known that the elastic scattering cannot 
be described correctly by using a purely real potential 
[34]. This is probably why our work got a rather erratic 
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differential cross section in Figure 3. To consider this 
point, we must resolve the D-dimensional wave equation 
with the imaginary part of the potential, and the imagi-
nary part of the wave function must be found. Then the 
DFM integral must be solved for this part with the obtained 
wave function. Because of the relation |ψψ*| in the DFM 
integral, the imaginary parameter (i) will be removed, and 
the interaction potential will be calculated with the real 
amount. Thus, the interaction potential will be the sum-
mation of the two parts.

The nuclear interaction potential does not vanish 
for large separation distances, say above 11 fm. It may 
be because of not removing some effects of DFM, like 
the contribution of the center of mass motion. Consider-
ing these points could possibly lead to more favorable 
results in our calculations. Investigation of these items 
will be the subject of our next work. According to the 
results of the current work, it seems that more favora-
ble results may be obtained by applying some needed 
corrections.
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