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Abstract: The way in which solitons propagate and col-
lide is an important theme in various areas of physics. We 
present a systematic study of the superposition of solitons 
in systems governed by higher-order equations related 
to the nonlinear Schrödinger family. We allow for arbi-
trary amplitudes and relative velocities and include an 
infinite number of equations in our analysis of collisions 
and superposed solitons. The formulae we obtain can be 
useful in determining the influence of subtle effects like 
higher-order dispersion in optical fibres and small delays 
in the material responses to imposed impulses.
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1  Introduction
The propagation [1] of solitons of the well-known nonlinear 
Schrödinger equation (NLSE) and their collisions [2] have 
been the subject of many works. Experiments have verified 
collision phenomena [3]. When two solitons have the same 
velocity and have no offset, then ‘breathers’ can appear. 
‘Breathers’ are nonlinear formations that vary periodically. 
The periodicity can be in the propagation direction (Ma 
type), as verified in [4], or in the transverse (Akhmediev 
type) direction, as observed in fibres in [5]. It can also be at 
an angle to each axis. These, too, have been analysed in [1] 
and have also been observed in water [6]. An initial condi-
tion with transverse shape sech(t) leads to the propagation 
of an unchanging soliton, whereas the initial condition 2 

sech(t) leads to the propagation of a periodic breather that 
can be regarded as a ‘second-order soliton’.

Recently, some higher-order equations have been 
considered as well, since they can have various applica-
tions, especially to propagation of short pulses in optical 
fibres. The Hirota equation includes third-order disper-
sion and a higher-order nonlinear term, so it can be 
useful in fibre studies. Breather-to-soliton conversion, for 
a system described by this equation, has been explained 
in [7]. The Sasa-Satsuma [8] and Hirota equations, and 
deviations from them, have terms describing third-order 
dispersion, self-steepening, and self-frequency shift. They 
have been studied in [9]. A still-higher-order equation, 
called a quintic equation due to its inclusion of fifth order 
dispersion, also supports solitons [10], breathers [11], and 
breather-to-soliton conversions [12].

Due to applications to pulses in optical fibres, wave 
formations in water and superposed waves in BECs 
[13], a full investigation is well worthwhile, and here we 
provide general results that can be useful in various areas 
of physics. Two relevant recent reviews describing Bose-
Einstein condensates are [14] and [15].

The basic Kerr effect, i.e., cubic nonlinearity, leads to 
the ubiquitous NLSE, and this then delineates nonlinear 
formations in fibres and water. However, this is not an 
exact representation of reality, since both fibres and water 
waves exhibit deviations from NLSE pulses. In fact, an 
infinite number of higher-order nonlinear Schrödinger-
type operators can be written down [16]. The full equation 
then can allow for higher orders of dispersion and non-
linearity, thus going well beyond the Kerr effect. Hence, 
a wider range of physical systems can be represented by 
adding combinations of these operators, to form a single 
equation with many terms. The full system still supports 
solitons, breathers, and rogue waves. In this article, we 
seek an understanding of the propagation of colliding 
solitons of the full system and especially the behaviour 
of superimposed solitons. In the reverse direction, meas-
urement of deviations from NLSE pulses (in water, fibres, 
plasma, etc.) could be used to determine the nature and 
form of the physical effects causing those deviations.

We consider an equation that includes an infinite 
number of functionals, where each has an arbitrary coef-
ficient. The whole infinite hierarchy is thus expressed:
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where each functional, Kp, depends on (x, t), and each 
coefficient, αp, p = 2, 3, 4, 5, …, ∞ is an arbitrary real 
number. In all expressions here, x is the propagation vari-
able and t is transverse variable (time in a moving frame), 
with the function |ψ(x, t)| being the envelope of the waves. 
Using one equation containing many functionals allows 
us to describe common and uncommon physical effects in 
fibres, water, and other systems. This then includes terms 
with low- and high-order derivatives in t.

The book [1] and many papers use 2
1 ,
2

α =  but it can 
take any value, including zero.

A general method, using a recurrence relation, to 
obtain each particular operator Kn, is given in [16]. For 
convenience, we present the first few operators.

	 2
2[ ( , )] 2 | | .ttK x tψ ψ ψ ψ= + � (2)

Clearly, iψx + α2K2 = 0 is the basic NLSE. Then

	 2
3[ ( , )] 6| | .ttt tK x tψ ψ ψ ψ= + � (3)

If α3 is nonzero, but all other αj’s are zero, then (1) 
reduces to the basic Hirota equation.

Next,

	 2 4 2 2 2
4[ ( , )] 8| | 6 | | 4 | | 6 2 .tttt tt t t ttK x tψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ∗ ∗= + + + + +

� (4)

If α4 is nonzero, but all other αj’s are zero, then (1) 
reduces to the ‘LPD’ equation.

Finally,
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If α5 is nonzero, but all other αj’s are zero, then (1) 
reduces to the ‘quintic’ equation.

Thus, the first term in each Kp is the t derivative of ψ of 
order p, viz. the dispersion of order p.

2  �Simple Expression for Single 
Soliton with Complex Parameter

We allow for an arbitrary parameter and seek a soliton 
solution that includes infinitely many operators. We 
thus define λ = a + ib. The real part, a, controls velocity, 
whereas the imaginary part, b, controls amplitude. We 
use the ansatz:

	 2 ( )2   sech[2 ( )]ai at x
kb e b t v xφψ − += + � (6)

where the terms can be expressed directly in terms of λ and 
its conjugate, λ*. We can determine the contribution from 
each αp separately and then add them to get the result that 
includes many contributions. The pattern thus revealed 
then allows us to present closed-form general solution 
and check its validity. For integer n, (n = 2, 3, … L), we 
define

( ) mod( 3, 4) mod( 1, 4) /2 2 cos (2 1) .
4

f n n n n π  = + − + = +    

Hence f(2) = −1, f(3) = 1, f(4) = 1, etc.
We have
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3  Second-order Solitons

3.1  Distinct Parameters

We now consider second-order solitons, i.e. cases where 
the ‘launch’ (x = 0) condition is a soliton of twice the basic 
soliton amplitude, viz. 2c sech(ct), where c is arbitrary. 
Results of the previous section suggest that we can use 
the basic NLSE solution (e.g. see eq. 3.81 of [1]), with α2 
not restricted to being 1/2, as an ansatz and then modify 
velocities, phases, and ‘stretching factors’ according to 
the contributions found for each individual functional 
form (with coefficient αp) in the full equation. Again, 
the determination of individual components indicates 
the final, relatively simple, form of these velocities, etc. 
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The general solution, for any number of operators in the 
hierarchy, is

	

cosh[3 ( )] 3 cosh[ ( )]
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while 
1 (3 )
4c b av v v= +  and 

1 (3 ).
2d b av v v= −  The coefficients 

relevant for the even terms are as follows:
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while By = Bz − ϕy. In all cases, ψ(0, t) = 2c sech(ct), indi-
cating that we have a second-order soliton. If α2 = 1/2 
and all other αj’s are zero, then this result reduces to 
the known NLSE result [1]. For an equation consisting of 
only even order operators, the pattern is of a propagation 
field which remains close to t = 0. For t = 0, the oscillation 
has a maximum value of |ψ(x, 0)|max = 4c and a minimum 
value of |ψ(x, 0)|min = 2c. An example is plotted in Figure 1; 

it resembles fig. 3.16 of [1]. For an equation consisting of 
only odd-order operators, the initial condition creates 
two solitons, one of which stays close to t = 0, while the 
other propagates on a tilt, i.e. it has nonzero velocity. An 
example is plotted in Figure  2; in these cases, for each 
soliton, the ‘collision’ at x = 0 just causes a lateral offset.

3.2  Two-soliton Breather

We now study nonlinear interference by setting the 
velocities a1 and a2 to 0. Here, the general solution, for real 
b1 ≠ b2, is
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Figure 1: Plot of breather, (7), using c = 1, α2 = 1/2, α4 = 1/8, with all 
other αj’s being zero. For t = 0, the amplitude ranges from 2 to 4.
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Figure 2: Plot of breather, (7), using c = 1, α3 = 1/4, α5 = −1/16, with 
all other αj’s being zero.
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coefficients relevant for the even terms are as follows:
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while Bd = Bg − ϕg.
The maximum value is |ψ(0, 0)| = 2|b1 + b2|. If α2 = 1/2 

and all other αj’s are zero, then this result reduces to the 
known NLSE result (e.g. see eq. 3.79 of [1]). For an equa-
tion consisting of only even order operators, the pattern is 
of a propagation field, with periodic peaks, which remains 
close to t = 0, so it resembles fig. 3.14 of [1]. We give an 
example, using b1 = 1, b2 = 3/2, with α4 = 1/4 and all other 
αj’s being zero in Figure 3.

3.3  Complex Equal Parameters

We now allow for complex parameters and seek a multi-
soliton solution with zero-phase difference between com-
ponents. We set a1 = −a2 = a, b1 = b2 = b, so the amplitudes 
are equal and velocities are opposite. We can thus define 
λ = a + ib. We get
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Figure 3: Plot of breather, (12), using b1 = 1, b2 = 3/2, with α4 = 1/4 
and all other αj’s being zero. Here the maximum amplitude is 5.

5 5

5 5

5 5

5 5

2 2

( , ) cosh( ){ cos[2 ( 4 ) ]cosh[2 ( 4 )]

sin[2 ( 4 ) ]sinh[2 ( 4 )]},

( , ) sinh( ){ sin[2 ( 4 ) ]sinh[2 ( 4 )]

cos[2 ( 4 ) ]cosh[2 ( 4 )]},

( , ) ( )cosh(

A x t hx a a t w x b t v x

b a t w x b t v x

B x t hx a a t w x b t v x

b a t w x b t v x

D x t a b

∆ϕ

∆ϕ

∆ϕ

∆ϕ

= + + +

− + + +

= + + +

+ + + +

= + 2
5

2
5

2 ) cosh[4 ( 4 )]

cos[4 ( 4 ) 2 ].

hx a b t v x

b a t w x ∆ϕ

+ +

− + +

Here, the phase difference between the two solitons 
is 2Δϕ = 2(ϕ1 – ϕ2). Interestingly, the terms can be 
expressed directly in terms of λ and its conjugate, λ*. The 
(real) coefficients relevant to even order operators are 
as follows:

2 2 2 2
2

1

2 2 4 2 2 4
2 4

6 4 2 2 4 6
6

8 6 2 4 4 2 6 8
8

2 ( 1) [ ( ) ]

2 ( ) 8 ( 6 )

32 ( 15 15 )

128 ( 28 70 28 ) ,

j j j j
j

j
k

a b a a b b

a a b a b b

a a b a b a b b

α λ λ

α α

α

α

∞
− ∗

=

=− − +

= − − − +

+ − + −

− − + − + +

∑

�

and

2 1 2 2
2

1

4 2 2 4
2 4 6

6 4 2 2 4 6 8 6 2
8 10
4 4 2 6 8

2 ( 1) [ ( ) ]

4 [2 16 ( )( ) 32 (3 10 3 )

512 ( 7 7 ) 512 (5 60

126 60 5 ) ]

j j j j
j

j
h i

ab a b a b a a b b

a a b a b b a a b

a b a b b

α λ λ

α α α

α α

∞
− ∗

=

= − −

= − − + + − +

− − + − + −

+ − + +

∑

�

The (real) coefficients relevant to odd order operators 
are as follows:
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If we set α2 = 1/2 and all other operator coefficients 
to zero, this form reduces to the known NLSE collision 
of two solitons with equal amplitudes (see e.g. eq. 3.78 
of [1]).
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4  Complex Arbitrary Parameters
We now allow for arbitrary parameters and seek a multi-
soliton solution that includes infinitely many operators. 
We thus define λm = am + ibm, m = 1, 2. The real parts control 
velocities, while the imaginary parts control amplitudes. 
We allow a1, a2, b1, b2, and all the αj’s to be arbitrary. We 
find
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Now the Sj are defined as follows:
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where Ωm(x, t) and Θm(x, t) are given as (25) to (26) in the 
Appendix. All the coefficients are given in the Appendix.

In fact, the coefficients can be simplified. We define a 
single factor, ϕm = km + 4amwm and also bmym = hm/2 + 4bmvm, 
m = 1, 2. Hence, we can now replace (25)–(30) of the 
Appendix with the following:
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where f(n) is as defined in Section 2. This represents a 
considerable generalisation of earlier results. It can be 
used to investigate behaviour in the complex λm planes. 
The remarkable point is that the nonlinear dynamics of 
soliton interactions and collisions can be specified by 
these rather simple compact formulae, even for systems 
that require very many terms for their description. If 
λ1 = λ2, then these coefficients reduce to the results found 
earlier in Section 3.3.

5  Soliton Superposition
Following the interpretation of parameters and specific 
loci on the complex plane, soliton superposition is a 
newly discovered phenomenon [10]. Here, in this work, 
we give explicit expressions for the locus plots, includ-
ing their analytic solution for the first few operators. 
Nevertheless, it is possible to extend the results to an 
infinite number of operators in the hierarchy. From (18), 
we obtain the required locus plots by equating y1 and y2 
for a given combination of αj’s. If we set α2 = 1/2 and leave 
α5 arbitrary, with all other operator coefficients (α3, α4, 
α6, α7) set to zero, this form reduces to the known quintic 
two-soliton result (see [10], noting that δ = α5). The veloc-
ity component of a soliton solution plays a central role in 
achieving soliton superposition. For a two-soliton solu-
tion, from (17), ym is the velocity of soliton m, with m = 1, 
2. The explicit expression for this velocity component for 
the infinite hierarchy is given in (18). In the following sec-
tions, we describe the mechanism for soliton superposi-
tion for the first few operators.

5.1  NLSE

The NLSE is the first and fundamental operator in the infi-
nite hierarchy, and it plays the lead role in terms of physi-
cal interpretation, as well as mathematical structure. For 
soliton superposition in the NLSE, firstly, we need to have 
a two-soliton solution with complex parameters. And this 
we can obtain from (17), with coefficient α2 alone. We will 
mainly focus on the velocity component ym, which is from 
(18), to achieve soliton superposition. The fundamental 
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criterion for soliton alignment follows from the relation 
y1 = y2, where the velocity components involve complex 
parameters λ1 = a1 + ib1 and λ2 = a2 + ib2. The real parts, a1, 
a2, of the complex parameters, λ1, λ2, are responsible for 
the velocities of soliton 1 and soliton 2, respectively.

Now for NLSE, if we set the relation y1 = y2, from (18), we 
have the simple relation a1 = a2 to achieve soliton alignment. 
Interestingly, for the NLSE, soliton alignment is independ-
ent of the imaginary parts of the complex parameters, b1 
and b2. As long as we keep the relation a1 = a2, we will get 
aligned profiles of the two-soliton solution for each point 
on the complex plane. For example in the Figure 4, we get 
two aligned profiles for the same real parts, whereas the 
imaginary parts are different. To see the effect of variation of 
imaginary part of the complex parameter, we keep λ2 fixed 
while changing λ1. In Figure 4a, we have a crater shape in the 
vicinity of the two collision peak, with a low value of b1 = 0.6 
in the parameter λ1. This crater shape becomes a chain 
shape with decreased frequency when b1 and b2 come closer 
to each other. For example, in Figure 4b, the chain shape 
forms with b1 = 1.1 while b2 = 1.5. However, we know that, if 
λ1 = λ2, we will have a degenerate two-soliton solution and 
we do not have soliton superposition [17].

5.2  Hirota Equation

Unlike the NLSE, the next higher-order operator, which is 
the Hirota operator, possesses a more complicated mecha-
nism for soliton superposition. In this case, soliton align-
ment can be presented on the complex plane. From (18), 
the velocity component for Hirota operator is

2 2
2 34[ ( 3 )].m m m my a b aα α= + −

So, setting y1 = y2, we find, for any α2:

	

2 2 2 2 2
1 1 2 2 2 1

3

3 3 ( ).b a a b a a
α

α
= − + + −

�
(19)

Figure 4: Examples of soliton superposition for the NLSE, with 
parameters (a) λ1 = 0.5 + 0.6i and λ2 = 0.5 + 1.5i and (b) λ1 = 0.5 + 1.1i 
and λ2 = 0.5 + 1.5i with α2 = 1/2.

If we plot these solutions, (19), for α2 = 1/2, we get the 
locus on the complex plane presented in Figures  5 and 7 
for specific values of parameters λ1, λ2. Each point on these 
loci will give us aligned or superposed solitons with differ-
ent patterns. However, we only consider the upper half of 
the complex plane indicated by the solution with positive 
values of b1. In Figure 5, we keep parameter λ1 arbitrary, 
whereas λ2 is fixed. The red thick, dashed, and dotted lines 
are for varied values of α3 = 1/3, 1/9, and 1/13, respectively. 
With the decreased positive values of α3, the loci shift their 
positions from left to right. The lower half (negative b1) is 
symmetric and we disregard it for the moment. Although 
the alignment condition y1 = y2 has been solved for b1 for 
convenience, it can be solved for any arbitrary parameters, 
a1, a2, b2. As a1, a2 control the soliton velocity, we again 
solve the soliton alignment condition numerically to find 
the exact value of a1 for which two solitons are aligned. For 
λ1 = a1 + i and λ2 = 1/2 + i with α3 = 1/2, we get a1 = −0.16667 or 
0.5. The ‘magenta star’ corresponds to a1 = −0.16667. Then 
a1 = 0.5 corresponds to a value which give us a degenerate 
condition and so we disregard this value, as the solution 
will be indeterminate. To construct the locus plot Figure 5, 
we use a positive real part of λ2, while keeping λ1 positive. 
In general, with a positive real part, the soliton goes from 
right to left. However, in Figure 5, the ‘magenta star’ has a 
negative real part, so the aligned soliton goes from right to 
left; in other words, all the points on the locus in Figure 5 
will give aligned solitons going from right to left, regardless 
of the signs of a1, a2 in the complex parameters. Examples 
of superposition are shown in Figure 6.

Similarly, in Figure  7, we use negative λ2, whereas 
λ1 is positive, and we get a different locus plot, provid-
ing different aligned structure of soliton superpositions. 
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Figure 5: Locus plot from (19) for soliton superposition of Hirota 
equation for parameters λ2 = 1/2 + i and λ1 = a1 + ib1 while α3 = 1/2, 
1/9, and 1/13.



A. Ankiewicz and A. Chowdury: Superposition of Arbitrary Parameter Solitons      653

For  example, the ‘red square’ and the ‘pink circle’ in 
Figure 7 give two different superposed structures. Regard-
less of the signs of the real parts of the parameters that 
control the velocities, including directions, both of the 
aligned pictures, Figure  8a,b, go from left to right. All 
the points on the locus in Figure 7 will give superposed 

Figure 6: Examples of soliton superposition, from (19), for para
meters (a) λ1 = −0.16667 + i and λ2 = 1/2 + i (b) λ1 = 1.6667 + i and 
λ2 = 1/2 + i while α3 = 1/13.
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Figure 7: Locus plot, from (19), for parameters λ2 = −1/2 + 1.2i and 
λ1 = a1 + ib1 while α3 = 1/3, 1/9 and 1/13.

Figure 8: Examples of soliton superposition with parameters 
(a) λ1 = −0.4689 + 1.1i and λ2 = −1/2 + 1.2i (b) λ1 = 1.9689 + 1.1i and 
λ2 = −1/2 + 1.2i while α3 = 1/9.

solitons in same direction with basically these two types 
of structures with specific values of λ1 and λ2. A diverse 
range of structures can be obtained, depending on the 
ranges of the parameter values.

Now, if α3 = 0 and α2 ≠ 0, then there is no solution apart 
from a1 = a2. When α2 → 0 and α3 ≠ 0 then, from (19):

	 2 2 2 2
1 1 2 23 3 .b a a b= − + � (20)

The expression is independent of α3 and 
2 2 2 2
1 2 1 23 3 ,b a a b+ = +  which is an ellipse. From (19) with 

α2 = 1/2, we use a positive value of b1; this covers the upper 
half of the complex plane. From symmetry, a negative value 
of b1 covers the lower half of the complex plane. Every point 
on the curve gives an aligned soliton and their structures fall 
into two categories, similar to Figure 8a,b, corresponding to 
either the ‘red square’ or the ‘pink circle’ in Figure 7. Exam-
ples of soliton superposition forms are shown in Figure 8.

5.3  LPD Equation

From (18), the velocity component for fourth-order opera-
tor or LPD equation can be given as

2 2
2 44 [ 8( ) ],m m m my a b aα α= + −

where m = 1, 2 for soliton 1 and soliton 2, respectively, in 
the two-soliton solution. Now setting y1 = y2, we get, for 
any α2:

	

3 3 2
1 2 2 22 2

1 2 1
1 1 4

( ).
8

a a a b
b a a

a a
α

α

− +
= + −

�
(21)

Figure  9 is the locus plot for soliton superposition 
in LPD equation, taking α2 = 1/2. We take parameters λ1 
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Figure 9: Locus plot, from (21), for parameters λ2 = 1/2 + 1.2 and 
λ1 = a1 + ib1 while α4 = 1/8, 1/32 and 1/64, indicated by solid, dashed, 
and with dotted lines, respectively.
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arbitrary with λ2 = 1/2 + i, and plot results for parameter 
values α4 = 1/8, 1/32, and 1/64. All the points on these lines 
give superposed solitons with various structures. However, 
with the same parameters as those used in the Hirota case, 
the structures are mostly similar to the superposed struc-
tures of the Hirota equation. New types of structures are 
possible, depending on the particular ranges of parameter 
values. Now, if we use λ2 = −1/2 + i with λ1 = a1 + ib1, we get a 
symmetric locus plot of Figure 9. This specific case is only 
valid for even-order operators. Below, for the quintic case, 
we will see that we get an asymmetric locus plot for ±am in 
λ2 while λ1 is arbitrary. This is also valid for the Hirota equa-
tion – note Figures 5 and 7.

Now with α2 = 0, while keeping α4 ≠ 0 and setting the 
velocity components to be equal, y1 = y2, we get, from (21 ):

3 3 2
1 2 2 22

1
1

.
a a a b

b
a

− +
=

The locus plot of this expression resembles that of 
Figure 9, except that it is independent of α4, and one can 
get similar superposed soliton structure as in Figure 8.

We can write a general expression for b1, including the 
effects of α2, α3, and α4. We find

2
1

3 4 18
Fb

aα α
=

+

where

	

3 3 2 2 2 2
4 1 2 2 2 3 1 2 2

2 2 1

8 ( ) (3 3 )
( ),

F a a a b a a b
a a

α α

α

= − + + − +
+ −

�
(22)

assuming that α3 and α4 are not both zero. For example, 
(22) reduces to (21) when α3 = 0.

5.4  Quintic Equation

Now, the velocity component for the fifth-order operator 
or the quintic equation can be given as

4 2 2 4
2 54[ 4 (5 10 )].m m m m m my a a a b bα α= + − +

As we can see, this expression is a fourth-order poly-
nomial. Therefore, setting y1 = y2 will give us four solu-
tions, in two pairs. In each pair of solutions, each is the 
complex conjugate of the other. Among the two pairs 
of solutions, one gives a locus on the upper half of the 
complex plane, whereas the other remains on the lower 
half. As we explained earlier, we will keep only the solu-
tions that represent loci on the upper half of the complex 
plane. Nevertheless, both pairs are symmetric.
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Figure 10: Locus plot, from (23) with α2 = 1/2, for parameters 
λ2 = 1/2  + i and λ1 = a1 + ib1 while α5 = 1/16, 1/64 and 1/128 for the 
solid, dashed, and dotted lines, respectively.
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Figure 11: Locus plot, from (23) with α2 = 1/2, for parameters 
λ2 = −1/2 + i and λ1 = a1 + ib1 while the solid, dashed, and dotted lines 
are for α5 = 1/16, 1/64, and 1/128, respectively.

Now, setting y1 = y2, we have, for any α2:

	

2 2 4 4 2 2 4 2
1 1 1 2 2 2 2 2 1

5

15 4(20 5 10 ) ( ).
2

b a a a a b b a a
α

α
= ± + − + + −

�
(23)

In Figure  10, we take parameter λ2 = 1/2 + i, and in 
Figure  11, λ2 = −1/2 + i, keeping λ1 = a1 + ib1 arbitrary for 
both. The curves are for α5 = 1/16, 1/64, and 1/128 in both 
locus plots. In most cases, the structure of the super-
posed soliton on the locus plot resembles that of the 
superposed soliton in the Hirota case. However, infi-
nitely many varieties can be possible as we change the 
parameter values. Two examples can be found in our 
previous work [10].

Now if we take α2 = 0 and set y1 = y2, we have, from (23),

	 2 2 4 4 2 2 4
1 1 1 2 2 2 25 20 5 10 .b a a a a b b= ± + − + � (24)
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This expression is independent of α5. A representa-
tive locus plot is depicted in Figure 12. Interestingly, nega-
tive values of a2 do not change the locus plot; this is quite 
obvious, since it has even powers in the polynomial.

5.5  Sextic Equation

Now, if α6 is the only nonzero αj, then we can factor as 
follows:

2 2 2 41
1 1 1

1 6

16( 5 /3) ,
192 9

y
b a a

a α
= − −

and so still obtain a simple form for b1:

5 5 3 2 42
1 2 2 2 2 22 1

1
1

16 9 30 95 1
3 3

a a a b a ba
b

a
+ − +

= ±

6  �Possible Extension to  
Sasa-Satsuma Equation

It may be possible to extend the approach presented here to 
the Sasa-Satsuma equation [8, 18–20]. It contains similar 
terms to those in the above-mentioned Hirota equation. 
Perturbations on both of these have been studied [9].

7  Conclusion
We have studied the propagation and superposition of 
solitons in systems governed by higher-order nonlinear 
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Figure 12: Locus plot, from (24), for parameters λ2 = 1 + i is for the 
solid, λ2 = 1/2 + i is for the dashed, and λ2 = 1/10 + i is for the dotted 
line while λ1 = a1 + ib1 is arbitrary.

Schrödinger-type equations. Such equations can have any 
number of operators contained within them. This allows 
for inclusion of subtle higher-order physical effects in 
fibres, oceanic waves, and superposed waves in BECs. We 
have given formulae for complex parameter pulses and 
also given conditions for soliton copropagation.
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Appendix
The coefficients for Section (4) are

	 ( , ) ( 4 ),m m m m mx t a t x k a wΩ = + + � (25)

and

	
( , ) 4 .

2
m

m m m m

h
x t b t x b vΘ

 
= + +  

�
(26)

Now, the terms can be expressed directly in terms of 
the parameters, λm, and their conjugates, .mλ∗

For these (25) and (26), the (real) coefficients relevant 
to even order operators are

	

2 2 2 2
2

1

2 2 4 2 2 4
2 4

6 4 2 2 4 6
6

8 6 2 4 4 2 6 8
8

2 ( 1) [ ( ) ]

2 ( ) 8 ( 6 )

32 ( 15 15 )

128 ( 28 70 28 ) ,

j j j j
m j m m

j

m m m m m m

m m m m m m

m m m m m m m m

k

a b a a b b

a a b a b b

a a b a b a b b

α λ λ

α α

α

α

∞
− ∗

=

=− − +

= − − − +

+ − + −

− − + − + +

∑

�
� (27)

and

	

2 1 2 2
2

1

2 2 4 2 2 4
2 4 6
6 4 2 2 4 6 8 6 2

8 10
4 4 2 6 8

2 ( 1) [ ( ) ]

8 [ 8 ( ) 16 (3 10 3 )

256 ( 7 7 ) 256 (5 60

126 60 5 ) ]

j j j j
m j m m

j
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h i

a b a b a a b b
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α λ λ

α α α

α α

∞
− ∗

=

= − −

= − − + − +

− − + − + −

+ − + +

∑

�� (28)

The (real) coefficients relevant to odd order operators 
are

	

2 3 2 1 2 1
2 1

=1

2 2 4 2 2 4
3 5

6 4 2 2 4 6
7

1 2 ( 1) [ ( ) ]

( 3 ) 4 ( 10 5 )

16 ( 21 35 7 ) ,

j j jj
m j m m
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α λ λ

α α

α
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and

	

2 3 2 1 2 1
2 1

1

2 2 4 2 2 4
3 5

6 4 2 2 4 6
7

2 ( 1) [ ( ) ]
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(30)
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