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Abstract: Based on the modified direct method, the 
variable-coefficient perturbed mKdV equation is changed 
to the constant-coefficient perturbed mKdV equation. The 
truncated Painlevé method is applied to obtain the nonlo-
cal symmetry of the constant-coefficient perturbed mKdV 
equation. By introducing one new dependent variable, 
the nonlocal symmetry can be localized to the Lie point 
symmetry. Thanks to the localization procedure, the finite 
symmetry transformation is presented by solving the ini-
tial value problem of the prolonged systems. Furthermore, 
many explicit interaction solutions among different types 
of solutions such as solitary waves, rational solutions, 
and Painlevé II solutions are obtained using the symme-
try reduction method to the enlarged systems. Two special 
concrete soliton-cnoidal interaction solutions are studied 
in both analytical and graphical ways.
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1  Introduction
The mathematical theory of soliton collisions in the integra-
ble models is a well developed field. Among these soliton 
collisions, multi-peakon, multi-soliton, multi-cuspon, and 
soliton-cuspon solutions have been widely investigated 
[1–6]. However, the interaction solutions among different 
types of nonlinear excitations are hardly studied. Recently, 
the localization procedure related with the nonlocal sym-
metry to find these types of interaction solutions has been 
proposed [7–10]. The method has been applied some con-
stant-coefficient nonlinear systems [7–12]. In this article, 

we can use this method to variable-coefficient perturbed 
mKdV equation. The model can describe both the plasma-
sheath transition layer and the sheath inner layer [13]. The 
investigations on the variable-coefficient perturbed mKdV 
equation is transformed to the constant-coefficient one by 
the modified direct method. The Painlevé method analysis 
is carried out on the constant-coefficient perturbed mKdV 
equation. The nonlocal symmetry of the equation is con-
structed. The finite symmetry transformation related with 
the nonlocal symmetry is obtained by solving the initial 
value problem of the Lie’s first principle. The interaction 
solutions among solitons and other complicated waves 
including the Painlevé waves, rational waves, and peri-
odic cnoidal waves of the perturbed mKdV equation are 
derived by the symmetry reduction method. Those interac-
tion solutions are difficult to obtain with other traditional 
methods, such as inverse scattering method [14], Darboux 
and Bäklund transformations [15, 16], Hirota’s bilinear 
method [17], and so on [18–22].

The structure of this article is as follows. In Section 2, 
based on the modified direct method, the variable-
coefficient perturbed mKdV equation is changed to the 
the constant-coefficient perturbed mKdV equation. In 
Section 3, the nonlocal symmetry for the perturbed mKdV 
equation is obtained with the truncated Painlevé method. 
The finite symmetry transformation is given by localiza-
tion of the nonlocal symmetry to the Lie point symme-
try. In Section 4, the prolonged systems are investigated 
according to the Lie point symmetry theory. The interac-
tion solutions are presented by the symmetry reductions. 
The last section is a short summary and discussion.

2  �Modified Direct Method for 
Perturbed mKdV Equation

The modified direct method is a powerful and direct 
method to investigate the nonlinear equations [23, 24]. 
The expression of the finite transformations of the Lie 
groups is much simpler than those obtained via the stand-
ard approaches such as the classical Lie group approach 
[18], the nonclassical Lie group approach [25], and the 
Clarkson–Kruskal direct method [26]. In this section, 
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we can perform the modified direct method to study 
the variable-coefficient perturbed mKdV equation. Via 
the modified direct method, the investigations on the 
variable-coefficient perturbed equation can be based on 
the constant-coefficient one.

The variable-coefficient perturbed mKdV equation 
reads

	 2 2 6 ( ) 0,t x x x x x xu u u u u u h t uβ′ ′ ′ ′ ′ ′ ′− + + + =′ ′ ′ ′ ′ ′ ′ ′ � (1)

where β is arbitrary constant and h(t′) is an analytic func-
tion. It has been used to consider attention in many dif-
ferent physical fields including ocean dynamics [27], 
fluid mechanics [28], and plasma physics [13]. The multi-
solitonic solutions in terms of the double Wronskian of (1) 
is obtained by the reducing technique [29].

Based on the modified direct method [23], the solu-
tion of (1) has a following form

	 ( , ),u u x tν µ= +′ � (2)

where ν, μ, x, and t are functions of x′ and t′. We assume 
that the field u satisfies the following constant-coefficient 
perturbed mKdV equation

	 2 2 6 0.t xxx x x xu u u u uu uβ− + + + = � (3)

By substituting (2) into the variable-coefficient per-
turbed mKdV system (1) and collecting the coefficients of 
u and its derivatives, we obtain

	

11 2 1 2
222 2 2 2

3
2 2

1 1 23
2 2

3 ( ( )d )9 33 , , ,
9 9 9

27 , 1, 1.
(9 )

x h t t
x B

t B t

δδ δ δ δ
ν µ

ββ β β β

β
δ δ

β

−′ ′ ′
= − = = +

− − −

= + = =′
−

∫

�

(4)

where B1 and B2 are arbitrary constants.

Remark Once we obtain the solution of constant-
coefficient perturbed mKdV equation (3), then the solu-
tion for the variable-coefficient perturbed mKdV equation 
will be expressed as (2).

3  �Nonlocal Symmetry and its 
Localization for Perturbed mKdV 
Equation

In this section, the Painlevé analysis is carried out the per-
turbed mKdV equation. The nonlocal symmetry and the 

finite symmetry transformation for the equation can be 
constructed by the Painlevé analysis.

According to the Painlevé test, one suppose u is [30]

	
0

1,
u

u u
φ

= +
�

(5)

where the function φ is an arbitrary function defining the 
singular manifold by φ = 0. By substituting of expansion 
(5) into (3) and vanishing the most dominant term, we 
obtain

	
0

6 .xu φ
β

=±
�

(6)

We proceed further and collect the coefficient of φ−3 
to get

	
1 2

6 3 .
2

xx

x

u
φ

β φ β
= −

�
(7)

Substituting the expressions (5), (6), and (7) into (1), 
one find the following Schwarzian perturbed mKdV form

	

2

2

9
{ ; } 0,t

x

x
βφ

φ
φ β

−
+ + =

�
(8)

where 
2

1{ ; }
2

xx xx

x x

x
x

φ φ
φ

φ φ

   ∂= −   ∂    
 is the Schwarzian 

derivative.
By the definition of residual symmetry (RS) [10], the 

nonlocal symmetry of the perturbed mKdV equation (1) 
reads out from the truncated Painlevé analysis (5)

	

6 .u
xσ φ

β
=±

�
(9)

The nonlocal symmetry (9) can also be given using (8) 
and (7) [11, 12]. The Schwarzian form (8) is invariant under 
the Möbious group [30]

	
, .

a b
ac bd

c d
φ

φ
φ

+
→ ≠

+
�

(10)

It means that (8) possesses the symmetry

	 2( ) ,b a b aφσ φ φ= + + + � (11)

where the constants are d = 1, c = –ε in (10). The nonlo-
cal symmetry (9) will be obtained with substituting the 
Möbious transformation symmetry (11) into the symmetry 
equation of (7).

According to the Lie’s first principle, the initial value 
problem related with the nonlocal symmetry (9) reads
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0

d 6 ,   | .
d x
u u uφ

β ==± =
εε �

(12)

To solve the initial value problem (12), one can local-
ize the nonlocal symmetry to the local Lie point symme-
try for the prolonged systems (10). To eliminate the space 
derivative of field φ, the potential field is introduced

	 .x gφ = � (13)

With the help of (5), we obtain an auto-Bäklund trans-
formation of (3). u1 is also a solution of (3). It is easily veri-
fied that the solution of the symmetry equation for the 
prolonged systems (3), (7) and (13) gives

	

26 ,   ,    2 .u gg gφσ σ φ σ φ
β

= = =
�

(14)

The initial value problem (12) is correspondingly 
changed

	
0

d 6 , | ,
d
u g u u

β == =
εε �

(15a)

	
2

0
d , | ,
d
φ

φ φ φ== =
εε �

(15b)

	
0

d 2 , | .
d
g g g gφ == =

εε �
(15c)

By solving the above initial value problem (3) for the 
enlarged perturbed mKdV systems, we get the following 
BT theorem.

Theorem 1 If u, φ and g are solutions of the enlarged per-
turbed mKdV systems (3), (7), and (13), then u̅, φ̅, and g̅ are 
also solutions of the enlarged perturbed mKdV systems

	
2

6 , , ,
( 1) 1 (1 )

g gu u gφ
φ

β φ φ φ
= − = =

− − −
ε
ε ε ε �

(16)

where ε is an arbitrary group parameter.

4  �Similarity Reductions Related 
with Nonlocal Symmetry

Thanks to the localization process, the nonlocal sym-
metry becomes the usual Lie point symmetry in the pro-
longed systems. The symmetry reduction related with the 
nonlocal symmetry can be performed by the Lie point 

symmetry method (18). These similar reduction solutions 
can not be obtained within the framework of the direct 
Lie’s symmetry method.

Based on the symmetry definition, the prolonged 
systems are invariance under the transformation

	 ,   ,    ,u gu u g gφσ φ φ σ σ→ + → + → +ε ε ε � (17)

with the infinitesimal parameter ε. The corresponding Lie 
point symmetries σk (k = u, φ, g) are the solutions of the 
linearized prolonged systems (1), (7), and (13), (18)

	 2 26( ) ( ) 0,u u u u u
t xxx x x xu uσ σ σ β σ σ− + + + = � (18a)

	
2

6 6 0,
2 2

u xx x xx

x x

φ φσ σ φ
σ

β φ β φ
− + =

�
(18b)

	 0.g
x
φσ σ− = � (18c)

The symmetry components σk (k = u, φ, g) are sup-
posed to have the forms

	 ,u
x tXu Tu Uσ = + − � (19a)

	 ,x tX Tφσ φ φ Φ= + − � (19b)

	 ,g
x tXg Tg Gσ = + − � (19c)

where X, T, U, Φ, and G are functions of x, t, u, φ, and 
g. Substituting (19) into the symmetry equation (18) and 
requiring u, φ, and g to satisfy the prolonged systems, 
we get the over-determined equations with collecting the 
coefficients of u, φ, g, and its derivatives. Solving the over-
determining equations leads to the infinitesimals X, T, U, 
Φ, and G as

	
231 1 1

4 1 2 5 62

3 1 1 1
5 3 2

6 2
,  ,    ,

3 3 6
6

,   ,
3 3 3

CC C C
X x t t C T C t C C C

C C C C
G g g C g U u C g

β
Φ φ φ

β

β
φ

β

= − + + = + = + −

= − + = − + −

�
(20)

where Ci (i = 1 ··· 6) are arbitrary constants. The symme-
try will degenerate to the usual Lie point symmetry of the 
original (3) with C3 = 0. The similarity solutions associated 
with the infinitesimal symmetries (20) can be given with 
the symmetry constraint condition σk = 0 defined by (19). 
It is equivalent to solve the related characteristic equation

	

d d d d d ,t x u g
T X U G

φ
Φ

= = = =
�

(21)

where X, T, U Φ, and G satisfy (20). Three subcases are 
distinguished concerning the solutions in the following.
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Case I C1 ≠ 0, C2 ≠ 0. We take the parameter 
2

3 6 56 6 9C C C∆ β= +  for simplicity. Two situations with 
Δ ≠ 0 and Δ = 0 are discussed, respectively.

When Δ ≠ 0, the similarity solutions are the 
following forms after solving out the characteristic 
equation (21)

	

5
1 1 2

1 33

tanh ( ln( ) ,
6 26

C
C C t C

C CC
∆ ∆

φ Φ
ββ

 
=− + + −  

�
(22a)

	

1
23

1 2 1 1 2
1

,
( ) cosh ( ln( )

6

Gg
C t C C C t C

C
∆

Φ

=−
 

+ + +   �

(22b)

	

3
1 1 21 1

13 3
1 2 1 2

1 2
2

1 2

6
tanh ( ln( )

6
( ) ( )

3(2 )
,

8 ( )

CUu G C C t C
C

C t C C t C

C t C
C t C

∆
Φ

∆

β

 
= − + +  + +

−
−

+�
(22c)

where three group invariant functions Φ = Φ(ξ), G = G(ξ), 
and U = U(ξ) and the similarity variable

	

1 2 1 4 1 2
1 1

2 3 3
1 1 2 1 1 2

9( 3 ) 3 3
.

( ) ( )

C t C C x C C t C

C C t C C C t C
ξ

β

+ + − −
= +

+ +
�

(23)

It is obvious that C1 cannot equal to zero for (23). The 
situation with C1 = 0 will be studied in case II. Substituting 
(22) into (7), (8), and (13), the invariant functions G, U, and 
Φ satisfy the reduction systems

	

2

3

6 ,
36

G
C ξ

∆
Φ

β
=−

�
(24a)

	

1 2
2

2 3
1 2

9(2 3 )6 ,
2

8 ( )

C t C
U

C t C

ξξ

ξ

Φ

β Φ
β

+
= −

+
�

(24b)

where Φ satisfies a three-order ordinary differential equa-
tion (ODE)

	 2 4 2 2
118 6 27 18 0,C

ξ ξξξ ξ ξ ξξ ξ
Φ Φ ∆ Φ ξΦ Φ Φ− + − − = � (25)

which is just the second Painlevé (PII) equation. Once 
one get the solution of Φ from (25), the explicit solution 
of (3) would be immediately obtained through (24) and 
(22). The following reduction theorem for the perturbed 
mKdV equation (1) can be obtained through above 
calculations.

Theorem 2 If Φ is a solution of the PII (25), then u given by

	

1 1 21
13

1 2

1 2
3

1 2

tanh ( ln( )
6

6 ( )

6 3 ,
2 ( )

u C C t C
C

C t C

C t C

ξ

ξξ

ξ

∆ ∆
Φ Φ

β

Φ

Φ β
β

 
=− + +  +

− −
+ �

(26)

is also a solution of the perturbed mKdV equation with ξ 
determined by (23). It is obvious that (26) can be consid-
ered as the interaction solution between the explicit soli-
tary wave and the general Painlevé II wave. The generic 
solutions of PII (25) are transcendental. We can get the 
rational solutions and Bessel and Airy function solutions 
of PII at special values of the parameters in (25) (7). The 
rich interaction solutions for the perturbed mKdV equa-
tion (3) can be thus obtained through (26).

For the rational solution of (25), it has a solution

	 3ln( ),aΦ ξ= � (27)

where the constants in (25) should satisfy C1 = 1, Δ2 = 1. 
Then a rational solution of (3) is given using (26)

	

3 1
3

23 2

6(2 1) 3 ,   ( 3 ) .
( 1)
aX

u X C t
X aX

ξ

β ξ ξ β

−
=− − = +

+ �
(28)

When Δ = 0, following the similar steps of the above 
case Δ ≠ 0, the similarity solutions are

	

5 1

3 3 1 1 2

6 6
,

2 ( ln( ))
C C
C C C C t C

φ
β β Φ

=− −
+ +

�
(29a)

	

1
23

1 2 1 1 2

,
( ) ( ln( ))

Gg
C t C C C t CΦ

=
+ + +

�

(29b)

	

3
1 1 2
3 3

1 2 1 1 2 1 1 2

3 ,
3

( ) ( ) ( ln( ))

C GUu
C t C C C C C C t C

β
Φ

= − −
+ + + +

�

(29c)

where 1 2 1 2 4
1 1

2 3 3
1 1 2 1 1 2

9( 3 ) ( ) 3( )
.

( ) ( )

C t C C t x C C

C C t C C C t C
ξ

β

+ − + −
= −

+ +
 Substitut-

ing (29) into (7), (8), and (13), the invariant functions Φ, G, 
and U satisfy the reduction systems

	

2
1

3

6C
G

C ξ
Φ

β
=

�
(30a)

	

6 ,
2

U ξξ

ξ

Φ

β Φ
=

�
(30b)

where Φ satisfies an ODE
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	 2 2
16 2 6 9 0.C

ξ ξ ξ ξξξ ξξ
Φ ξΦ Φ Φ Φ− − + = � (31)

In the same way, we can get the reduction theorem.

Theorem 3 If Φ satisfies a special PII (31), the explicit solu-
tion of perturbed mKdV equation is provided as

	

1
1 1 2

1 1 23 3
1 2 1 2

66 3 .
( ln( ))

2 ( ) ( )

C
u

C C t C
C t C C t C

ξξ ξ

ξ

Φ Φ

Φ Φ β
β β

= − −
+ +

+ +

� (32)

It is obvious that the solution (32) of the perturbed 
mKdV equation represents the interaction between a loga-

rithm of singularity 
1
3

1 2ln( )C t C+  and a Painlevé II wave.

Case II C1 = 0, C2 ≠ 0. We also redefine the parameter 
2

3 6 56 6 9C C C∆ β= +  for facilitating the later compu-
tation. Two situations with Δ ≠ 0 and Δ = 0 are given, 
respectively.

When Δ ≠ 0, similar procedure as case I, the similar-
ity solutions are given after solving out the characteristic 
equations (21)

	

5

23 3

3
tanh ( ) ,

66 6
C

t
CC C

∆ ∆
φ Φ

β β

 
=− + −′  

�
(33a)

	

2

2

,
cosh ( )

6

Gg
t

C
∆

Φ

′=−
 

+′   �

(33b)

	

3

2

6
tanh ( ) .

6
C

u U G t
C
∆

Φ
∆

 
= − +′ ′ ′   �

(33c)

where 4

2

.
C

x t
C

ξ= −  Similar as above case, we will discuss 

the situation with C1 = C2 = 0 in case III. The reduction 
systems present as

	

2

2 3

6
36

G
C C ξ

∆
Φ

β
=−′ ′

�
(34a)

	
2

6 3 ,
2

U ξξ

ξ

Φ

β Φ β

′
= −′

′
�

(34b)

where Φ′ satisfies the following ODE

	

2
2 2 44

2 2
2 2

9 31 0.
2 18

C
C Cξ ξ ξ ξξξ ξξ ξ

∆
Φ Φ Φ Φ Φ Φ

β

 
+ − − − + + =′ ′ ′ ′ ′ ′   �

(35)

The general solution of (35) can be solved out in terms 
of Jacobi elliptic functions (11).

Theorem 4 Once one get the solution of Φ′ for (35), the 
explicit solution of the perturbed mKdV equation will be 
read as

	
2

22

6 3tanh ( ) .
2 66

u t
CC

ξξ
ξ

ξ

Φ ∆ ∆
Φ Φ

β Φ ββ

′  
= − + −′ ′ ′  

�
(36)

This type of the solution (36) is just the explicit inter-
actions between one soliton and cnoidal periodic waves. 
To show more clearly of this kind of solution, we give two 
special cases. Type 1. The special solution for the reduc-
tion (35) is

	 1 1 (sn( , ), ,  ),k a E k m n m
π

Φ ξ ξ= +′ � (37)

where k1, a1, k, n, and m are constants and E
π
 is the third 

incomplete elliptic integral. Using the theorem (4), the 
special soliton-cnoidal wave interaction solution u for (3) 
can be expressed by Jacobi elliptic functions

	

2 2
1 1 1 1

2 2 22
1 1 12

( ) 6 3
( 1)( )6 (1 )

nk S a k k na k SCD
u T

nS nk S a k kC nS
∆

β ββ

− −
= + −

− − −−
�
(38)

where S = sn(kξ, m), C = cn(kξ, m), D = dn(kξ, m), 
1 1

2 2

tanh ( , , ) .
6 6
a k

T E S n m
C Cπ

∆ ∆
ξ

 
= +  

 Substituting (37) into 

(35) and vanishing all the coefficients of different powers 
of sn, the nontrivial solution for constants are

	

21 2 2 2
1 4 2 2 2

1 1

3 3 2 2 2 2
1 1 1 2 1

2 2 2
1 1

( 1) 9
,   2 ,

2

(4 1) 3 (4 1)
,   .

2

k n C C C
a C C C k

k k nk

k n k k n n k C k nk
m

kk n n k

β

β
∆

β

−
= = + − + +

− + +
= =

�

(39)

Finally, the solution of the variable-coefficient per-
turbed mKdV equation (1) can be obtained using the sym-
metry group theorem (2). Figure 1 exhibits the special type 
of one kink soliton in the periodic wave background for 
the variable-coefficient perturbed mKdV equation (1). The 
parameters are n = 0.5, k1 = –1, k = 1, C2 = 2, β = 2, δ1 = –1, 
δ2 = –1, B1 = 1, B2 = 2, h(t′) = cos(t′). Figure 1a plots the solu-
tion (38) with a time-sliced view at t = 0. Figure 1b is the 
corresponding three-dimensional image.

Type 2. Another special solution for the reduction 
equation (35) is

	 0 1 ln(dn( , ) cn( , )),a a k m m k mΦ ξ ξ ξ= + −′ � (40)

where a0, a1, k, and m are constants. The corresponding 
special soliton-cnoidal wave interaction solution u for (3) 
is given
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2
1 0 1

2
2 1 0

( )
2 2 ( ) 12

kma S a a mk CD
u T

C kma S a
∆ α

β β β

−
= − +

+
�

(41)

where S = sn(kξ, m), C = cn(kξ, m), D = dn(kξ, m), 
01

2 2 2

tanh ln( ) .
2 6 6

aa
T D mC t

C C C
∆∆ ∆

ξ
 

= − + +  
 Substituting (40) 

into (35), vanishing all the coefficients of different powers 
of sn leads to the nontrivial solution for constants

	

2
0 0

1

2 2
0 4

2 2 2 2 2 2 2 2
0 0 0 0

2
0

2 2
4

2 2 2 2 2 2 2
0 0 0 0 0

2 ( 1)
,  

4 ( 1)
 ,

4 5 4 36 36

1 ,   
2 ( 1)

6 2( 1)
.

(4 5 4 36 36 )

a a m
a

m
a C m

C
a m m a a m a

k
a m

C m m

a a m m a a m a

β

β β β β

β
∆

β β β β

−
=

−
=

+ − − − +

=
−

−
=

+ − − − +

� (42)

When Δ = 0, the interaction solution of perturbed 
mKdV equation can be given similar as Δ ≠ 0. The follow-
ing reduction theorem is obtained by omitting the tedious 
calculations.

Theorem 5 If the solution Φ′ satisfies a elliptic function 
equation

	

2 24
2

2

2 182 2 3 2 0.
C
Cξξξ ξ ξ ξξ ξ

Φ Φ Φ Φ Φ
β

 
− − + + − =′ ′ ′ ′ ′   �

(43)

The explicit solution of perturbed mKdV equation 
expresses as

	
2

6 6 3 ,
2

u
t

ξ ξξ

ξ

Φ Φ

β Φ β Φ β

′ ′
=− + −

+′ ′
�

(44)

where 4

2

.
C

x t
C

ξ= −  Hence, this type of the solution (44) 

is just interactions among cnoidal periodic waves and 
rational waves for the perturbed mKdV equation. A non-
trivial solution by Jacobi elliptic functions reads as

	 1 1 (sn( , ), ,  ),k a E k m n m
π

Φ ξ ξ= +′ � (45)

where k1, a1, k, n, and m are constants and E
π
 is the third 

incomplete elliptic integrals. The constants are

	

2
4

1 1 22 2 3 2 2 2 2 2 2 2

2

1 1,   ,    ,    
4 4 4 2 9

,

C
k a C

k m k m k m k

n m

β

β β β
= =− =

− + −

=� (46)

then (45) is a solution of (43).

Case III C1 = C2 = 0. The similarity solutions are given

	

2 2
3 6 5 3 6 5

3 4

5

3

4 6 6 6 6 9
tanh ( ( ) )

2 6
6

,
2

C C C C C C
t x

C C
C
C

β β
φ Φ

β

β

 + + =− +′′  

−� (47a)

	

2
3 6 52

4

( ) ,
6 6 9

cosh ( ( ) )
6

G tg
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β
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 + +′′   �

(47b)
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Figure 1: Plot of one kink soliton in the periodic wave background. The parameters are n = 0.5, k1 = –1, k = 1, C2 = 2, β = 2, δ1 = –1, δ2 = –1, 
B1 = 1, B2 = 2, h(t′) = cos(t′). (a) One-dimensional image at t = 0. (b) The corresponding three-dimensional view.
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Substituting (47) into (7), (8), and (13), the invari-
ant functions Φ″(t), G″(t), and U″(t) satisfy the reduction 
systems

	

2
56

4 3 4

6
4

CC
G

C C Cβ
= +′′

�
(48a)

	
2

3 ,U
β

=−′′
�

(48b)

where Φ″ satisfies

	

2
5 3 6

2 2 2
4 4

69 1,
2 3t

C C C
C C

β
Φ

β
= − − −′′

�
(49)

From above the detail calculations, one get the follow-
ing reduction theorem.

Theorem 6 If Φ″ is a solution of the reduction equation 
(49), then the explicit solution for the perturbed mKdV 
equation reads

	

2 2
3 6 5 3 6 5
2

44

2

4 6 6 6 6 9
tanh ( ( ) )

62
3 .

C C C C C C
u t x

CC
β β

Φ
β

β

 + + = +′′  

−� (50)

Remark Though we study the constant-coefficient per-
turbed mKdV equation (3) by the reduction method, the 
interaction solutions of the variable-coefficient perturbed 
mKdV equation (1) can be obtained through the reduction 
theorem and symmetry group theorem (2).

5  Conclusions
We have changed the variable-coefficient perturbed 
mKdV equation to the constant-coefficient perturbed 
mKdV equation by the modified direct method. We obtain 
the nonlocal symmetry of the constant-coefficient per-
turbed mKdV equation by the truncated Painlevé analy-
sis or the Möbious invariant form. To solve the first Lie’s 
principle related by nonlocal symmetry, the nonlocal 
symmetry is localized the local Lie point symmetries for 
the prolonged system. We have also carried out a detailed 
invariance analysis of the prolonged systems. A variety of 
exact explicit interaction solutions among solitons and 
the rational solution hierarchy, Painlevé II waves, and 
cnoidal waves are obtained based on the nonlocal symme-
try. The most interesting and meaningful solution among 

them is the interaction between soliton and cnoidal wave 
solution. We study this type interaction solution both in 
analytical and graphical ways.

Furthermore, the interaction solutions among dif-
ferent types of excitations for the perturbed mKdV equa-
tion can be explored with a consistent Riccati expansion 
method [31, 32]. For the perturbed mKdV equation (1), 
we may take the term ( ) xh t u ′′ ′  as the perturbation form. 
One can develop the approximate symmetry reduction 
approach [33] to explore the perturbed mKdV equation (1). 
Recently, the integrable continuous and discrete nonlo-
cal nonlinear Schrödinger equations with PT (parity-time) 
symmetry invariant are proposed [34–36]. The details on 
the interaction solutions for these nonlocal models are 
worthy of further study.
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