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Abstract: Heat transport based on SPL model is of vital
importance in microtechnological applications. The
heat transport equation is different from the traditional
heat conduction equation due to the presence of lagging
parameter. In this article, the heat transport in the gen-
eral body based on SPL heat conduction model under
Neumann (insulated) boundary condition is solved by
high-order compact difference scheme. The solution is
obtained by extending the idea of Dai for discretising
Neumann (insulated) boundary condition of heat con-
duction to the SPL heat conduction model and avoid the
need of discretising Neumann boundary conditions. The
stability of the numerical scheme has been discussed
and observed that the present scheme is unconditionally
stable. Model is validated for the thin film of silicon and
found that SPL model give the satisfactory results in the
macro- and microtemporal scales and up to microspatial
scale. A numerical example of particular interest has been
studied and discussed in details.

Keywords: Finite Difference Scheme; Neumann Bound-
ary Condition; Silicon Film; SPL Heat Conduction Model;
Unconditional Stability.

1 Introduction

Cattaneo [1] and Vernotte [2] removed the deficiency [3-5]
occurs in the classical heat conduction equation based on
Fourier law by adding a lagging term in Fourier law and
proposed the CV constitutive relation in the form of

oq .
T—+q =-kVT, 1
o Ha 4))

where k is the thermal conductivity of medium and 7 the
material property called the lagging time. This model
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characterises the combined diffusion and wave like
behavior of heat conduction and predicts a finite speed

1/2
A2)

for heat propagation [6], where p is the density and c, the
specific heat capacity. For more details about thermal
lagging in wave theory, see [7, 8]. Tzou [9-13] generalised
the CV heat conduction model (1) as

q'(r, t"+7)=—kVT(r, t"), (3)

The above equation (3) is known as single-phase-lag-
ging (SPL) heat conduction model. This model establishes
the heat flux (the result) when a temperature gradient (the
cause) is suddenly imposed.

Due to the complexity of the SPL heat conduction
model, the exact temperature solutions can only be
obtained for the particular initial and boundary condi-
tions. However, problem involving Neumann boundary
condition [14-18], the discretisation of boundary condi-
tions must dealt carefully to match global accuracy, as
it involves discresation error. The first-order accurate or
second-order accurate finite difference discretisation for
the Neumann boundary condition needs to discretise
points outside to the boundary [19, 20]. Dai [21] observed
that the accuracy of the numerical scheme is affected
when the first-order accurate finite difference scheme for
the Neumann boundary condition is employed and a sec-
ond-order numerical scheme is employed at the interior
grid points. Further, it was found that stability of overall
numerical scheme is also affected when a second-order
accurate finite difference scheme [20] is employed for dis-
cretising Neumann boundary condition.

In the present investigation, we have utilised the idea
of Dai [21] for discretising Neumann boundary condition
of heat conduction, to the SPL heat conduction model of
general body (i.e. plate, cylinder and sphere), and avoid
the need of ghost point outside the boundary. Model is
validated by taking particular example of thin film of
silicon and the effect of different parameters on tempera-
ture solution will be investigated.

The effect of spatial and temporal grid size on sta-
bility of numerical scheme has also been investigated
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and found that stability is independent of grid size. The
outline of the remainder of this article is as follows. In
Section 2, SPL heat conduction equation is presented.
Solution of the SPL heat conduction model is given in
Section 3. Section 4 presents the stability of the numerical
scheme. Model validation is given in Section 5. Section
6 contains numerical examples. Concluding remarks are
summarised in Section 7.

2 SPL Heat Conduction Model

The combination of Fourier law of heat conduction

oT
q =k @

and law of conservation of energy

T oq .
pchatv_ ay+ (5)

provides the law of heat conduction as follows,

oT T
= ki .
o o +8 (6)

pc,

where g" is the internal heat source. Equation (1) together
with the energy conservation (5) gives the SPL heat con-

duction equation
T T T a(
+1 8

ag*)
il 27 gl = 7
at*ﬂat*Z aayz K&t @)

ot’

where « is the thermal diffusivity of the material and the
lagging time 7=qa/c%. If heat propagate with an infinite
speed, i.e. ¢ — o« then =0 and hence above (7) becomes
parabolic heat conduction equation based on Fourier law,
(6). By introducing dimensionless parameters

_keT ot

0 ,X= =
af, 2a 2a

the (7) can be expressed in dimensionless form as

90 9’0 9’0
27 =

10g
ot o a8 20

29t ®)

In the present investigation, a one-dimensional SPL
model for general body
d0
R" )+( +
or)T\8

2
,0 90 _ 1 a(

9 96_1 9 1ag)
ot o> R'OR ©)
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has been considered. Assume that body, (0<R<I), has
constant thermophysical properties and uniform thick-
ness. Initially, the body is at temperature 6(R, 0) =£,(R) and
initial time rate of change in temperature is f,(R). For time
t>0, boundaries of body are insulated and either of the
boundaries can be heated by internal laser heat source.
The following initial and boundary conditions will be con-
sidered in this study

O(R, 0)=£ (R), wa‘zm) (10)
200,60 . 9000
oR =0, oR =0 (n

3 Solution

To establish the numerical approximation scheme, let
AR=h= % >0 and At= ﬁ be the grid size in space and

time directions, respectively. The grid points in the space
interval [0, [] are the numbers R= jh,j=0,1,2,3 ... Nand
grid points in the time interval [0, ¢] are labelled ¢ =nAt,
n=1, 2, ..., M. The values of the functions 6 at grid points
are denoted by 0'}7 = G(Rj, t).

Case I. '=0 and R=x, i.e. body is a one-dimensional thin
plate.

In this Case for solving the (9)-(11), if we discretise (9)
by using fourth-order implicit compact finite difference
scheme [22-24]

n+1 n n+1 n n+1 n
2[9}.1 0, 0-0) 6 —GMJ

10At At 10At
n+1 n n-1 n+1 n n-1 n+1 n n-1
0, -205 46, +0,- —-207+0, +0;‘+1 —20;,+07,
10(At)? (At) 10(At)?
_6 O 1=20"" 10"+ 6 0" -20"+6" )+ "
_10h2 j-1 j j+1 10K j-1 j j+1 g;

(12)
at the interior points X, 2<j<N-1, then the values of 6
at the boundary points should be provided, which are
usually inconvenient to obtain. To overcome this defi-
ciency, Dai [21] employ a combined compact finite dif-
ference approximation at x, and x, and discretised the
boundary condition, (11), at x, and x,, as follows:

ab_(x,, )+bo_(x,, t)z%[@(xz, £)-6(x,, t)]

1 _
- EGX (x,—6h, t) (13)
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bo_(x, ,D+a6_(x,, t)z-l%[e(xN, -6(x,_,, Ol

N-1°
#2600, + 0,1, 0 (14)
where a=1=da’, b:;+\/j:b* and N is the number of

interior grid points. The grid size and the coordinates of
the grid points are given as follows

L

h=———— x.=(j-1+6)h, j=1, 2...,N.
N+6,+0,-1" "/ U o J

(15)

where 6,h and 6,h are the distances of actual left bound-
ary and x, and actual right boundary and x,, respectively.
Thus, the Neumann boundary condition is directly used
in (13) and (14) without discretising. Hence, a high-order
compact finite difference scheme for (11) at x, and x,, can
be written as follows:

n+1 n n+1 n n+1 n n-1
g0 O 00 O —20)+6]
At At (At)
0,7 =205+6," 6,760 01— nel
(AL)? B2 o2 8
(16)
n+1 n+1 n-1
0" o+ _pn 6. =200 +6
b N-1 Nl+2a* N N b N-1 N21 N-1
At At (At)
n n n— N n+1_ n+1
Lo 20,40 O O
(At) h’ 2
SO " pal
_i N N71+g1 (17)

Thus, a high-order compact finite difference scheme
consists of (12) for interior grid points X,j=2,...N-1,and
(16)-(17) for two grid points x, and x,. The truncation error
at interior grid points (xj, toa /2)), j=2, ..., N, of the scheme
is of order (At+h") and (At+h°) at grid points x, and x,.
Thus, from (12), (16), and (17), we get dimensionless tem-
perature (0).

Case II. '=1 and R=r, i.e. body is a one-dimensional thin
cylinder.

To solve the (9)-(11), for the thin cylinder, we discre-
tise (9) using fourth-order implicit compact finite differ-
ence scheme [22-24]
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ntl _ an n+1 n
2[0“ I
10At At

n+1 n n—1
0, —20, ,+0,_
10(At)?

n+1 n
0;41_9;41}
10At
0" =200 +6;" o —20" +6"!

j+1 j+1 j+1
(At) 10(At)?

6 n+1 n+1 n+1 n+1
:10h2r{r;+1(6"“_01‘ )_r;-;(e" _61‘“)}
J

2

6 ul u n ul
) 2 2

Now we may employ combined compact difference
approximation at r,, which is point next to the left bound-
ary, as follows:

(e, t)) El ( a0(r, t)j
aar(r or 1+b8rr oa )y

1, 00(r, -60.h,t)
h or

=160, -0, 0]~ (19)

where a, b, ¢, and 91 are constants to be determined
and 6,>0. Now expanding each term of (19) by Taylor
series at r, and matching the coefficients of both sides,
we get

a+b=}11(cr3—r1) (20)
2
2(ar +bh+br)= (cr3 +2r151) (1)
2
3bh+6br, = (cr2 —3@3) 22)
2
4bh+12br, = (cré + 4r1§f) (23)
2

Thus, by dropping the truncation error O(k?), a
third-order combined compact difference scheme at r, is
obtained as follows:

20 (rae(r, t)j

9 (r 26(r, t)j

ar ar 1 ar ar
r 00(r —0.h, t
:%rz[O(fz, t-6(r, t)]_ﬁl¥ o0
2

where the constants a, b, ¢, and 51 are obtained from
(20)-(23).
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Similarly, combined compact difference approxima-
tion at r,, which is point next to the right boundary can be

obtained as follows:
20(r, r)) . a( 20(r, t))
b e e =
ar( o o Cal o ),

< ~ r, 06(r, +0,h, t)
e rN%[G(rN, t)-o(r, ,, ]+ W o

(25)

where N is the number of interior grid points. The grid
size and the coordinates of the grid points are given as
follows:

L _
h=—————, r=(j—-1+6)h, j=1,2..., N.
N+6,+6,-1" G e

(26)
where 6 h and 6,h are the distances of actual left bound-
ary and r, and actual right boundary and r,, respectively.
Thus, the Neumann boundary condition is directly used
in (24) and (25) without discretising. Hence, a high-order
compact difference scheme for (11) at r, and r, can be
written as follows:

n+1 n n+1 n n+1 n n-1
2a91 -6 2b02 -0 +a01 =207 +0,
t At (At)
6n+1_20n+0n 1 0n+1_0n+1 9” 9n asl
b 2 2 £r3 : 2 ! +£ 3 ! +gl :
(At) n5 2h n2 2
@7)
enN+ll_6r1:] ) 0'”1_0" 6n+1 _20n enN 11
2b" +2a" N+b .
At At (At)
n+ n n— n+1_ n+1
PO R S S/ B
+ T A2 2
(At) ren-5  2h
. 0n en
c N N-1 n+-—
—_7 =+ 28
re N1 2K Ew 28)

Thus, a high-order compact finite difference scheme
consists of (18) for interior grid points r,j=2,..N-1, and
(27)—-(28) for two grid points r, and r,. The truncation error
at interior grid points (r},, t. (1/2)), j=2, ..., N, of the scheme
is of order (At+h*) and (At+h) at grid points r, and r,.
Thus, from (18), (27), and (28), we get dimensionless tem-
perature (0).

Case IIl. I'=2 and R=r, i.e. body is a one-dimensional thin
sphere.

In Case of sphere, we discretise (9) by using fourth-
order implicit compact finite difference scheme [22-24]
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n+1 n n+1 n n+1_ n n+1_ n n-1
[e, =0 o o, HMJ 01 -20" +0"!
10At At 10At 10(At)
6, 20016 6)1,-20) 407
(At)2 10(At)?

(6n+1

n+1
1 _91‘1)}
i 2

L0, =67)- r (07— 9;71)}
2

6 5 N+l panetl
= r’ (0" —9 )—r
10h2r_2{;+§ s

10h2 > { (29)

Now we may employ combined compact difference
approximation at r,, which is point next to the left bound-
ary, as follows:

, 90(r, t)) ( , 90(r, t)j
“ar(r or 1+b8rr o ),

r’ 96(r -6 h, t)

*Y[G( t)-0(r, t)]—*

w2 or G0)

where a, b, ¢, and 51 are constants to be determined
and 6, >0. Now expanding each term of (30) by Taylor
series at r, and matching the coefficients of both sides
we get

2(a+b)—ﬁ( 32 rf) (31)
2ar? +2bhr, + br?) =(cr§ +2r551) (32)
:
6(brzh+6br;)=(c ; —3rf§f) 33)

;
4br,h+12br; = (c )+, 93) (34)
:

Thus, by dropping the truncation error O(k®), a
third-order combined compact difference scheme at r, is
obtained as follows:

,00(r, t) ,00(r, t)
aar( or )1+b8r(r or l

r’ 96(r -6 h, t)

rza t)_e( or

=16 01— (35)

2

where the constants a, b, ¢, and 51 are obtained from
(31-(34).

Similarly, combined compact difference approxima-
tion at r,, which is point next to the right boundary, can be
obtained as follows:
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b a(rz 20(r, t))

or or ta (r N

. or or

i« i ae(rN +§2h, t) (36)
or

Cc
~—=r |6, )-6(r, ,t
her_%[ (r,, )=0(r, _, )]+h

where N is the number of interior grid points. The grid
size and the coordinates of the grid points are given as
follows:

T rj=(j—1+§1)h, j=1,2..., N. (37)

where 0,k and 6,h are the distances of actual left bound-
ary and r, and actual right boundary and r,, respectively.
Thus, the Neumann boundary condition is directly used
in (35) and (36) without discretising. Hence, the compact
difference scheme for (11) at r, and r, can be written as
follows:

n+1 n
0, -0

0n+1_6n
2a-1 Zta

+2b2
At At

n+1 n n-1
0 —20" 16"
(Aty

+b-2 =
(At) r

n+1 n n-1
0, -205+6, ¢
2

n+1 n
. 0N—1_0N—1

2b +2a" Y N+b

At At

@a: ol
(39)

Thus, a high-order compact finite difference scheme
consists of (29) for interior grid points r j=2,...N-1and
(38)—(39) for two grid points r, and r,. The truncation error
at interior grid points (rj, tiva /2)), j=2, ..., N, of the scheme
is of order (At+h*) and (At+h°) at grid points r, and r,.
Thus, from (29), (38), and (39), we get dimensionless tem-
perature (0).

4 Stability of Numerical Scheme

In this section, we show that the above-obtained schemes
are unconditionally stable. Because of the limit on the text
length, we will consider only the Case I. The stability of
schemes obtained in Cases II and III can be showed by
using the similar argument.
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To discuss the stability of the numerical scheme
obtained in Case I, we first rewrite the (12), (16), and (17)
with no internal heat source, in vector matrix form as
follows:

A0'=B6°, n=0 (40)
A" =BO"+CO"', n=1 (41)
n+1 n+1 n+1 n+1 n+1
where 6" =[0]",6,", ....0," , 0], and A, B, and C

are the matrices involved in the above (41).
Now (41) can be written in equivalently as [25, 26]

Un+1 =DUn

— 0" ,_(AB ATC
e Tl o
NxN

This technique has reduced a three-level difference
equation in time to a two level. Equation (42) will be
stable when each eigenvalue of D has modulus <1, i.e.
p(D) < 1. From a computational point of view, the eigen-
values of D can be evaluated numerically. It is shown
that the eigenvalues satisfy the stability condition.
Our experience for solved examples shows that spec-
tral radius of the corresponding D matrix stays <1, for
various At and Ah.

In Figures 1-2, the eigenvalues of the D matrix are
sketched. We show numerically that the upper bound for
the absolute value of D’s eigenvalues is <1 for all temporal
grid size (Fig. 1) and spatial grid size (Fig. 2).

Tables 1-2 show the modulus of eigenvalues and cor-
responding eigenvectors for N=8 and 10, respectively.
Thus, from the Figures 1 and 2 and Tables 1 and 2, it is
clearly justify that p(D) <1 and hence scheme is uncondi-
tionally stable.

(42)

where

(43)

e

Eigenvalue
Eigenvalue

)
-

o
L)
o
L]

0 0.05 01 0.15 0.2 ]
Eigenvector

0.05 _—3*101 5 0.2
Eigenvector

Figure 1: Variation of eigenvector with eigenvalue for N=1000 at (a)
At=0.01; (b) At=0.001.
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Eigenvalue
Eigenvalue

=
-

Hed
8]

‘0 02 04 06 08

¥ 0.05 0.1 0.15 0.2
Eigenvector

Eigenvector

Figure 2: Variation of eigenvector with eigenvalue at At=0.001 for
(@) N=250; (b) N=500.

Table 1: For N=8, modulus of eigenvalue and corresponding eigen-
vectors (of order 107%).

3562 3475 4651 2976 5826 2634 6283 5331
164 320

Eigenvalue
Eigenvector 9907 9907 9622 9073 5206 1947

5 Model Validation

To demonstrate the heat transport characteristics at small
time and spatial scales, we consider the nondimensional
form of the SPL heat conduction (7) for the thin film of
silicon (Si). From hyperbolic two-step model [27-29],
the physical constants of silicon film (Si) are as follows:
thermal diffusivity (¢)=9.0x107 m/s?, thermal conduc-
tivity (k)=1 W/mK, and phase lag of the heat flux vector
(r)=5.0x10" s. A simplification to the two-step model
was proposed by [30] for the case of thin films exposed
to picosecond. It was suggested that, for the silicon film,
diffusion becomes negligible as the ratio of electron—pho-
non coupling to the electron thermal conductivity is much
larger than one [31].

Figures 3 and 4 show the spatial temperature profile
subjected to symmetric heating for very small thickness,
i.e. 0.25 and 0.50 um of film, respectively. This film thick-
ness is smaller than the phonons mean free path, and
hence, partial ballistic heat transport is expected [4]. For
small heating period (t < 10?), temperature of the thin film
is suddenly jump at the boundaries, i.e. x=0.25 and x=0.5
as shown in Figures 3 and 4, respectively.

DE GRUYTER

Figures 5 and 6 show the temperature profile in silicon
film of thickness 1 and 2 um, respectively, at various
time periods. In this case, the hyperbolic heat transport
phenomena dominates the ballistic heat transport. As
expected from the SPL model, Figure 5 shows that the
hyperbolic behavior for all heating period whatever be of
macro or microscale order. From Figure 6, it is observed
that, if the thickness of silicon film (L) >1 um and t is very
small (whatever macro or microscale order) then the wavy
feature dominates the diffusive behavior, similar to the
results found in [31].

From the above observations, it is clearly says that the
SPL model gives the satisfactory results in the macro- and
microtemporal scales and up to microspatial scales.

6 Numerical Examples
This section presents the complete investigation of accu-

racy and computational complexity by taking a particular
example as follows

6.1 Accuracy of Numerical Scheme

To verify the accuracy of our numerical scheme, we first
consider a simple example

0 60 90 ( 1 ag)
2t = —=
o ot ot 8T 20 ()
6(x, 0)=cosx, M=0 (45)
ot
9600, 0) o 960,10 _, (46)
ox ox

where the exact solution is 0(x, t)=(1+t)e cos x. We
employed the high-order Crank-Nicholson finite differ-
ence scheme to solve the above problem.

Since the analytical solution becomes very small for
large t, the maximum L-norm errors of the numerical solu-
tions as compared with the analytical solution was com-
puted for 0 <t <1 based on the formula

Table 2: For N=10, modulus of eigenvalue and corresponding eigenvectors (of order 10-4).

3209
9906

3116
9906

4286
8506

4352
9403

Eigenvalue
Eigenvector

1091
9666

5647
3910

3389
3910

6187
522

5068
153

4224
232




DE GRUYTER T.N. Mishra and K.N. Rai: Highly Accurate Compact Difference Scheme =—— 991
a g X107 a oo12
7t 0.01f 1
L y! S 9
s 6 ," 5 0.008 e
= A 5 - ,
£5 P I - e - \ I
2 e \ /1 3 0.006 L v]
& e - A 5 e
2 4 ad S e
S P S e
g 7 £ 0.004 e ]
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1k | Space (x)
0 ) ) ) ) Figure 4: Spatial temperature profile for silicon film of thickness
0 0.05 0.1 0.15 0.2 025 (L)=0.5um.
Space (x)
Figure 3: Spatial temperature profile for silicon film of thickness
(1)=0.25 um.
8 x 1078
: — :
Ve R
7 / \ i
/
N 6l / R
E(N, At)= max [hY [07-6"“(x , t )] an < /
0<nAt<1 4 J Joon -
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respect to the temporal variable.
The maximal [,-norm errors together with the tempo-
ral and spatial convergence rate of the numerical scheme

Figure 5: Spatial temperature profile for silicon film of thickness

(L)=1.0 um.
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a xio0° Table 4: Maximum [,-norm errors E(N, Af) and convergence rate for
R " . At=10%and 0<t<1.
oS —t=1
6 N, — —t=01 |{ - .

R R t=0.01 Grids E(N, AD) Spatial convergence rate
= 51 9.9872x10* -
E 101 5.6650%x107° 2.009
g 201 5.0485%x107° 2.012
@ 501 6.5133x10°¢ 2.003
=
S
[%]

2
e 6.2 Computational Complexity
-6} 73 . 4 g 1 According to (40)—(41), to calculate the value of 6", (n>0),
. . . R T where n is the number of iteration, we need to initiate a
0 0.5 1 1.5 2 loop that will iterate n times (from loop index 1 to n) and
Space () at each step it will calculate the value of & (where j is the
loop index), which is actually O(N*#%") operations, where
b g 1107 ,... , , Nx N is the order of matrices A, B, and C. So the time com-
7
Va h \ — — t=0.001 plexity of the proposed method is O(n * N>%°7), More about
61 7 N t=10° |1  complexity is given in [32, 33].
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Figure 6: Spatial temperature profile for silicon film of thickness
(L)=2.0 um. 0 . . . .
0 200 400 600 800 1000
Number of iteration (n)
b
Table 3: Maximum [-norm errors E(N, At) and convergence rate for 16 j j j j N
N=10,001and 0<t<1. 1al A
At E(N, AY) Temporal convergence rate 12 Z ]
0.01 1.7321x 10 - 1o} //,/* l
0.001 3.6725x10°° 2117 ¢ s
0.0005 6.4158x1075 2.064 S5 8f 7 ]
0.0001 1.5377x10°° 2.000 % ol a |
| o N=200 ||
4 - — +N=400
are given in Tables 3 and 4, respectively. A close examina- 2t _ %zggg H
tion of Tables 3 and 4 show that errors of the scheme mini- o ‘ ‘ ‘ -+ N=1000
mises on decreasing the spatial and temporal grid size. 0 200 400 600 800 1000

The temporal and spatial convergence rate are almost >2
(Tables 3 and 4).

Number of iterations (n)

Figure 7: Variation of number of iterations (n) with (a) space; (b) time.
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Variation of n with time and space is given in Figure 7.
Figure 7(b) represents time required to calculate " with
respect to n for different values of N. For any fixed value of
N, time complexity of the proposed method is linear with
respect to n.

To calculate the value of & at each iteration step, we
need to store only the matrices A, B, C, and 6. So space
complexity of the proposed method is of O(N?). Figure 7(a)
represents requirement of space to calculate 6" with
respect to n, for different values of N. It is to be noted
that for any fixed value of N, space requirement is con-
stant with respect to n. So for any fixed N, calculation of &
and 6'*! will need same amount of space. This is the main
advantage of this scheme.

7 Conclusion

A mathematical model of the SPL heat conduction for
general body heated by laser heat source is solved by
high-order finite difference scheme, which avoids the
need of discretising Neumann boundary condition. The
effects of spatial and temporal grid size on the stability of
the scheme have investigated and found that the scheme
is independent of grid size and hence unconditionally
stable. Validation of the SPL model has investigated
by taking thin film of silicon and observed that present
model is applicable for very small temporal size of micro-
scale order and up to microspatial size.

Nomenclature

a matrix of order Nx N
a matrix of order Nx N
a matrix of order Nx N
thermal wave propagation speed, m/s
specific heat capacity, J/kgK

reference heat flux

internal heat source, W/m?

dimensionless internal heat source, 4ag*

r

thermal conductivity, W/mK

dimensionless length of heat conduction medium
heat flux, W/m? .

dimensionless heat flux, 1

position vector r

time, s ,

. . . ct
dimensionless time, ——
a

e T R S R Y AU A N, TSR S T W - Il Y

At temporal grid size

T temperature, K

vT temperature gradient, K/m

b'e dimensionless spatial coordinate, 24

2a
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Ax spatial grid size (=h)
spatial coordinate, m
thermal diffusivity, m?/s

. . kcT
dimensionless temperature, ——
density, kg/m? 9,
lagging time, s
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