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Abstract: The Mhd slip flow and heat transfer of stagna-
tion point Jeffrey fluid over deformable surfaces are the
state of the art of this article. Following an analytical
approach, the existence, uniqueness, and possible multi-
plicity of the physical solutions affected by several physi-
cal parameters are investigated. Particularly, magnetic
interaction and slip factor are shown to much influence
the structure of the solutions regarding both momentum
and thermal boundary layers. The presented exact solu-
tions not only provide a clear understanding of fruitful
physical mechanisms present in this nonlinear flow prob-
lem but they have also merits in calculations by means of
numerous numerical schemes aiming to explore further
complex phenomena.
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1 Introduction

The engineering processes during the manufacture of
certain materials such as insulating appliances and
paper production involve the fluid flow and heat devel-
oping over deformable surfaces (sheets) [1]. The present
analytical work is hence devoted to the momentum and
thermal boundary layer flow over such surfaces taking
into account of potential Mhd and slip effects.

The importance of physical phenomena on deform-
able surfaces attracted many scientists, see for instance
the analytical results in the publications [2-5]. Since
the convected derivatives are substituted with the time
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derivatives, the linear model of Jeffrey fluid is preferred
in many applications [6]. The significance of Mhd effects
and other physical mechanisms was emphasised in many
Jeffrey fluid flow applications. To date, analytical solu-
tions for the flow of a Jeffrey fluid over a shrinking sheet
were described in [7]. The Jeffrey fluid model for the peri-
staltic flow of chyme in the small intestine was given in
[8]. The Jeffrey fluid flow in tubes of small diameters was
studied in [9]. The unsteady oscillatory stagnation point
flow of a Jeffrey fluid was examined in [10]. The MHD flow
of Jeffrey fluid over a stretching cylinder was analysed
in [11]. An analysis of the boundary layer flow and heat
transfer in a Jeffrey fluid containing nanoparticles was
presented in [12]. Further interesting physical features of
stretching surfaces were explored in the articles [13-15].

Although stagnation-point flows are difficult to
examine analytically, and hence much work is diverted
to numerical means, a successful analytical work was ful-
filled in [16]. Exact solutions of the exponential or linear
forms were presented in the latter involving many physi-
cal parameters.

The motivation of this article is to extend the article [16]
to cover the effects of Mhd and slip in a Jeffrey stagnation
point fluid flow forming over deformable sheets. These effects
are thought to be important in engineering applications. It is
indeed found that the obtained analytical solutions are con-
siderably influenced by such physical mechanisms.

2 Mathematical Formulation

The Jeffrey fluid flow considered in this work is the
laminar steady state developing along the x-axis near
the stagnation point of a permeable stretching/shrinking
surface lying at y=0, see Figure 1. The deforming velocity
of the wall is u (x), at which a uniform external magnetic
field of strength B, is applied. At the far field, a uniform
ambient temperature T_is assumed together with a poten-
tial flow u (x). The equations of flow and temperature are
then stated as
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u,(x), T
Region of non-zero
vorticity

Shrinking, u,(x) < 0 Stretching, u, (x) > 0

Figure 1: The flow configuration.
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+

[uyy +y, (nyy —uu tuu + vum)]
1
—0B(u—u,),
ul +vT =aT , 6]

with the boundary conditions

u=dex+l’, v=v,, T=Tw(x) at y=0,

@

u—u,(x)=ax, u,—0, T—T as y—eoo.

It is noted that the wall temperature T (x) is either
constant T, or evolving with x linearly via T, (x)=T _+bx.
u and v represent components of velocity in the x and y
directions, 1 is the slip constant depending on y,, refer
to [17-19], and v, is the mass flux (for suction v, <0 and
for injection v, >0). The temperature of the fluid is T,
the thermal diffusivity is «, the kinematic viscosity is v,
and the electrical conductivity is 0. We should note that
the fluid properties are assumed to be constant, for the
purpose of gaining exact solutions. Otherwise, numerical
means may be required [20]. Further, y, and y, are related
to relaxation parameters. Finally, the stretching means
d=1and the shrinking means is d=-1, see [16].

3 Analytical Solutions

The following convenient transformations

/ 1
n=y M, u=cxf’'(n), v=- C—Vf(n),
4 1+y,

T-T
O=——= 3
T 3

)

are made use in a goal of obtaining similarity solutions
form (1-2) which are reduced to
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7+ =f7+ B = )+ AP = M(f - A)=0,
0”+Prf6’=0, (for Tw(x)=Tw),
0”+Pr(f0'—f'0)=0, (for T (x)=T, +bx) (4)

accompanied with the transformed boundary constraints
f(0)=s, f/(0)=d+Lf"(0), 6(0)=1
fr()=A, ["()=0, 6()=0. ®)

Here, v =- %s is the wall transpiration, L the
\ 1t

slip parameter, Pr="" the usual Prandtl number, S=cy,
a

the Deborah number, s the wall permeability, and A=g a
c

stagnation parameter so-called as the strength parameter
and M is the magnetic interaction parameter. Thus, the
parameters f3, s, Pr, and A are the dominating parameters
of the Jeffrey fluid flow. We should address that (4) and (5)
turn out to be the problem studied Nazar et al. [21] in the
case of a regular fluid =0 and M=L=0.

The practical parameters of concerns are the local
Nusselt number Nu_ and the skin friction coefficient Cf,
given as usual from the definition

T xq
=—2*— Nu=——%*—
k)’ alT,-T)

together with the wall shear ad heat flux
t,=uu (y=0), g,=-aT (y=0).
Consequently, the skin friction and Nusselt number
may be determined from —f"(0), —6’(0).

Our analysis is basically based on the Crane’s solution
[22]

f(n):]—e_”,

in the simplest flow situation with M=L=A=8=s=0.
Hence, for the general case, we may impose a solution of
the form

- d-A o
f(n)—S+Aﬂ+m(1—e ), (6)

which must come along with the constraint 1>0 to
achieve physical solutions. On substitution of (6) into the
first of (4), we obtain the algebraic formula relating the
physical parameters

(d-A)d(=1+BA*)+(1+LA)(~M + A(—s+ A+5sB1))
~A—-2LAA - B A+yAA(1+LA)(=1+ BA*)]=0. @)
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So, the shape of the solutions and the number of them
will be specified from the roots of the polynomial (7).

4 Results and Discussion

In the particular case of A=0, (7) becomes

d(—1+ BA?)+(A+LA) (=M + A(=s+ A+5sBA%))=0, 8)
and hence the momentum and thermal solutions exactly
match with those already appeared in Turkyilmazoglu
[2, 5.

In the case of linear wall temperature, the exact form
of (6) and the energy equation in (4) suggest that an addi-
tional solution may also be obtained assuming

O=e", )
that yields
dPr+(Prs—A)A(1+LA)=0, (10)
From (8) and (10), it is easy to get

a 4 T T T T T T
3 '/ _

“w 2F ///”//’F T s
N PR ]

0 1 1 1 1 1 1

0 1 2 3 4 5
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1-Pr+,/(-14+Pr)*+4MPr
e 2

2p
A d
== 11
S P 2(+1LA) ()
As a result, one obtains
1—e™
= d—’
fesvdZah
O=e", (12)

Since 4 is independent from d and L, temperature is
not influenced by these parameters. However, the cor-
responding suction parameter s will change with these
parameter. The physically interesting parameters are
then

mon Ao
-f (0)—71+ T '(0)=1.

A’

Therefore, the skin friction coefficient will decrease
by increasing slip parameter.

-7(0)

0.0
0

151 o o

-0'(0)

0.0L

M

Figure 2: (a) (f)atd=1, Pr=1/2,L=0, and $=1 (dotted, dot-dashed, dashed, thin, and thick curves are for M=0, 1, 3, 5, and 10,
respectively); (b) —f"(0) at d=1, L=0, and S =1 (curves for Pr=1/10 dotted, Pr=2/10 dot-dashed, Pr=5/10 dashed, Pr=7/10 thin, and
Pr=9/10 thick); (c) 6 at Pr=1/2 and $=1 (dotted, dot-dashed, dashed, thin, and thick curves are for M=0, 1, 3, 5, and 10, respectively); and
(d) -6’(0) at Pr=1/2 (dotted, dot-dashed, dashed, thin, and thick curves are for =1, 2, 3, 5, and 10, respectively).
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Figure 3: Temperature and heat transfer rate. (a) 6 for Pr=1for varying s (curves for s =-3 dotted, s=-1 dot-dashed, s=0 dashed, s=1thin,
and s=3 thick) and (b) —6’(0) for varying Pr (curves for Pr=1/2 dotted, Pr=1 dot-dashed, Pr=2 dashed, Pr=5 thin, and Pr=10 thick).

Table 1: Variations of -0’(0) for A=d=1.

Pr s=-5 s=-1 s=0 s=1 s=5
1/2 0.00054468 0.28897818 0.56418958 0.91635282 2.67634038
1 0.00000149 0.28759997 0.79788456 1.52513528 5.18650397
2 0.00000000 0.22527124 1.12837917 2.63896751 10.1927001
5 0.00000000 0.07416485 1.78412412 5.77772456 25.1969210
10 0.00000000 0.00850703 2.52313252 10.8602968 50.1984311
a T . - b 3 T T — T
¢/(
- 1 e
17
e R " -3 ! ! ! !
3 4 5 -4 -2 0 2 4

Figure 4: Temperature and heat transfer rate. (a) 6 for Pr=1for varying s (curves for s=-3 dotted, s=-1 dot-dashed, s=0 dashed, s=1thin,
and s=3 thick) and (b) —6’(0) for varying Pr (curves for Pr=1/2 dotted, Pr=1 dot-dashed, Pr=2 dashed, Pr=5 thin, and Pr=10 thick).

The distributions of velocity and temperature and
also variations of wall shear and Nusselt number, drawn
from (12), are well captured in Figure 2a—d for a variety
of magnetic interaction parameters M. As revealed in
the figure, the magnetic field has much impact on the
fields, by increasing f and decreasing 6. As a result,
the thickness of boundary is enhanced as opposed to
the thickness of thermal layer. This phenomenon is
quite different from the usual influence of magnetic
field, see Turkyilmazoglu [2, 5]. As a result, the range of

parameters obtained in this section is of considerable
significance in physics, since strong magnetic interac-
tion yields higher skin friction and smaller heat transfer
rate.

For the specific case of A=1as well as d=1, the Jeffrey
fluid will evolve to

f=s+n, (13)

valid for any M, L, s, and j3. Together, a temperature solu-
tion is also given by
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Erfc [\/E(S-H?)}
9_ \/5

£l

where Erfc means the complementary error function.
Hence, we get the exact expression

(14)

S
e 2 |=pPr
-0(0)=——AT__

. (15)
Erfcli\/Pirs}
J2

The temperature and heat transfer rate can be visual-
ised from Figure 3a and b together with Table 1.

An extra solution for the temperature may also be
found as

e_%ma“") [2+ e%mw)2 @(s“?)[—lﬂ/ﬁErf [\/ﬁ\(/sﬁ 77)}]]
2

(16)

where Erf is the error function. The rate of heat transfer
is later

—0'(0)=

s+ b4 @17)

1_@]5#[%5}

Figure 4a and b together with Table 2 explains the
physical mechanisms of Jeffrey fluid flow and heat.
It is also possible to get a simple solution of the form
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that is ture for all s and 3, when A=-1 and d=-1. Dissi-
pation effects must be accounted for to get temperature
solutions.

Eventually, if A #0 we have from (7)

1
P 19
A= M+2T. (20)
Thus, fbecomes
(1_e—7] IM+2A )(d—A)
f=s+An+ , @1
JM+2A(+L[M+2A)
leading to the skin friction
(d=A)M+2A
0= 22)

1+LM+2A

All these match with those given in [16] when
M=L=0.

Figures 5a, b and 6a, b demonstrate the skin friction
coefficient —f”(0), for both the deforming sheets. Consid-
erable decrease in the skin friction is exhibited by A. In
addition, the skin friction is exhibited to increase to

d-M-3A

=W’ —f"(0)=(M+2A)*",

which is the critical point from where a decrease com-
mences for increasing A. The overall effect of magnetic
field is to enhance the skin friction for the sheet with
stretching and reduce it for the sheet with shrinking.
Moreover, the slip parameter constantly decreases the
skin friction as expected from (22).

Constant wall temperature solution is then

#(0)-p(n)

f=s-n (18) O=—"——, (23)
’ #(0)
Table 2: Variations of —0’(0) for A=d=1.
Pr s=-5 s=-1 s=0 s=1 s=5
1/2 0.19996391 0.68765459 1.25331414 -59.855828 -0.2002103
0.19999994 0.77663873 1.25331414 1.90427123 5.36181624
0.20000000 0.88189466 1.25331414 -0.3951476 -0.2000000
0.20000000 0.97981612 1.25331414 -0.9473892 -0.2000000
10 0.20000000 0.99870851 1.25331414 -0.9975142 -0.2000000
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Figure 5: —f"(0) for stretching sheet. (@) L=0 and (b) L=1. Dotted, dot-dashed, dashed, thin, and thick curves are for M=0, 1, 2, 3, and 5,

respectively.
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Figure 6: —f"(0) for shrinking sheet. () L=0 and (b) L=1. Dotted, dot-dashed, dashed, thin, and thick curves are for M=0, 1, 2, 3, and 5,

respectively.

Table 3: Variations of -0’(0) when M=L=s=0.

Pr A=1/2 A=1 A=2 A=5 A=10
1/2 0.49038708 0.56418959 0.70450749 1.02506823 1.40783169
1 0.71543562 0.79788456 0.96926459 1.37894172 1.87737263
2 1.03915887 1.12837918 1.33240185 1.84715219 2.48819380
5 1.68862027 1.78412411 2.03141133 2.70930624 3.58685619
10 2.42444639 2.52313252 2.80151281 3.61951973 4.71703375
where ¢(x) is given by see Tables 3-6 for general insight.
i We should emphasise that the heat transfer analysis
Pr{e\/Miﬂ[idWJr%szm(1+LM)+x(d—A+s\/M+Ls(M+2A)) is not restricted to the parameters as studied here, but it
Jxe M2 LM 2A) dx can be extended to the any desired real numbers, which
0

Using (23), we obtain the Nusselt number

Pr(d-A)
) _e_(M+2A)(1+L Mi2n) 24)
-0)=—"————,
#(0)

may not be possible in numerical investigations.

5 Concluding Remarks

This article aims at extending the recent Jeffrey fluid flow
and heat analysis carried out in [16] to incorporate the
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Table 4: Variations of —0’(0) when M=L=s=0.
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Pr A=1/2 A=1 A=2 A=5 A=10
1/2 0.13265677 0.30301729 0.51837784 0.90709277 1.32438454
0.11231583 0.34568637 0.64507410 1.17313230 1.73176565
0.06597476 0.36252779 0.77787558 1.49425709 2.23844244
5 0.00872168 0.30420217 0.93153385 2.00564028 3.08852358
10 0.00019617 0.18229060 0.98643041 2.45016895 3.88829079
Table 5: Variations of -’(0) fors=0and M=L=1.
Pr A=1/2 A=1 A=2 A=5 A=10
1/2 0.43017564 0.56418959 0.77091175 1.20844785 1.71791162
0.61832372 0.79788456 1.08225563 1.69377089 2.41079865
0.88846060 1.12837918 1.51936685 2.37420781 3.38359388
1.43128005 1.78412411 2.38096216 3.71384745 5.30138399
10 2.04769185 2.52313252 3.34770137 5.21582292 7.45360883
Table 6: Variations of —0’(0) fors=0 and M=L=1.
Pr A=1/2 A=1 A=2 A=5 A=10
1/2 0.30602554 0.47872669 0.71687246 1.18183487 1.70317186
1 0.40007339 0.64926949 0.98911010 1.64826587 2.38569592
0.51485264 0.87693832 1.36331427 2.29866673 3.34211777
0.69985449 1.30030014 2.08493869 3.57243815 5.22427589
10 0.86287781 1.75132706 2.88092614 4.99512729 7.33390091
effects of Mhd and velocity slip occurring over deformable Refe rences

surfaces in the vicinity of stagnation point. For a regular
fluid away from the stagnation point, exact or numeri-
cal solutions are available in the open literature. On the
other hand, for stagnation point flow, the exact solutions
are restricted to the publication [16]. Therefore, it is quite
significant to cover the analytical extension of [16] in the
presence of Mhd and slip velocity influences. For some
particular parameter regimes, analytical solutions rep-
resenting the momentum and thermal boundary layers
concerning the stagnation Jeffrey fluid are presented,
evolving into the solutions given in Turkyilmazoglu [2, 5]
for further special restrictions. The results point to a range
of parameters which are of quite importance in physics,
since strong magnetic interaction yields higher skin fric-
tion and smaller heat transfer rate.

The intention here is to address the phenomenon of
constant surface heating. However, the constant heat flux
boundary condition may also warrant further work. Fur-
thermore, the present analytic method may also be used
for the dusty fluid and nanofluid models as appropriate
for [23] and [24].
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