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Abstract: Heat transfer analysis has been carried out in the 
Magnetohydrodynamic (MHD) boundary layer formed near 
the wavy rough plate moving in x-direction. Due to the pres-
ence of metallic nanoparticle in the fluid and enhanced sur-
face area of the plate as a consequence of surface texture, 
an increase in heat transfer rates is expected. However, 
the calculation of these enhanced rates of heat transfer is 
not straightforward because the convection phenomena 
become more complicated due to the motion of nanoparti-
cle in the base fluid and also the waviness of the plate sur-
face. The contribution of nanoparticle toward convective 
heat transfer is manifold which requires a suitable model 
in order to capture the correct physics. Famous Tiwari and 
Das model has been utilised in the current study. Percent 
increase in the rate of heat transfer is calculated for the 
nanoparticle of different metals, such as MWCNT, SWCNT, 
Al2O3, TiO2 and Ag. Appreciable increase in the rate of heat 
transfer is observed, which is 24 % at the most for Al2O3 nan-
oparticle. The effect of applied magnetic field on the veloc-
ity profile, skin friction coefficient, and Nusselt number has 
also been presented through graphs. The concentration of 
the nanoparticle has been limited up to 10 %.

Keywords: Heat Transfer Enhancement; MHD; Nanofluid; 
Viscous Fluid; Wavy Rough Surface.

1  Introduction
Enhancement in the rate of heat transfer through irregu-
lar surface shape is a topic of fundamental importance in 
heat transfer processes. In practice, surface irregularities 
occur frequently in several manufacturing and engineer-
ing mechanisms. Body surface is sometimes intentionally 

roughened to enhance heat and mass transfer as a con-
sequence of enhanced convection phenomena. Flat-plate 
solar collectors and flat-plate condensers in refrigerators 
are the examples where roughening elements are inten-
tionally placed on a uniform body surface. The presence 
of roughing elements disturbs the flow which in turn expe-
dites the convective mixing of the fluid. Consequently, the 
rates of heat transfer are increased.

Most conventional coolants such as water, ethylene 
glycol, and engine oil have low thermal properties due 
to which they face certain restrictions in thermal appli-
cations in comparison to solids. In particular, metals 
have much higher thermal conductivities as compared 
to liquids and therefore have high rate of heat transfer. 
In order to benefit from higher thermal conductivity of 
solid metals in convective heat transfer phenomenon, the 
idea of nanofluid came in reality in 1995 when Choi [1] 
and Choi et al. [2] pointed out the appreciable enhance-
ment in thermal conductivity of mixture fluid formed by 
a base fluid and the nanoparticle. In particular, they con-
sidered suspensions of copper or aluminum nanoparticle 
in water and other liquids. Nanofluid is a suspension of 
solid nanoparticles (1–100 nm diameter) in conventional 
liquids such as water, oil, or ethylene glycol. This is a 
smart fluid, where the heat transfer capabilities can be 
reduced or enhanced according to the situation. These 
fluids enhance thermal conductivity of the base fluid 
enormously. The enhanced thermal behaviour of nano-
fluid could provide a basis for an enormous innovation 
for heat transfer intensification. Nanofluid is also impor-
tant for the production of nanostructured materials for the 
engineering of complex fluids as well as for cleaning oil 
from surface due to their excellent wetting and spreading 
behaviour [3]. Advantages of nanofluid include improved 
heat transfer, chemical production, power generation in 
power plant, production of microelectronics, automotive, 
advanced nuclear systems, nanodrug delivery minimal 
clogging, microchannel cooling, and miniaturisation of 
the system. A significant research interest has been devel-
oped in recent years in the study of heat and mass transfer 
characteristics of nanofluid. There are several empirical 
and semi-empirical nanofluid models available in the lit-
erature. Among these, the most popular models are those 
proposed by Buongiorno [4, 5] and Tiwari and Das [6].
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An overall survey of convective transport in nanofluid 
was presented by Buongiorno [4, 5] who considered a 
model that takes the Brownian diffusion as well as ther-
mophoresis into account while modeling the transport 
equations. Nield and Kuznetsov [7–9] developed a system-
atic nanofluid model which also incorporates the effects 
of Brownian motion and thermophoresis. Different from 
the model proposed by Buongiorno [4, 5] and Nield and 
Kuznetsov [7–9], there is also a much simpler mathemati-
cal nanofluid model proposed by Tiwari and Das [6] which 
analyses the behaviour of nanofluid taking the solid 
volume fraction of nanoparticle into account.

In several practical applications, the fluids are 
assumed to be electrical conducting and their interaction 
with the applied magnetic field gives rise to the study of 
magnetohydrodynamics. Such situations most frequently 
occur in the cooling of nuclear reactor, electromagnetic 
casting, ship propulsion etc. Based on these interest-
ing applications, the field of magnetohydrodynamics is 
an active area of research. Chamkha and Ahmed [10, 11] 
studied unsteady MHD heat and mass transfer in mixed-
convection flow in the forward stagnation region of a rotat-
ing sphere under the influence of chemical reaction and 
at different wall conditions. Sheremet et al. [12] analysed 
magnetic field effects on the unsteady natural convec-
tion in a wavy-walled cavity filled with a nanofluid using 
Buongiorno’s mathematical model. Mahdy and Ahmed 
[13] investigated soret and dufour effects on thermosolutal 
Marangoni boundary layer magnetohydrodynamics flow 
along a vertical flat plate.

Boundary layer flow on a continuous moving surface 
with constant speed was first studied by Sakiadis [14, 15]. 
Bachok et al. [16] studied the boundary layer flow of a uni-
formly moving nanofluid over flat plate set in motion at 
a constant speed. Ahmad et al. [17] discussed the Blasius 
and Sakiadis problems in nanofluid and observed an 
increase in skin friction and heat transfer coefficients. 
Dalir and Nourazar [18] studied the boundary layer flow of 
various nanofluid over a moving semi-infinite plate using 
HPM taking six types of nanoparticles such as copper 
(Cu), alumina (Al2O3), titania (TiO2), copper oxide (CuO), 
silver (Ag), and silicon (SiO2), and found that the Ag nano-
particle has highest values of the local skin friction coef-
ficient. Makinde [19] analysed Sakiadis flow of nanofluid 
with viscous dissipation and Newtonian heating and con-
cluded that heat transfer rate at the moving plate surface 
with Cu-water as the working nanofluid is higher than 
TiO2-water nanofluid. The model proposed by Tiwari and 
Das [6] has been considered by several authors for study-
ing the heat transfer phenomena in variety of flows. Abu-
Nada [20], Oztop and Abu-Nada [21], and Abu-Nada and 

Oztop [22] reported heat transfer enhancement in various 
flow situations using Tiwari and Das model. Bachok et al. 
[23, 24] utilised the same model in studying flow and 
heat transfer phenomena over a moving boundary with 
and without suction/injection. Mustafa et al. [25] investi-
gated the MHD mixed-convection stagnation point flow by 
considering the Tiwari and Das model. Variety of similar 
studies is available in literature which utilised the Tiwari 
and Das model to represent the working nanofluid. All 
these studies authenticate the validity of Tiwari and Das 
model in the study of convective heat and mass transfer in 
nanofluid boundary layer.

The gain in convective heat transfer rate as a result 
of increased surface area is usually not simply because 
of enhanced conduction between the fluid and the solid 
surface. Enhanced surface area also contributes toward 
increased vorticity transport which in turn results in 
increased rate of heat transfer. Keeping this fact in mind, 
the idea of surface roughening came in reality in order to 
establish enhanced vorticity transport to get heat transfer 
augmentation. Mathematical handling of irregular rough 
surface is far more difficult as compared to a regular rough 
surface. In this way, a smooth wavy roughness of the flat 
plate is quite easy to model due to its differentiable nature. 
However, the wavy surface contributes toward symmetry 
breaking, and the scaling symmetry does not leave the 
governing system (equations and the boundary condi-
tions) invariant as it does for the flat plate case. Conse-
quently, the self-similar solution does not persist anymore 
and the flow becomes completely non-similar. Rees and 
Pop [26, 27] investigated free convective boundary layer 
flow and heat transfer due to a wavy horizontal plate and 
flow and heat transfer due to a moving wavy plate. Hossain 
and Pop [28] studied the MHD effects on momentum and 
thermal boundary layer over a moving wavy plate. Ahmed 
et al. [29] analysed the effect of local thermal non-equilib-
rium on unsteady heat transfer by natural convection of a 
nanofluid over a vertical wavy surface. Gorla and Kumari 
[30] studied free convection phenomena near a vertical 
wavy plate in a nanofluid. Narayana et  al. [31] studied 
double-diffusive and cross-diffusion effects on a horizon-
tal wavy surface embedded in porous medium. Sheremet 
and Pop [32] using Buongiorno’s mathematical model 
investigated natural convection in a wavy porous cavity 
with sinusoidal temperature distributions. Using the same 
mathematical model, Ghaffri et al. [33] analysed oblique 
stagnation point flow of a non-Newtonian nanofluid over 
stretching surface. Sheremet et al. [34, 35] utilising nano-
fluid-famous Tiwari and Das model investigated steady 
and unsteady natural convection phenomena in a porous 
wavy cavity. Javed et al. [36] discussed MHD effects on the 
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natural convection of Cu-water nanofluid in a triangular 
cavity. Elshehabey et  al. [37] investigated numerically 
natural convection of a nanofluid in an inclined L-shaped 
cavity in the presence of an inclined magnetic.

In all the above mentioned studies, authors considered 
pure fluid for the computation of the increased rate of heat 
transfer due to the wavy surface. Further increase in the 
rate of heat transfer is expected if one considers nanofluid 
instead of pure fluid over a wavy plate. Being motivated by 
this fact, we consider flow and heat transfer characteristic 
of nanofluid over a moving wavy plate. Tiwari and Das [6] 
model has been utilised in this study and nanofluid is con-
sidered as a mixture of water and nanoparticle. Nanoparti-
cles of five different metals such as MWCNT, SWCNT, Al2O3, 
TiO2, and Ag are used and the increase in heat transfer rate 
is noted for every metal separately. Maximum increase in 
heat transfer rate is observed for alumina which is almost 
24 % at 10 % nanoparticle concentration.

2  Mathematical Formulation
We consider a non-flat wavy sheet extended in x- and 
y-directions whose surface is described by the function

	
( ) ,xy S x sin

l
π

α
 

= =   
�

(1)

where α̅ is the fixed amplitude and l is the wave length. 
The wavy surface starts from the line x = 0 in the xz-plane 
and is assumed to be surrounded by the ambient nano-
fluid. The schematic of the wavy plate and the coordinate 
system is shown in Figure 1.

Since the plate is symmetric about the x-axis, it is 
reasonable to investigate the convection phenomena in 
the domain y  ≥  S ̅(x̅). Furthermore, the plate is identical in 
z-direction, and it is also assumed that there is no distur-
bance in the z-direction. Therefore, the flow is two dimen-
sional in nature, and due to wavy surface of the plate, the 

2

Figure 1: Physical model and coordinate system.

velocity varies continuously with the variable ‘x’ which 
makes the flow non-similar. In this way, the domain of x 
(x  ≥  0) is of fundamental importance. The flow is assumed 
to be caused due to the uniform motion of the wavy plate 
in the positive x-direction. A uniform magnetic field of 
strength B0 is applied along the y-direction. The magnetic 
Reynolds number is assumed to be very small so that the 
induced magnetic field can be ignored.

The study of convective transport in nanofluid 
requires a suitable model that can successfully capture 
the contribution of nanoparticle in flow and heat trans-
fer phenomena. The aforementioned Tiwari and Das 
model [6] considers the improved material properties of 
the nanofluid. Practically, the nanoparticle contributes in 
convective phenomena in two ways: first by changing the 
material properties of the base fluid and second through 
their Brownian motion within the base fluid.

The ambient fluid is assumed to be the viscous nano-
fluid described by the Tiwari and Dass model. According 
to this model, the two-dimensional mass, momentum, and 
energy conservation laws have the form
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where u̅ and v̅ are the components of velocity along the 
x- and y-directions, respectively, T is the temperature, p̅ is 
the pressure, ρnf be the density, nfα∗  be the thermal diffu-
sivity, σnf be the effective electric conductivity of nanofluid 
[37], B0 be the strength of uniform magnetic field, T∞ is the 
constant ambient temperature, and ∇2 is the Laplacian 
operator. The relations for μnf, ρnf, σnf, ,nfα∗  and (ρcp)nf are 
described as
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in which φ is the solid volume fraction of nanoparticle and 
ρ, (ρcp), κ, and σ are the density, heat capacity, thermal 
conductivity, and electric conductivity, respectively. The 
subscripts, ‘f ’, ‘p’, and ‘nf ’ refer to the base fluid, nano-
particle, and the nanofluid, respectively. The thermal 
conductivity κnf of nanofluid given in (6) was described by 
Maxwell Garnett [38] in 1904.

The wavy plate is assumed to be moving with uniform 
velocity in x-direction. Keeping in view the flow schematic 
and the coordinate system along with the assumed flow 
conditions, the resultant velocity along the wavy surface 
and along the normal to the wavy surface are u̅ t̅y ̅+ v̅ tx̅̅ and 
u̅ t̅y ̅– v̅ tx̅,̅ respectively. The appropriate boundary condi-
tions for the velocity components and temperature func-
tion are described as (see for instance [28])
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= =    is unit vector tangent to the 

wavy surface, for details the reader is referred to follow 
[28]. Since the boundary layer starts to develop at x > 0, 
at the leading edge x̅ = 0, the ambient flow conditions are 
assumed to be valid which are given by

	 0: ,  for all 0. x p p T T y∞ ∞= ≠= = � (7b)

In this case, the characteristic length is the wave length 
‘l’ and the reference velocity is the plate velocity U. All the 
lengths are non-dimensionalised by ‘l’ and all the velocities 
are non-dimensionalised by the reference velocity U. Tem-
perature difference Tw – T∞ is used to non-dimensionalise the 
temperature function. The surface undulations are assumed 
to be small such that α  δ, where δ is the boundary layer 
thickness. In this way, the governing equations in dimen-
sionless form under the boundary layer assumptions read as
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where the dimensionless variables are defined as
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in which variables η and f are being stretched by ξ  in 
order to facilitate with numerical computations. Here, 
Re = Ul/vf is a Reynolds number, 2

0 /f fM B Uσ ρ=  is the 
magnetic parameter, and Pr = vf /αf is the Prandtl number. 
The subscript ξ denotes derivative with respect to ξ and the 
‘′’ denotes differentiation with respect to η. The parameter 

21 S
ξ

ω= +  and ω
ξ
 = dω/dξ denote the wavy contribution 

in the governing equations. The material parameters d, d1, 
d2, d3, and d4 are given by
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Following (10), the boundary conditions in dimen-
sionless form read as
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The physical quantities of interest such as the local 
skin friction coefficient and local Nusselt number are 
defined as
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where τw is the wall shear stress and qw is the wall heat flux 
which are given by
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normal to the wavy surface. After using (10) and (14), the 
skin friction coefficient and local Nusselt number [40] 
take the form
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Due to non-similar nature of the solution, the mean 
values of the physical quantities are therefore preferred 
which are defined as
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where L is the length of the wavy sheet measured along 
the x-coordinate. The average skin friction and average 
Nusselt number in (16) have been calculated numerically.

3  Numerical Solution
The governing non-similar systems (8) and (9) subject to 
boundary conditions (12) are solved numerically by Keller 
Box scheme [41–44] together with implicit finite-differ-
ence method. According to this procedure, the partial 
differential equations are first reduced to a system of first-
order differential equations which are further expressed 
in finite difference form by approximating the functions 
and their derivatives in terms of the central difference 
approximation. The central difference approximations 
reduce the system of first-order differential equations to 
a system of non-linear difference equations. These equa-
tions are then linearised by the Newton’s method and are 
solved using block tridiagonal algorithm. The grid inde-
pendence of the present numerical solution has also been 
verified by making several runs for different step size for η 
and ξ variables. It is observed that the numerical solution 
does not change when Δη < 0.005 and Δξ < 0.005. Finally, 
the present solution have been calculated by choosing 
Δη = 0.005 and Δξ = 0.005. Table 1 contains a grid-inde-
pendent test for the present technique.

In order to investigate the accuracy and validity of 
the present results, a comparison with the data available 
in the literature has been made. It is clear from Table 2 
that the numerical values of the skin friction coefficient 

1/2Refx xC  and local Nusselt number 1/2Nu Rex x
−  for Pr = 0.7, 

when M = α = 0.0, are in excellent agreement with the 
result published by Rees and Pop [27] and Hossain et al. 
[28]. Another comparison of the present results for the 
values of f ″(ξ, 0) with those published by Chaim [45] is 
given in Table 3. Again an excellent agreement is observed 
which authenticates the present numerical procedure. 
We use the same procedure to solve (8), (9), and (12) 
numerically.

Table 1: Gird independence test for pure fluid (φ = 0.0) when 
α = 0.2, M = 0.5.

No. of grid points 
η direction With 
fix η = 15

  No. of grid points 
ξ direction With 

fix ξ = 2

  –Cf   Nu

100   10   0.60881   1.7097
300   20   0.54728   1.7150
600   50   0.51177   1.7193
1000   100   0.50023   1.7205
1500   200   0.49450   1.7212
2000   400   0.49164   1.7215
3000   400   0.49164   1.7215

Table 2: Comparison of present results with already-published data 
when Pr = 0.7, M = α = 0.0.

  Present   Rees and Pop [27]   Hossain et al. [28]
1/2Refx xC   –0.44375   –0.4438   –0.4439

−1/2Nu Rex x   –0.34924   –0.3492   –0.3509

Table 3: Comparison of values of f ″(ξ, 0) when Pr = 0.7, M = 0.5, 
α = 0.0.

  Present   Chaim [45]

ξ   f ″(ξ, 0)   f ″(ξ, 0)
0.0  –0.443748   –0.443751
0.1  –0.478389   –0.47696
0.5  –0.605687   –0.604488
1.0  –0.751703   –0.752938

4  Discussion
In most part of this section, we take Pr = 7.0, M = 0.5, 
α = 0.2, φ = 0.1, otherwise mentioned. In graphical figures, 
solid lines represent the solution at ξ = 0.5 (crest), broken 
lines at ξ = 1.0 (node), and dotted lines at ξ = 1.5 (trough). 
It is observed that these quantities vary periodically in 
the direction of ξ when α ≠ 0 (wavy surface) and wavy 
effects become more pronounced when the values of α are 
increased.

Velocity graphs are plotted in Figures 2 and 3 against 
η for different values of M and α, respectively. Figure 2 
shows that velocity decreases by increasing the magnetic 
field strength which in turns reduces the boundary layer 
thickness. This is because of the reason that the applied 
magnetic field generates the Lorentz force which acts as 
a retarding force due to which the momentum boundary 
layer thickness decreases. Figure 2 also depicts that the 
velocity is maximum at the crest and minimum at trough. 
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Figure 2: Effect of magnetic field on velocity profile.
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Figure 3: Effect of amplitude-to-wavelength ratio α on velocity 
profile.
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Figure 4: Temperature profile for different values of α.
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Figure 5: The effect of volume fraction parameter φ on velocity 
profile.
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Figure 6: The effect of φ on temperature profile.

Figure 3 highlights the impact of amplitude-to-wavelength 
ratio parameter α on velocity profile at crest, node, and 
trough locations on the wavy surface. Clearly, the velocity 
increases by increasing the values of α which highlights 
the role of surface undulation height toward enhanced 
convective phenomena. The velocity character at different 
values of ξ is the same as it was in previous graph. The 
effect of α on temperature profile is shown in Figure 4. It 
is seen that the variation in α does not bring significant 
change in the temperature profile; however, the temper-
ature is observed to be minimum at crest and maximum 
at the node. This is because of the slow convection in the 
trough region as depicted in Figure 2. The effect of con-
centration parameter φ on velocity and temperature pro-
files is shown in Figures 5 and 6, respectively. Clearly, by 
increasing the concentration of nanoparticle, the velocity 
decreases and temperature increases. This is an obvious 
consequence of enhanced convection phenomena due 
to the presence of nanoparticle in the fluid. Local skin 

friction and local Nusselt number are plotted in Figures 7 
and 8, respectively, for different values of α It is seen that 
skin friction decreases by increasing the values of α and 
the Nusselt number also have the same character. This 
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Figure 7: Skin friction plotted against ξ for different α.
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Figure 8: Nusselt number graph for different α.

Table 4: Thermophysical properties of base fluid and nanoparticle.

Properties   Cp(J/KgK)   ρ(Kg/m3)   κ(W/mK)   σ(S/m)

Fluid (water)  4179   997.1   0.613   0.05
Al2O3   765   3970   40   3.5 × 107

Ag   235   10500   429   6.3 × 107

TiO2   686.2   4250   8.9538   0.26 × 107

SWCNT   425   2600   6600   1 × 104

MWCNT   796   1600   3000   1 × 105

fact can simply be understood from Figures 3 and 4 where 
the velocity and temperature increase by increasing the 
values of α It is seen that at crest position, the velocity is 
maximum, whereas at trough, it is minimum.

The current analysis has been carried out for five 
different types of nanoparticles such as alumina (Al2O3), 
silver (Ag), single-wall carbon nanotube (SWCNT), multi-
ple-wall carbon nanotube (MWCNT), and titanium oxide 
(TiO2). Table 4 shows the thermophysical properties of 
water and the five elements MWCNT, SWCNT, Al2O3, TiO2 
Ag. The Prandtl number of the base fluid (water) is taken 
as 7.0. The aim is to investigate the effect of different nano-
particle on skin friction and heat transfer on a continuous 
moving wavy surface in a quiescent electrically conduct-
ing fluid with a constant transverse magnetic field. To 
compare the skin friction and heat transfer for different 
nanoparticles, base liquid is considered to be water. It is 
worth mentioning that this study reduces the governing 
equations (8) and (9) to those of a viscous or regular fluid 

when φ = 0. Skin friction and Nusselt number are plotted 
against the solid volume fraction φ and wavy amplitude 
α for different types of nanoparticles (MWCNT, SWCNT, 
Al2O3, TiO2, Ag) in Figures 9–12. The effect of solid volume 
fraction φ and wavy amplitude α on the local skin fric-
tion is shown in Figures 9 and 10. Clearly, the skin friction 
decreases by increasing φ and increases for increasing 
values of α; in both cases, the skin friction is maximum for 
MWCNT and minimum for Ag. The effect of solid volume 
fraction φ and wavy amplitude α on the local Nusselt 
number is shown in Figures  11 and 12. In both cases, 
Nusselt number is maximum for Al2O3 and minimum for 
SWCNT having increasing behaviour against the solid 
volume fraction φ, but opposite behaviour against wavy 
amplitude α. It is worth mentioning that according to 
(15), the Nusselt number is a product of the temperature 
gradient and the thermal conductivity ratio (conductiv-
ity of the nanofluid to the conductivity of the base fluid). 
Increasing φ leads to an increase in the thermal conduc-
tivity ratio which in turn increases the Nusselt number. 
Figure 12 depicts that the Nusselt number decreases by 
increasing the parameter α; this is because of the reason 
that the temperature increases by increasing the values of 
α within the boundary layer. Stream lines and isotherms 
are plotted in Figures 13 and  14, respectively. The wavy 

C
fx

M

Figure 9: Skin friction plotted against φ for different nanoparticles.
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Figure 10: Skin friction behaviour for different nanoparticles against α.
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Figure 11: Nusselt number behaviour against φ for different 
nanoparticles.

T 
(ξ

, η
)

ξ

Figure 14: Isotherms plotted at α = 0.2.
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Figure 12: Nusselt number plotted against α for different 
nanoparticles.
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Figure 13: Stream function plotted at α = 0.2.

pattern can easily be seen in the stream lines and iso-
therms graphs.

Numerical values of skin friction and rate of heat 
transfer for different values of α and φ when Pr = 7.0, 

M = 0.5 for alumina (Al2O3) on the wavy surface at x = 0.5, 
x = 1.0, and x = 1.5 are presented in Table 5. It is observed 
that the Nusselt number decreases with the increase in α 
and increases with the increase in φ; on the other hand, 
opposite behaviour is seen in case of skin friction.

Percent increase in the magnitude of the skin fric-
tion and Nusselt number is calculated in Table 6 at three 
different locations, crest, node, and trough, on the wavy 
surface. It is observed that at crest, the skin friction 
increases by increasing the wavy amplitude at fixed con-
centration of nanoparticle, whereas the Nusselt number 
decreases. Similarly, for a fixed value of α, the skin fric-
tion increases by increasing the nanoparticle concentra-
tion. The behaviour of Nusselt number is little bit reverse 
as it can be seen from Table 6. The similar behaviour is 
followed by the skin friction and Nusselt number at 
the node and trough locations, however, with different 
numerical values. The nature of nanoparticle has fun-
damental role in enhancing the convective heat transfer 
phenomena. Table 7 shows the percent change in skin 
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Table 7: Percent change in skin friction and Nusselt number for different nanoparticle when M = 0.0, Pr = 7.0, α = 0.2, φ = 0.1.

ξ   Nanoparticle 
material

 
 

% increase in –Cf  
 

% increase in Nu

Verses f  ″(0) = 0.8539 
at α = φ = 0.0

  Verses f ″(0.5, 0) = 0.87458 
at α = 0.2, φ = 0.0

Verses Nu = 0.9531 
at α = φ = 0.0

  Verses Nu = 0.90201 
at α = 0.2, φ = 0.0

0.5   Al2O3   34.0   30.8   4.8   10.8
  Ag   50.8   47.3   2.3   8.1
  TiO2   34.7   31.5   2.9   8.7
  SWCNT   30.3   27.2   2.9   8.7
  MWCNT   27.6   24.6   3.5   9.4

Table 5: Values of skin friction and Nusselt number for different 
values of α and φ when Pr = 7.0, M = 0.5 for alumina (Al2O3).

ξ   α   φ   –CfxRe1/2   NuxRe1/2

0.5 (Crest)     0.0   1.1175   1.0575
  0.1   0.1   1.1243   1.0415
  0.0     0.87458   0.90201
  0.05   0.2   1.0014   0.9503
      1.1440   0.9914

1.0 (Node)   01   0.0   0.9856   1.4446
    0.1   0.89303   1.4385
  0.0     0.52946   1.2823
  0.05   0.2   0.60696   1.3505
  0.1     0.69547   1.4188

1.5 (Trough)     0.0   0.95052   1.7091
  0.1   0.1   0.96164   1.6845
  0.0     0.75731   1.4777
  0.05   0.2   0.86805   1.5482
  0.1     0.99431   1.6182

Table 6: Percent increase in skin friction and Nusselt number for 
alumina (Al2O3) in comparison to pure fluid (φ = 0) and flat plate case 
α = 0 when Pr = 7.0, M = 0.5.

ξ   α   φ   % increase in –Cf   % increase in Nu

0.5 (Crest)   0.0     30.9   10.6
  0.1   0.1   30.9   10.9
    0.0   0.0   0.0
  0.2   0.05   14.5   5.4
      30.8   10.8

1.0 (Node)   0.0   0.1   31.3   10.3
  0.1     31.3   10.4
    0.0   0.0   0.0
  0.2   0.05   14.6   5.3
      31.4   10.6

1.5 (Trough)  0.0   0.1   31.5   9.5
  0.1     31.4   9.5
    0.0   0.0   0.0
  0.2   0.05   14.6   4.8
    0.1   31.3   9.5

friction and Nusselt number for different nanoparticles 
(MWCNT, SWCNT, Al2O3, TiO2, Ag) when Pr = 7.0, M = 0.5, 
α = 0.2, φ = 0.1, in comparison to pure flat and wavy plate. 
It is observed that the maximum increase of about 47.3 % 
in skin friction is obtained for Ag with 10 % concentration 
in the base fluid and minimum increase of about 27.2 % in 
the value of skin friction is obtained for SWCNT with 10 % 
concentration when the present results are compared with 
the value f ″(0.5, 0) = 0.87458 at α = 0.2 and φ = 0.0. On the 
other hand, maximum gain of 10.8 % in Nusselt number is 
obtained for Al2O3 and minimum of 8.1 % for Ag with 10 % 
concentration in the base fluid when the present results 
are compared with Nu = 0.90201 at α = 0.2 and φ = 0.0. 
The percent increase in skin friction and Nusselt number 
is also calculated in comparison to f″(0) = 0.8539 and 
Nu = 0.9531 at α = 0.0 and φ = 0.0. A maximum of 50.8 % 
and 4.8 % increase in skin friction and Nusselt number is 
obtained and a minimum of 27.6 % and 2.3 % increase in 
skin friction and Nusselt number is obtained, respectively. 
Through this table, it is easy to identify the role of surface 
roughness and nanofluid toward heat transfer enhance-
ment. This study reveals that Al2O3 nanoparticle has the 
capacity to produce a coolant (nanofluid) with higher rate 
of heat transfer.

5  Conclusion
Heat transfer enhancement due to nanofluid and surface 
texture of the moving rough plate has been computed. Gov-
erning non-similar equations have been solved numeri-
cally. The accuracy and validity of numerical procedure 
is ensured by comparing with the results already present 
in literature. It is observed that the velocity and tempera-
ture grow within the boundary layer by increasing the 
parameter α. Consequently, the skin friction and Nusselt 
number decrease by increasing the values of α. It is noted 
that the skin friction increases by increasing the solid 
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volume fraction of nanoparticle. Similar trend of Nusselt 
number is noted for increasing values of φ; this observa-
tion highlights the fact that by increasing the nanoparticle 
concentration, the momentum and thermal transport are 
also enhanced and provides the reason for recommending 
the nanofluid as a preferred coolant. Nanoparticle of five 
different metals is used and percent increase in the rate of 
heat transfer is calculated. Maximum gain of about 10.8 % 
is obtained for Al2O3 nanoparticle with 10 % concentration 
and minimum of 8.1 % increase is noted for Ag with 10 % 
concentration in the nanofluid. Our study reveals that the 
alumina (Al2O3) forms good coolant in comparison to the 
other four metals.

Nomenclature
cp	 Specific heat
g	 Acceleration of gravity
κ	 Thermal conductivity
l	 Characteristic length of the wavy plate
M	 Magnetic number
p̅	 Dimensional pressure
p	 Dimensionless pressure
Pr	 Prandtl number
S	 Wavy surface
T	 Local temperature
(u̅, v̅)	 Velocity component in (x̅, y̅) direction
(u, v)	 Velocity component in (x, y) direction
(x̅, y̅)	 Dimensional coordinates
(x, y)	 Dimensionless coordinates

Greek symbols	
α	 Amplitude of the wavy surface
α*	 Thermal diffusivity
β	 Coefficient of thermal expansion
θ	 Dimensionless temperature
φ	 Solid volume friction
μ	 Dynamic viscosity
ρ	 Local density
(ξ, η)	 New computational independent variables
v	 Kinematic viscosity
σ	 Electrical conductivity
ψ	 Dimensionless stream function

Subscript
f	 Base fluid
nf	 Nanofluid
p	 Nanoparticle
w	 Condition at the surface
∞	 Condition far away from surface
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