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Abstract: In this article, the propagation and collision of
vector solitons are investigated from the 3-coupled vari-
able-coefficient nonlinear Schrédinger equations, which
describe the amplification or attenuation of the pico-
second pulses in the inhomogeneous multicomponent
optical fibre with different frequencies or polarizations.
On the basis of the Lax pair, infinitely-many conserva-
tion laws are obtained. Under an integrability constraint
among the variable coefficients for the group velocity
dispersion (GVD), nonlinearity and fibre gain/loss, and
two mixed-type (2-bright-1-dark and 1-bright-2-dark) vector
one- and two-soliton solutions are derived via the Hirota
method and symbolic computation. Influence of the varia-
ble coefficients for the GVD and nonlinearity on the vector
soliton amplitudes and velocities is analysed. Through the
asymptotic and graphic analysis, bound states and elastic
and inelastic collisions between the vector two solitons
are investigated: Not only the elastic but also inelastic col-
lision between the 2-bright-1-dark vector two solitons can
occur, whereas the collision between the 1-bright-2-dark
vector two solitons is always elastic; for the bound states,
the GVD and nonlinearity affect their types; with the GVD
and nonlinearity being the constants, collision period
decreases as the GVD increases but is independent of the
nonlinearity.
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1 Introduction

Optical solitons, formed via the balance between the
group velocity dispersion (GVD) and nonlinearity [1-4],
have been the subject of theoretical and experimental
studies in the optical-fibre communications, due to the
capability of propagating over the long distances without
any change of shape and with the negligible attenuation
[5-8]. Propagation of the optical solitons in the single-
component fibres can be described by some nonlinear
Schrodiger (NLS)-type equations [9, 10]. With the consid-
eration on the collisions of those field components with
the different frequencies or polarizations in such optical
media as the multimode fibres, fibre arrays and birefrin-
gent fibres, the coupled NLS equations (e.g. the two-,
three-, and N-coupled ones) have been used to describe
the propagation of the vector solitons [11]. Compared with
the scalar soliton which has only one polarization compo-
nent, a vector soliton has the multiple distinct polariza-
tion components coupled together during the propagation
[12, 13]. One phenomenon associated with the collisions
of the vector solitons is the energy exchange among the
components [14]. So far, three types of the vector solitons
have been proposed including the bright vector solitons
(all of the polarization states are the bright solitons), dark
vector solitons (all dark), and mixed-type vector solitons
(some bright while the others dark) [15-17]. Propagation
of the vector solitons can be described by a system of the
coupled NLS equations [9, 18].

Investigation on the coupled NLS equations with con-
stant coefficients as the models of some physical problems
has been performed [19-22]. Propagation of optical soli-
tons in the inhomogeneous optical fibres can be modelled
by the variable-coefficient NLS equations [5, 23-26]. More-
over, some studies on the coupled variable-coefficient NLS
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equations have been presented [5, 26-32]. In this article,
we investigate the propagation and collision of vector
optical solitons from the 3-coupled variable-coefficient
NLS equations [5],
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iq,.+-B(2)q,,+7(2)| 2lq, |g,+i6(z)q,=0, (1a)
n=1
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which have been considered as a model to describe the
amplification or attenuation of the picosecond pulse prop-
agation in the inhomogeneous multicomponent optical
fibre with different frequencies or polarizations, where q;
is the complex amplitude of the j-th-field component (j=1,
2, 3), the subscripts z and t, respectively, represent the
partial derivatives with respect to the normalised distance
along the direction of the propagation and retarded time,
B(2), y(2), and d(z) are the GVD, nonlinearity, and fibre
gain/loss coefficients, respectively [5]. Hereby, the effect
of the GVD, which can broaden a soliton, can be counter-
balanced by the action of nonlinearity [11]. Therefore, it
has been claimed that the soliton can use the nonlinear-
ity to maintain its width in the presence of the GVD [11].
However, the property holds only if the fibre gain/loss is
negligible, as the fibre gain/loss can lead to the change of
the soliton energy [11]. Lax integrability for (1) has been
confirmed under the constraint [5]

’

_V'(2)B(2)-y(2)B'(2) Ay 2 5
o(z)= DB or 6(z)—|:1n 8 (z)} , )
where “’” means the derivative with respect to z. Darboux

transformation has also been derived [5].

However, characteristics for (1), such as the infinitely-
many conservation laws, bilinear forms, and mixed-type
vector soliton solutions, have not yet been investigated.
In Section 2, the infinitely-many conservation laws will
be obtained. In Section 3, with the Hirota method [33, 34]
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and symbolic computation [35-37], bilinear forms and
analytic mixed-type (2-bright--dark and 1-bright-2-dark)
vector one- and two-soliton solutions for (1) will be given.
Influence of the variable coefficients (GVD and nonlinear-
ity) in (1) on the vector soliton amplitudes, velocities, and
the vector soliton collisions will be analysed in Section 4.
Section 5 will be our conclusions.

2 Conservation Laws

Conservation laws, which describe the conservation of
physical quantities for a nonlinear evolution equation
(NLEE) [38, 39], are the integrable characteristic for the
NLEE. Hereby, on the basis of the Lax pair given in [5],
we will construct the infinitely-many conservation laws
for (1).

The corresponding Lax pair can be expressed as [5]

W =UY, W =VW, 3)

where the vector eigenfunction ¥=(¥, ¥, ¥, V), T
denotes the transpose of the vector, the components ‘¥,
¥, ¥, and W, are the complex functions of z and t, and U
and V are expressible in the forms of
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7z) . .
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with A4 as the spectral parameter.

v
Introducing the functions 1“}.=lp—’ (j=1, 2, 3), we get
0

the following Ricatti equations:

3
r”:_gqj+2iari—§(gqlfl)ri, %)
. z
with p= %

We expand oql'; as a power series of 7, namely,
oq ;=327 ®)
n=1

where /s (n=1, 2,
determined.

Then, substituting Expression (5) into Expression (4)
and equating the coefficients of the same power of 1 to
zero, we can obtain the recurrence relations,

...) are the functions of z and t to be

Q *lg,F, (6a)

1|9,
F(}) jt F(1}+F(1) ,
2 21{ q.

]

/j(])

(6b)

F= 2.{ ”F(“+Z{ZF“}F“HF}’)}, (r=2,3, 4...). (6¢)
=1

s=1

Through the compatibility condition (In ¥ ), =(In V)
we can obtain the following conservation form:

=[Q,+QI',+QI,+Q[T.], )

2t
[~iA+0q,T,+0q,T',+0q,I',],
with

. 3
_ asq2, L 2
Q,=—2ik +5V(Z)]Z:1,|qj| ,

Q, =gqll+%\/2y(2)ﬁ(2)q”,
Q=004+ 122,
Q, =gq3/1+%« 12y(2)B(2)q,,-

Substituting Expressions (5) and (6) into Expression
(7) yields the infinitely-many conservation laws,

d d
a?Rn+§]”_O’ n=1, 2, ..., (8)

with
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R=-i'Ylqf, ©)
= 2a, (@) 1, 12X (aa,). (10)
R=—,¢'>a(a)] (1)

9“Zlq =Lyt Z (Ig,Flg,)+ y(Z)Z[q,t(q)

4 Jil=1,j=1

—igi[q,fq;)n],

8 (12)

R —%19 {QZZW ' +20° Z (lq, IZIq,Iz)+Z[q (q; )n]} (13)

Jl=1,j#l

fa/(Z)g Z(Iq,l2 64,0+ y(Z)Z[q,[(q ),

jl=1

(14)

where R ’s and J ’s represent the conserved densities and
conserved fluxes, respectively.

3 Bilinear Forms and Vector Soliton
Solutions for (1)

3.1 Bilinear Forms

Under Constraint (2), introducing the following depend-
ent variable transformations [23]:

_|p=2)8”
T\ £

where g0’s are all the complex functions to be determined
and f is a real one, we can transform (1) into the bilinear
forms

(j=1, 2, 3), (15)

[ ﬁ(Z)DZ @(z)}g”f 0, (16a)
V(ZZ)DIZ —C(Z)}f -f =,3(Z)ilg(” i (16b)

where {(z) is a real function to be determined, and the
bilinear operators D_and D, are defined by [33, 34]:
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2 9 “(a a)
LW p ) . —
D"D"(G-F) (az Bz'j o ap) GE&OFE O,

with G(z, t) as a differentiable function of z and ¢, F(z/, t’)
as a differentiable function of the formal variables z’ and
t', m, and m, as two non-negative integers.

3.2 Vector Soliton Solutions
3.2.1 2-Bright-1-Dark Vector Soliton Solutions
In order to obtain the 2-bright-1-dark vector soliton solu-

tions for (1), we expand g? (j=1, 2, 3) and f with respect to
a formal expansion parameter ¢ as follows:

gV =egV+e%gV 1’8+, (j=1, 2), (17a)
g¥=g0l1+egV +e"g +£°g0 +-], (17b)
f=14&f,+&'f, +€°f +--, (17¢)

where gs (0=1,3,5,...)and g’s (L=0,2,4,6, ...) are

all the complex functions to be determined, f,’s (W=2, 4,
6, ...) are the real functions to be determined.

(A) 2-bright-1-dark vector one-soliton solutions

Truncating Expression (17) as g =eg!” (j=1, 2),
g¥=g"[1+’gY] and f=1+¢%, and substituting them
into Bilinear Forms (16), we obtain the 2-bright-1-dark
vector one-soliton solutions for (1) as

_ P2 8" i
q;= y(z) 1+f2’ J=1.2) 182
B(z) 8, 11+87]
VE%Z) e (18b)
where
g=a"%’, g0 =ye’, g¥=ke"" , f,=1e"" , L(2)=—yx' B(2),

p=ipt+— j[(zxx -p)B(2)dz, O=nt+ j[(zxx +17)p(2)ldz,

_[a"+a” +a®+a” [(p+in)(p-in’)
(n+7" YL +(p+in)(p—in )]

(p+in)T
K= o T=
p-in

with * as the complex conjugate, a’s, x, #, and p as all
the constants.

(B) 2-bright-1-dark vector two-soliton solutions
To derive the 2-bright-l-dark vector two-soliton
solutions for (1), we truncate Expression (17) as
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gV=egV+e%gV (j=1,2), g9=gV[1+e’gP+¢g¥] and
f=1+¢&f,+&f,, and substitute them into Bilinear Forms
(16). Then we get

()
(2) g '+g .
g [PEETE (), (199)
Y2 1+f,+f,
_ [B2) & 11+8)+8,] (195)
’
z)  1+f,+f,
where
gii):aii)e*h + a;i)e% , g;i): Afi)e%*"ﬁﬂi + ‘%(j)e"l“’z*@ , g((f): xe’,
g£3)=/cleel+9: +Kze€2+91 +K3661+9§ +K4862+6‘2 , gf) Zpe01+€;+62+6‘2 ,
fzzrleelwf +T2692+H; +T3€'Hl+9; +T4€92+9; , ﬁ:hea,+9;+ez+0; ,

0,0+ [ +B(INz, 0, =n 4L 1 +12) B,

p=ipte [1Qnr -p)Bz, )= Bl2),

() () ()

(j)
. a’'t a ‘L' a ‘E a’’t
Al(})z(nl_nz) ! 2* B ’Az] = 771 772) : 3* ’
ntn, n,+, 0+, ’72+’72

(p+1171)r _(p+i772)r2 (p+1171)r _(p+i172)r4
1 - . 9 - ’

p- 1171 p—in, p-in, p-in,

[a"a" +a”a? [(p+in,)(p- ml)
(171+771)2[(p+n71)(p—n71)+xx ]

[a(l]a(l) +a(2)a(2)*

n=

I(p+in,)(p—in))
(772 +17, )2[(p+1172)(p_i,77)+xx*] s
[ail)agl)*

=

"a p-+in,)(p-in)
(171+7];)2[(p+inl)(p_i77;)+XX*] ,

3=

[a(l)a(l)*+a2) @+ ](p"‘“?z)(p 1772)

(nz+172)2[(p+1n2)(p—v72)+xx 1’

T,=

_h(p+in,)(p+in,)
(p—in))(p-in,)

7,7, (0, —1,)(, —17,)
(g, +17,)(m, +17))

7,75, =1,) (; —17,)
(g, +17)(n,+15)

with a”’s, a\"’s, x,7,,1,, and p as all the constants.

3.2.2 1-Bright-2-Dark Vector Soliton Solutions

Similarly, we take

1) 5 (1

gV=eg"+egV +e7gV +-, (20a)

g(j):g(()i)[1+€2g(; +£4g(])+8 g61)+___], (j=2, 3) (ZOb)
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f=1+&f,+&"f, +&°f +--, (20c)
where g"’s (I=1,3,5,...)and g/s (b=0,2, 4,6, ...) are
all the complex functions to be determined, f’s (w=2,
4, 6, ...) are the real functions to be determined.

(A) 1-bright-2-dark vector one-soliton solutions

We truncate Expression (20) as g"=egl,
gV =g"1+&’g"] (j=2, 3), f=1+¢,, substitute them into
Bilinear Forms (16), and obtain

1B(2) g
=, |— , 21
b\ v(2) 1+, (212)
B(z) g)'+g)] .
=2, 3), 21b

4= ey U2 (21b)
where
g(l):aee’g(()j)zxje%,ggj):‘rjec%@* ,f2=I€€®+®*’

¢j=ip,.t+if{(—;p§+x2x§+x3xijﬁ(z)}dz

®=ﬂt+iJK—;ﬂ2+x2x§+x3x§)ﬂ(2)}dz
x(p;+iu)
(p,—in)’
. aa'H
(u+u Y [H+(p,+i)(p,—i) i, 0, +(p, +iw) (0, —ip 2]
H=(p,+iw)(p,~iu )(p,+ix)(p,~iu’),

M2)==x,21,8(2) -1, 2,8(2), T,=

with a, x}.’s, u, and p}.’s as all the constants.

(B) 1-bright-2-dark vector two-soliton solutions

With the truncations of Expression (20)
gV=egP+eg0, gV=g"[1+e'gV +¢'g"] (j=2, 3) and
f=1+¢&f,+¢&%,, we get the vector two-soliton solutions
for (1),

0 o0
z) 8 t+8;
4= B(z) 8 +8 (223)
22) 1+f,+f,
g - PR8I )] () (22b)
T A\y(z)  1+f+f, T

where
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©,+0,+0, 0, +0,+06,

() —

W _
8 ae +aez,g3 =Ae" "+Ae" » 8, —xe
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2
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D= Do OrOte [ f =g % 1+(72e2 l+(73e 1+

+0,%"%, f.=ve® 0% )=y 1 B(2) -1, x.8(2),

—1pt+lf[( p+x2XZ+X3X3)ﬁ(Z)}
t+zjK; +x2x§+x3x§jﬁ(z)}dz’

®2 :/’tzt+lf|:(_2/u§ +X2X2 +X3X3Jﬁ(z):|dz

K(}.)_(p}.+i,ul)al K(i)_(pi+i'u2)02

! p}—l/,{: T pl—l,u; ’
K(i)z(pi+iﬂl)03, ( )z(p}.+iu2)a4
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1
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02=

a,aH,
(qu +ﬂ: )2 [Hz +(p3 +iﬂz)(p3 _iﬂj)XzXZ +(p2 +iu2)(p2 _iﬂI)X3X;]

032

adH

1“5
(IL‘1+M;)2[H3+(p3+ilu1)(p3 ll’tz)xzxz+(pz+iﬂ1)(pz_iﬂ;)X3X;]

0'42

a2a2H4
(u,+ 5 Y [H, +(p, +iu,)(p, —i) 2, + (0, +i1,) (0, =1 0,
H =(p,+iu,)(p,~ip)(p,+ip)(p,~iu),
H,=(p,+iu,)(p,~iu)(p,+iu,)(p,~iu,),
H =(p,+iu,)(p,~iw,)(p,+iu,)(p,~iu,),

H,=(p,+iu,)(p,~iu,)(p,+ip,)(p,~iw;),

A= (m,—nla,0,(n,+n,)-a0,07,+n,)]
(n,+7,)(n,+7,) ’

A- (n,—n,)a,0,(n,+n,)-ao,(7,+n,)]
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with a,, a,, x/s, 1, u,, and p/'s as all the constants.
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4 Discussion on the Vector Solitons

4.1 Vector One Soliton

In this section, we investigate the properties of the vector
solitons based on Solutions (18) and (21), such as the
velocities and amplitudes of the bright and dark solitons.

From Solutions (18), we can obtain the velocities
[vj (j=1, 2, 3)] and amplitudes [Aj (=1, 2, 3)] of the 2-bright-
1-dark vector soliton as

v,=Im(n)B(2) (j=1, 2, 3), (23a)

g0 [LD ] (54 ), (23b)
T y(2)t
_, [F@) 23
el (230

with Re and Im as the real part and imaginary part of the
parameter, respectively.

The velocities [v (=1,2,3)] and amplitudes
[A (j=1, 2, 3)] of the 1br1ght2 dark vector soliton via
Solutlons (21) are derived as

v.=Im(u)B(2) (j=1, 2, 3), (24a)
N B(2)
A= e (24b)
= P92, 3) (240)
Jj j V()
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From Expressions (23) and (24), we find that the
amplitudes of the two mixed-type vector solitons are both
related to (z) and y(z), but the velocities of them are only
related to S(z2).

2-Bright-1-dark vector soliton via Solutions (18) is
shown in Figures 1-3, while 1-bright-2-dark vector soliton
via Solutions (21) is displayed in Figures 4—6. In Figures 1,
2, 4, and 5, with 3(z) =y(z) leading to 6(t) = 0, we find that
amplitudes of the vector solitons keep unchanged during
the propagation. It indicates that, with the absence of
the fibre gain/loss, the vector soliton can propagate
without the energy change. Besides, if we consider the
homogeneous optical fibre, where (z) and y(z) both
being the constants, vector solitons propagate stably
with the invariable velocities, as shown in Figures 1 and
4, However, in the inhomogeneous optical fibre, choos-
ing B(z)=y(z)=0.1z? in Figure 2 while 5(z) =y(z) =cos(z)
in Figure 5, we find that the vector soliton propagates
S-shaped and periodically, respectively. The velocity of
the vector soliton shown in Figure 2 slowly decreases
and eventually approaches a steady positive velocity
for t — + o0 or — 0, while that shown in Figure 5 changes
periodically. Amplitude-changing vector soliton can be

/3()

obtained, when the value of ) is variable, i.e. 6(t) #0,

as shown in Figures 3 and 6. The presence of the fibre
gain/loss can cause the change of the soliton energy.
In addition, owing to the different choices of 3(z), the
velocity of the vector soliton shown in Figure 3 gradually
increases with t, while that of the vector soliton shown in
Figure 6 keeps unchanged.

z z

Figure 1: (a-c) Three-dimensional graphs of the 2-bright-1-dark vector one soliton via Solutions (18) with a®=3, a®@=

p=1, f(2)=y(2)=0.5. (d-f) Contour plots of (a—c), respectively.

z

4,m=2+1i,x=1+0.5i,
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Figure 4: (a—c) Three-dimensional graphs of the 1-bright-2dark vector one soliton via Solutions (21) with a=3, y,=2, x,=2.2,4=0.8+0.7i,
p,=p,=2, f@)=y(@)=2.(d-f) Contour plots of (a-c), respectively.
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z z z

z z z

Figure 6: The same as Figure 4 except that f(2) =2, y(2) =2.5e-°7,

4.2 Vector Two Solitons e )
I (2) PRV (6,+6;~0, 6,+6, >—c),
4.2.1 Elastic and Inelastic Collisions of the Vector Two 14 l+7e
Solitons (25b)

On the basis of Solutions (19) and (22), in this part, we Mg .

7 Le bas o (19) and (22) in this b g PO A (21, 2), 0,46,-0, 0,46, >+),
will investigate the elastic and inelastic collisions of the % Y(2) 1 +he’ " 2 r
vector solitons via the asymptotic and graphical analysis, !

in the case that the choices of the GVD coefficient 5(f) and (25¢)
nonlinearity coefficient y(t) lead to the fibre gain/loss )
. . _ e(P K+ eez+9§
coefficient 6(£)=0. @ - p) 1k +p . ), (0,+6,~0, 6,+60; —>+co),
72 7 +he"

(A) Asymptotic analysis on Solutions (19)

Before the collision (z — — o), (25d)

_ [ aveh ) ) with g;’s and g;’s (j=1, 2, 3) as the asymptotic expres-
q; %\/;161%; (j=1, 2), (6,+6,~0, 6,+6,—>—),  sions for the vector two solitons before the collision,
tT.e respectively.
(25a) After the collision (z — + ),
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W [Bz)  AVe"

j — (j=1, 2), (0,46 ~0, 0, +6" —+oo),
PN ¢, vhe” o 27

(26a)

e?(zr, +pe” ™ _ ‘
" /ﬂ(z;x @HPe ) (g 16:-0,0,+0: >+o0),

’ Nz rﬁheeﬁﬂ‘1
(26b)
() 0,
q§+—>@1+";§2+6; (=1, 2), (6,+6,~0, 6, +6, —>—c=),
(26¢)
¢ 0,+6,
q§+—>\/%"e A2 ) (0,40:~0, 0,401 o),
(2) 1+7,e™""
(26d)
with ¢'"’s and ¢’"’s (j=1, 2, 3) as the asymptotic expres-

sions }for the ve]ctor two solitons after the collision,
respectively.

Hereby, we set A;‘ (A}*) and Af‘ (Af*) (j=1, 2, 3) as
the amplitudes of the vector two solitons before (after) the
collision. After some calculations, we obtain

A;‘:A;* and Af‘:Ai*, j=1,2, 3, 27)
with the condition
® 0
A==, 28)
a? a?

where c is a nonzero constant. When a" and a)” (j=1, 2)
do not satisfy Condition (28), we have
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Ajf ¢A}* and Af’ ¢A§* , (29a)

AT =AY and AT =A%, (29b)

From the asymptotic analysis earlier, we find that
the appearance of the elastic or inelastic collision for the
2-bright-1-dark vector two solitons depends on the relation

0 )
a
between —- and —;. For the two bright solitons, elastic
a a

2
collision just occurs under Condition (28), while inelastic

collision arises without Condition (28). However, collision
for the dark solitons is always elastic.

Figures 7-10 show the collisions for the 2-bright-1-
dark vector two solitons with the different velocities. In
Figures 7 and 8, the choices of a” and a?” satisfy Con-
dition (28). In the homogeneous optical fibre where 3(z)
and y(z) being the constants, such as (z) =y(z) =4, for the
elastic collisions, amplitude and velocity for each soliton
do not change before and after the collision except for a
phase shift, as shown in Figure 7. For the inhomogeneous
optical fibre, although the values of 5(z) and y(z) are vari-

able in Figure 8, the value of % is a constant and the
collisions are still elastic. Without Condition (28), inelastic
collisions for the bright solitons occur in Figures 9a, b, d, e
and 10a, b, d, e: After the collision, amplitudes of the
solitons in the component g, increase, but they decrease
in g,. However, collisions for the dark solitons shown in
Figures 9c, f and 10c, f are all elastic. Owing to the choices
of B(z) and y(z), the soliton velocities are invariable in
Figure 9 but variable in Figure 10 during the propagation.
One of the velocities of the vector two solitons shown in
Figure 10 slowly decreases and eventually approaches

-2 2 -2 2
zZ V4

-2 2
zZ

Figure 7: (a-c) Three-dimensional graphs of the elastic collision between the vector two solitons via Solutions (19) with a®=4, a=2,
a?=3, a?=15, y=1.5+i, p=1,7,=0.6+i,n,=-1-i, (@) =y(2) = 4. (d—f) Contour plots of (ac), respectively.
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z

zZ zZ zZ

Figure 9: (a) and (b) Three-dimensional graphs of the inelastic collisions between the two bright solitons via Solutions (19). (c) Three-
dimensional graph of the elastic collision between the two dark solitons via Solution (19). (d—f) Contour plots of (a—c), respectively. Hereby,
the parameters are the same as those in Figure 7 except that a”=5, a®=1.2, a’=2, a?=3.

z z Z

Figure 10: The same as Figure 9 except f(2) =422, y(2) = 42



DE GRUYTER

a steady positive velocity, while the another one slowly
increases and eventually approaches a steady negative
velocity for t — + oo Or —co.

(B) Asymptotic analysis on Solutions (22)
Before the collision (z — — o),

@l
ae

- B(z)
q -, |=—=————, (0,+0/~0, ©,+0,—>-=), (30a
1 'J/(Z) 1+01e91+91 1 1 2 2 ( )

¢f (j) ®1+®;
- B(z) xe ' [1+ke 1.
g — /y(z) ! (191%); (j=2, 3), (6,+06; ~0,

1+ oe
0,+0) ——c0), (30b)

62
g [PE A (g 100,010 >+e), (300)
7(2) ol+ve®“®z

D51 () o () ,©,+©;
e[k +cVe ]
g — [P@ 1 ¢ —(j=2, 3), (,+6!~0,
J ’}/(Z) 01 + V€®z +0,

(30d)

0O, +0] —+00),

After the collision (z — + <),

@1
g - /?L (0,+0;~0, 0,+0,—>+=), (31a)

(2) g 4pe®t&’
4

D51 () () 0,46
" 2 x.e'[k)+cVe 1.
q' - /ﬂ( )€ s o (=2,3),(6,+6,~0,
7(2) o,tver

(31b)

0,+0, —>+),

lq; I*
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. B2 ae”
q —>\/7(, (0,+0,~0, ©,+0]—>—<), (31¢)
! 7(2) 1+04eez+®2 o b

; () ,©,+;
) B(z) ;e [1+£Ye |
q2 - ) . : (]:2’ 3)’ (®2+®2~0,

! y(z 1+0,e%"

0,+0; —>—co),

(31d)

We set AI,” (Aj“) and A}.Z’ (A}.Z*) (j=1, 2, 3) as the
amplitudes of the vector two solitons before (after) the col-
lision. After some calculations, we have

Ail‘ =Aj“ and Ajz’ =Aj2+. (32)
From Expression (32), we find that the collision for the
1-bright-2-dark vector two solitons is always elastic.
Figures 11 and 12 show the elastic collisions between
the 1-bright-2-dark vector two solitons with the different
velocities, for the homogeneous and inhomogeneous
fibres, respectively. With 5(z) and y(z) being the con-
stants, elastic collisions are shown in Figure 11. When the
values of (z) and y(z) are variable and Az) is a constant,
y(z

Figure 12 illustrates the different elastic collisions, where
the soliton velocities are variable, and shows the same
changing tendencies as those shown in Figure 10.

4.2.2 Bound States

In this part, taking the collisions between the 2-bright-
l-dark vector two solitons as an example, we will
investigate the effects of the GVD coefficient, 5(z), and

zZ zZ

z

Figure 11: (a—c) Three-dimensional graphs of the elastic collision between the vector two solitons via Solutions (22) with a,=a,=1, y,=1+1,
2=1=i,p,=p,=1, u,=0.5+i, u,=1-1i, f(2) =y(2) = 2. (d-f) Contour plots of (a-c), respectively.
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a

20
la; I*

z z zZ

iValalaY

N\

-8 8
Z

Figure 13: (a—c) Three-dimensional graphs of the bound states via Solutions (19) with a”=a{ = =a? =1, y=1.5+i, p=1,7,=1,7,=1.1,

B@)=y(2)=10. (d-f) Contour plots of (a—c), respectively.

AAAAA

VWY

-8 8

Figure 14: The same as Figure 13 except that 3(z) =15.
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nonlinearity coefficient, y(z), on the evolutions of the
bound states via the graphic analysis. For the collisions
between the 1-bright-2-dark vector two solitons, the anal-
ysis is similar.

Figures 13-17 show the 2-bright-1-dark vector two
solitons in bound states with the invariable amplitudes,
where the bound states shown in Figures 1315 form in the
homogeneous fibre, while those shown in Figures 16 and
17, in the inhomogeneous fibre. In Figures 13-15, two soli-
tons in the components g, q,, and g, all attract and repel
each other periodically, where the values of 5(z) and y(z)
are both constants. With the increase in 5(z), the collision
period of the solitons in Figure 14 is shorter than that in
Figure 13. Comparing Figures 13 and 15, we find that the
collision period is independent of y(z). With the choices
of nonconstant parameters (z) and y(z), the bound states
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shown in Figures 16 and 17 are different from those shown
in Figures 13-15. In Figure 16, steady transmission for the
vector two solitons can be achieved in a short distance at
first, and then, soliton collision occurs periodically with
a collision period becoming shorter and shorter. Figure 17
shows the vector two solitons attract and repel each other
periodically except that the steady transmission occurs
around z=0.

5 Conclusions

In this article, we have investigated the propagation and
collision of the vector solitons from the 3-coupled varia-
ble-coefficient NLS equations, i.e. (1), which describe the
amplification or attenuation of the picosecond pulses in

|, f‘y’ﬁ'mA,M

LI

VVVI\I‘I\V N

" —A
| |

J ViAW

Figure 16: The same as Figure 13 except that f(z) =y(z) =10e°*.
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Figure 17: The same as Figure 13 except that (2) =y(2) = 4z.

the inhomogeneous multicomponent optical fibre with
different frequencies or polarizations. On the basis of Lax
Pair (3), Infinitely-Many Conservation Laws (8) have been
derived. Under Constraint (2) among the variable coeffi-
cients for the GVD, j(z), nonlinearity, y(z), and fibre gain/
loss, d(z), Bilinear Forms (16), two types of the analytic
mixed-type (2-bright-1-dark and 1-bright2-dark) vector
one- and two-soliton solutions, i.e. Solutions (18), (19),
(21), and (22), have been obtained via the Hirota method
and symbolic computation. On the basis of those solu-
tions, influence of 5(z) and y(z) on the soliton propagation
and collision has been analysed. With the asymptotic and
graphic analysis, elastic and inelastic collisions between
the vector two solitons have been studied. We have also
analysed the effects of (z) and y(z) on the bound states
via the graphic analysis. Attention should be paid to the
following aspects:

1. Amplitudes of the bright and dark solitons are both
related to 3(z) and y(z), while their velocities are only
related to 5(2).

2. With the choices of 5(z) and y(z), the vector soliton
propagates in different forms, as seen in Figures 1, 2,
4, and 5. Besides, amplitude-changing optical vector

B(z)

soliton can be obtained when the value of @ is
variable, as seen in Figures 3 and 6. 4

3. For the 2-brightl-dark vector two solitons, elastic
collision for the two bright solitons only occurs with
Condition (28), as seen in Figures 7a, b, d, e and
8a, b, d, e, whereas inelastic collision arises with-
out Condition (28), as seen in Figures 9a, b, d, e and
10a, b, d, e. Collision for the dark solitons is always
elastic, as seen in Figures 7c, f, 8c, f, 9c, f and 10c, f.

-8 8

4. For the 1-bright2-dark vector two solitons, collision
in each component is elastic, as seen in Figures 11
and 12.

5. For the bound states, 3(z) and y(z) affect their types,
as seen in Figures 13-17. Besides, with 3(z) and y(z)
being the constants, collision period decreases as
B(z) increases but is independent of y(z), as seen in
Figures 13-15.
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