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Abstract: In this article, we constructed formal Lagran-
gian of Phi-4 equation, and then via this formal Lagran-
gian, we found adjoint equation. We investigated if the
Lie point symmetries of the equation satisfy invariance
condition or not. Then we used conservation theorem
to find conservation laws of Phi-4 equation. Finally, the
exact solutions of the equation were obtained through the
(G’/G, 1/G)-expansion method.
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1 Introduction

The concept of conservation laws has a long and profound
history in physics. Whatever the physical laws considered:
classical mechanics; fluid mechanics; solid-state physics;
and quantum mechanics, quantum field theory, or general
relativity and whatever the constituents of the theory and
the intricate dynamic processes involved, quantities left
dynamically invariant have always been essential ingre-
dients to describe nature. At the mathematical level, con-
servation laws are deeply connected with the existence of
a variational principle that admits symmetry transforma-
tions. This crucial fact was fully acknowledged by Emmy
Noether in 1918 [1, 2].

Construction of conservation laws for a given system
is generally a nontrivial task. However, for a system arising
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from a Lagrangian formulation, there exists a fundamen-
tal theorem by Emmy Noether. He proved that for every
infinitesimal transformation that is admitted by the action
integral of a Lagrangian system, one can constructively
find a conservation law [3, 4].

There are many different approaches to the construc-
tion of conservation laws such as characteristic method,
variational approach [5], symmetry and conservation law
relation [6, 7], direct construction method for conserva-
tion laws [8], partial Noether’s approach [9], Noether’s
approach [10], and conservation theorem [11-15]. In this
work, we will use conservation theorem approach for
finding Phi-4 equation’s conservation laws.

Searching exact solutions of nonlinear partial dif-
ferential equations (PDEs) plays an important and sig-
nificant role in the study on the dynamics of those
phenomena. Many mathematical techniques have been
employed to find exact solutions to these equations.
These methods include the inverse scattering method [16],
Hirota’s bilinear method [17], the tanh method [18], trans-
formed rational function method [19], the sine-cosine
method [20, 21], the homogeneous balance method [22],
the exp-function method [23], the extended trial equation
method [24], the modified simple equation (MSE) method
[25, 26], the first integral method [27], the auxiliary equa-
tion method [28], the (G’/G)-expansion method [29], the
(1/G")-expansion method [30, 31], Kudryashov’s method
[32], and so on.

The fundamental principle of the (G’/G)-expansion
method is that the exact solutions of nonlinear PDEs can
be expressed by a polynomial in (G’/G) in which G=G(&)
satisfies the differential equation G”(§) +AG’ (§) +uG(&§) =0.
Here, 1 and u are constants [29].

The (G’/G, 1/G)-expansion method can be consid-
ered as a generalisation of the (G’/G)-expansion method.
The fundamental principle of the (G’/G, 1/G)-expansion
method is that the exact travelling wave solutions of non-
linear PDEs can be expressed by a polynomial in the two
variables (G’/G) and (1/G), in which G=G(&) satisfies a
second-order linear ordinary differential equation (ODE),
namely G”(§)+AG(§)=u, where A and u are constants.
The degree of this polynomial can be determined via the
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homogeneous balance method. Also, the coefficients of
this polynomial can be determined by solving a set of
algebraic equations resulted from the process of using the
method [33-36].

The rest of this article has been arranged as follows.
In Section 2, basic definitions about the conservation laws
and the basic ideas of the (G’/G, 1/G)-expansion method
are given. In Section 3, the conservation laws of the Phi-4
equation are found. In Section 4, the method is employed
for obtaining the exact solutions of Phi-4 equation. Finally
in Section 5, some conclusions are presented.

2 Definitions

Firstly, it would be helpful to give some definitions and
formulations of the conservation laws theory in this part
of the article.

2.1 Conservation Laws

Firstly, we consider the k-th-order PDEs in the following
form:

FO, w1, 1, ... u)=0, W

where x=(x,, X,, ..., x,), n independent variables; u=(u',
W, ..., u™), m dependent variables; and U, is j-th-order
derivation with respect to x, (j=1, 2, ..., k and =12, ..,
n). The infinitesimal generator for the governing equation
(1) can be written as follows:
x=g 2y 0

ox, ou”

@

where &' and #* are the infinitesimal functions, i=1, 2, ...,
nand a=1, 2, ..., m. These functions are only the func-
tions of dependent and independent variables. Namely,
we investigate only the Lie point symmetries in this articel.
The k-th prolongation of the infinitesimal generator is

0 0
XWO=X4pWe — g g0 = k>1,
n a a 771112...11( auu (3)

L.y

where
n“=Dpn*~(DE Ny,

n, =Dy ~(D, &

*’
e e Il lkl

where i,j=1,2, ..,nanda=1,2,..,mand i=1,2, ..., m
forI=1, 2, ..., k and D, is the total derivative operator. In
this case, Lagrangian in the lower form for (1) is

DE GRUYTER
L=L(x,u, u, ..., u). (4)
Then the Euler-Lagrange equation can be founded by

oL
—=0, (a=1, m), (5)
ou”
where 6/0u“ is the variational derivative with

6 =
ou” 9

D ...D 9
v hdu

i

J(a=1, ..., m).

1oeels

Formal Lagrangian is the multiplication of a new
adjoint variable w=(w!, w?, ..., W), with a given equation.
Namely,

L=w’F. (6)

Adjoint equation can be obtained as follows:

O(WPF)
ou”

F(x,uw, .., u =0, a=1,2,...,m (7)

(k)? (k))

Adjoint equation F, inherits symmetries of the original
equation. By substituting w=u in (7) if we obtain (1), then
(1) is said self-adjoint equation.

When formal Lagrangian and infinitesimal functions
are substituted in the following formula,

§L+W"6—+2D D, (W) J

, (i=1, ..
521 aui:,..i.

> ()

where W*=y¢"-&’ u;‘ anda=1, ..., m, T! conserved quanti-
ties are obtained. The conserved quantities obtained from
(8) involves the arbitrary solutions w of the adjoint equa-
tion, and hence one obtains an infinite number of conser-
vation laws for (1) by specifying w.
If
D i(T"):Q )

then the conserved quantities are conservation laws of (1).
Here, the total differentiation operator is that

0 . 0 . 0
D=—+u +u; +
Yooxt tou® Y Bu]‘f

2.2 (G’/G, 1/G)-Expansion Method

In the current section, the main steps of the (G'/G, 1/G)-
expansion method for finding exact solutions of non-
linear PDEs are described [37-41]. As preparations, let us
consider the following second-order linear ODE:

G"(E)+AG(E)=u, (10)
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where A and u are constants. We choose here

$=G'/G, y=1/G (11)
for simplicity. Using (10) and (11) yields
=9 +up—A, P=—py. (12)

For general solutions of (10), we get the following
three cases.

Case 1 (1 >0): The general solution of (10) is
G(&)=A,sin(/2£)+ 4, cos(/26)+ 2,

and we have

A

Y= (9" 2up+A), (13)
AMo—u
where A and A, are two arbitrary constants, and
o=A+Al.
Case 2 (1>0): The general solution of (10) is
G(&)=A, sinh(J—i/lg)+A2 cosh(\/jlé)+%,
and we have
2 _/1 2
Y= (" 2uyp+A), (14)
AMo+u
where A and A, are two arbitrary constants, and
o=A’-Al.
Case 3 (1=0): The general solution of (10) is
GEO="E +AE+A,
and we have
2 1 2
= —2 .
¥ 2 2uh (" —2up) (15)

where A, and A, are two arbitrary constants.
After these preparations, we consider a general non-
linear PDE in the following form:

u.,u

P(u, u, u, u,u,u , ..)=0, (16)

where x and t are independent variables, and (16) is a
polynomial of u and its partial derivatives. The main steps
of the (G’/G, 1/G)-expansion method are as follows.

Step 1 Using the following transformation &=x-vt,
u(x, t)=u(&), (16) reduces to following ODE:
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P(u, —vu’, v, vu”, —vu’, u”, ..)=0, (17)

where v is the wave velocity.

Step 2 We suppose that the formal solution of (17) can be
expressed as follows:

u(@)=yap'+>be" v, (18)

where a(i=0, ..., N) and b(i=1, ..., N) are constants to
be determined later, and the positive integer N can be
determined by using the homogeneous balance method
between the highest-order derivatives and the nonlinear
terms in (17).

Step 3 Substituting (18) into (17), using (12) and (13) [here
Case 1 is taken as example, so (13) is used], the left-hand
side of (17) can be converted into a polynomial in ¢ and .
Note that the degree of y is not larger than one. Equating
each coefficient of this polynomial to zero, we can get an
algebraic system of equations in terms of a(i=0, ..., N)
b(i=1,...,N),v,A(A<0),u,A,and A,.

Step 4 We solve the algebraic equations verified in Step 3
with the aid of Maple. Substituting the values of a(i=0,
... NV b(i=1, ..., N), v, A, u, A, and A, obtained into (18),
the travelling wave solutions of (17) expressed by the
hyperbolic functions can be obtained.

Step 5 Similar to Steps 3 and 4, substituting (18) into (17),
using (12) and (14) [or (12) and (15)], we can get the trav-
elling wave solutions of (17) expressed by trigonometric
functions (or expressed by rational functions).

3 Conservation Laws of the Phi-4
Equation

The Phi-4 equation plays an important role in nuclear and
particle physics over the decades:

2 3_
u,—u_+mu+cu =0, (19)

where m and c are real constants. In this section, we will
find conservation laws for the Phi-4 equation.
Let us construct formal Lagrangian for (19) in the fol-

lowing form:
L=(u, —u_+m’u+cu’)w(x, t), (20)

where w=w(x, t) is the adjoint variable. If we substitute (20)
into (7), then the adjoint equation can be verified as follows:
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F*:a—L+D L +D oL
ou du, “\ Ju,

=m*w+3cl’w-w_+w. .
XX tt

(21)

Now, we can see that (19) is not obtained by substitut-
ing w=u in (21). Consequently, we can say that (19) is not
self-adjoint.

The Phi-4 equation admits following three Lie point
symmetry generators:

)
X,==,
boox
)
%= (22)
) )
X3 _t87+X§

In addition, above Lie point symmetry generators’
commutator table is as follows:

X, X] X X, X,
X, 0 0 X,
X, 0 0 X,
X -X -X 0

3 2 1

Now, we will find conservation laws of (19).
Case 1: We consider

(23)

the Lie point symmetry generator. Presently, we will show
that X, satisfies by invariance test:

X(L)+L(D,(£"))=0. (24)
Second prolonged vector of X is
8 d d d d
X(Z) X + t x7+ t _9 ot
§ 5 Ju i u, Bu A u, 7 au
(25)
Here,
7" =Dn-(DE )y, (26)
and
7751’1(2) A _leng;.l)l _(D g ) ii, 1 2 k=2’ l=1’ 2’ il=1’ 2.

@7)
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Here, i=1, 2, .... We get from the above formulations:

7])(:77)()(:’7[:77&=0. (28)

By substituting (28) into (25), we get Xf”:a/ ox. If we
substitute these values into (24), invariance condition is
clearly satisfied:

X®(L)+L(D,(E")+D,(£))=0.

ForX,,

&=,
§'=0,
n=0.

(29)

If we use (8), conserved vectors’ formulations are

Tt=§’L+W|:—D [ oL ]:|+D (W)T

au[[ tt

T :gXL+W|:—D (aaL H +D, (W)— (30)
u
We can find W with (29) in the following form:

W=n-Eu —E'u,

==U. (31)
As a result, conserved vectors are

Tlt =uth _uxtw’
T =wu, +wm’u+wcuw’ -u w , (32)

for (19) with X, = d/0x Lie point symmetry generator.
If we substitute (32) into (9),
t X\ _
Dt (Tl )+ Dx (Tl )= u W HuUw, —u w-u w +uw +wi
+W MU WU +W CU +3Weu'y — U W —U W

=u_(Mmw+3cu’w-w_+w.)
X XX tt

F

+w (U, —u +mu+cu’)
F
=0 (33)
is satisfied.
Case 2: Secondly, we consider
9
X =—
=5 (34)
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Equation (19) satisfies invariance test:
XP(L)+L(D, (&)+D,(£))=0,
for X,=0/0t Lie-point symmetry.

Let us construct conservation laws corresponding to
symmetry X,. From X,

(35)

are obtained. If we use W=n-&u -&u, and (35), we

obtain
W=—ut . (36)

By substituting (36) into (30), we obtain the following
conserved vectors:

T, =—wu_+wm’u+wcu’ +uw,,

37
I =—uw +u w. G7)
For (37), (9)
D/(T))+D (T )=u, (m*w+3cuw’w-w_+w,)
S
+w, (u, —u_ +m’u+cu’) (38)

F

=0

is satisfied. Therefore, TZ‘ and T' are conservation laws
for (19).

Case 3: Thirdly, we will use the following Lie point
symmetry:
0 0

X =t—+x—.

LAY (39)

Equation (19) satisfies invariance test for X.. For the opera-
tor X,

&' =t,
§'=x, (40)
1n=0.
We have
W=-u t-ux. (41)

If we substitute (41) into (30), conserved vectors are

t_ 2 3
T, =wx(-u _+mu+cw’)+w,(u t+ux)-wu t+u ),

(42)

X __ 2 3
T =wt(u,+m'u+cu’)-w (u t+ux)+wu x+u,).
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Using (9), for (42) it is shown that

D(T})+D (T )=tw (u,—u +m'u+cu’)

F

2 2
+u (m'w+3cu'w-w_+w,)

F

+xw, (u, —u  +m’u+c’)+xu (m*w+3cw’w-w_+w,)
XX t XX tt

=0.
(43)

Therefore, invariance condition is satisfied.

4 Exact Solutions of Phi-4 Equation

In this section, the presented method is applied to the
Phi-4 equation (7). For our purpose, we introduce the fol-
lowing transformation as u(x, t)=u(£), £ =x-vt, where v
is a constant. With this transformation, (7) reduced to fol-
lowing ODE:

vV =Du” +m’u+cu’ =0, (44)
where prime denotes the derivative with respect to .

According to the homogeneous balance method, we
get the balancing number as N=1. Therefore, the solution
(18) takes the following form:

u()=a,+a,p+by, (45)

where a, a,, and b, are constants to be determined. Let us
examine the three cases mentioned above.

Case 1: (A >0 Trigonometric function solutions)

Substituting (45) into (44), using (12) and (13), the left-
hand side of (44) becomes a polynomial in ¢ and y. Equat-
ing each coefficient of this polynomial to zero yields a set
of the following algebraic equations in a, a,, b, m, v, o,
u, and A:

¢ 2aM'0’+calut-2cal oy’ +2via Ao’ +calA'o?
+2via,u' +4a o’ +3ca b} Ao —3cab; i’

-4v’a Aou’ -2a,u' =0,

oY —4v’b A’ +2v*b u’ —cb} \u’ +2v?h A'o?
+3ca’b, Ao’ +3cabu’ —6cab Aou’ +4b Ao’
—2bu' +ch Ao -2b A'0* =0,

o°y° 3ca,b;A’o—v*bul’o+3caa; Ao’ —2cb} A u

—3ca b\’ b’ A+b ur’o +v?b i’ A+3caa; 1’

—6ca,a;A’ou’ =0,



444 —— A.Akbulutetal.: Conservation Laws and Exact Solutions of Phi-Four (Phi-4) Equation

—4v’b Ao’ +2v*b u" +2v’b A*0* +3cab Ao’
—6ca;b, Aoy’ —cb] Au’ +4b, A’ou’ —2b ' +ch) Ao
+3ca;b,u’ —2b,A"0* =0,

3ca b A’o—v’bul’o+3ca,a; Ao’ —2ch) A u
—3ca b} A’ —b 1’ A+ b1ud’o +v?h i’ A+ 3ca a; 1’
—6ca,a;A’ou’ =0,

3a,u°-3v’a uA'o’ +6ca b} Au’ —12ca,a b Atu’
-3v’au’ +6ca,a b A't* —6cab; X’ ut+6caa b u’
+3a,ul't’ —6a,u’ At +6via u’A’r=0,

3caiau' +2via Ao’ +2via du' +4a Xy’
+3cabiA'o—-a Ao’ -3ca b} A’ y’ +3caia Ao’
—4vla NVou’ —6caa Aoy’ —2m’a Aoy’

+m’a Ao’ +mlau' —2a 2’0’ —2a,Au" =0.

Solving this system with the aid of Maple, we get

o BRGS! b_/ WV =1)(Xr—pu?)
%= &= 2 Y 2cA ’
mzﬂ}—%l(vz—l),

where A, c#0. By substituting these values into (45), using
(11) and (13), we obtain the exact solutions of Phi-4 as
follows:

- Avi=1)
w(E)=-"—2¢
A sin(ﬁ§)+ A cos(ﬁ§)+%
J((Af +A) 72— )(v* 1)
2cA
A sin(\/1<§)+A2 cos(\/zé)+%

(A, cos(/A£)- A, sin(/18))

+

(46)

where

E=x-vtando=A’+A’.

The Figure 1 of this obtained solution can be given as
follows by choosing special values for arbitrary constants:

Case 2: (A <0 hyperbolic function solutions)

Substituting (45) into (44), using (12) and (14), the left-
hand side of (44) becomes a polynomial in ¢ and . By
equating each coefficient of this system to zero, we get a
set of algebraic equations. Solving this system with Maple,
we obtain
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Figure 1: Graph of the u(x, f) corresponding to the values: v=-4,
A=1,A=-1,u=2,A=2,c=-5.

i _J (-1) b_\/(vz—l)(12t+/42)
D= Ty T 2c ’

m=, /—%A(vz—l).

where 4, c#0. Substituting these values into (45), using
(11) and (14), we get exact solutions of Phi-4 as follows:

AV =1)
u(&)=1—2¢
A sinh(v-A8)+ A cosh(\/—>/1§)+%
J(vz—l)[lz(Af—Aj)wz]
2cA
A sinh(\/—7/1§)+A2 cosh(\/jié) +%

(4 cos.h(\/—7/1‘5)+A2 sinh(\/jé))

+

(47)

where

E=x-vtando=A’-A.

The Figure 2 of this obtained solution can be rep-
resented by choosing special values for arbitrary
constants.

Case 3: (1 =0 rational function solutions)

Substituting (45) into (44), using (12) and (15), the left-
hand side of (44) becomes a polynomial in ¢ and y. By
using the same procedure above, we have a set of algebraic
equations. If we solve this system, we get
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Figure 2: Graph of the u(x, ) corresponding to the values: v=-4,
A=1,A,=-1,u=2,A=2,c=-5.

v 0. a J(n bJ(ﬂ(Mfw
2c ! 2c

where ¢ # 0. Substituting these values into (45), using (11)
and (15), we get exact solutions of Phi-4 as follows:

Lo8B8BHBERY

Figure 3: Graph of the u(x, ) corresponding to the values: v=-4,
A=1,A,=-1,u=2,c=-5.
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(1) (uE+A) (v*-1)(A/ -2A,1)
u(§=1—2¢ 2
%+A1§+/g %+A3§+AZ

where & =x —vt. We can graph the Figure 3 of the solution
by choosing special values for arbitrary constants.

Note that our solutions are new and more extensive
than the given ones in [42]. Comparing our solutions with
[42], it can be seen that by choosing suitable values for the
parameters, similar solutions can be verified.

5 Conclusion

In this study, we used conservation theorem for obtain-
ing conservation laws of the Phi-4 equation. Also through
the (G’/G, 1/G)-expansion method, we have investigated
exact travelling wave solutions of the Phi-4 equation. The
method proposed in this work is expected to be further
employed to solve similar nonlinear problems in applied
mathematics and mathematical physics. This work illus-
trates the validity and great potential of the (G’'/G, 1/G)-
expansion method for nonlinear PDEs. All the obtained
solutions in this article have been checked by Maple
software.
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