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A theory is outlined for the potential energy distribution in the presence of redundancies. 
Numerical examples are given for the cage-like molecules P4S3, P4Se3, ÄS4S3, As4Se3 and PAs3S3, 
for which the molecular vibrations have been analysed previously. 

Introduction 

L e t S denote a complete set of independent inter-
nal coordinates in the theory of molecular vibra-
tions [1, 2]. T h e y m a y , for instance, be s y m m e ü y 
coordinates. T h e matrices F (force-constant matrix) 
and L(S = LQ. where Q designates the normal co-
ordinates) are supposed to be based on the S co-
ordinates. F o r the f requency parameter Xk one has 

Xk — 2 (1) 
i j 

This parameter is t h e coefficient in the part of 
2 V (V is t h e potentia l energy) belonging to the 
normal coordinate Q k . T h e potential energy dis-
tr ibut ion ( P E D ) terms are defined b y [3—5] 

— L2ikFujX]c. (2) 

C y v i n et al. [5] h a v e discussed the influence on 
P E D terms w h e n redundancies from the internal 
coordinates are r e m o v e d in different ways . The 
P E D for the cage-like molecule P4S3 was analysed 
using t w o different sets of s y m m e t r y coordinates 
(A and B), both w i t h o u t redundancies. T h e P E D 
terms were found to be crit ical ly dependent on this 
choice of coordinates a n d hardly meaningful at all 
in one of the cases (A). 

In the present wrork it is shown how the P E D 
terms m a y be derived uniquely even in the presence 
of redundancies. Hence the di lemma of choosing an 
adequate set of independent internal coordinates 
(such as the A and B s y m m e t r y coordinates in the 
cited example [5]) is e l iminated in one sense. B u t 
it is true t h a t the P E D terms depend on the 
part icular choice of coordinates [5, 6]. However , 
t h e y m a y be chosen as a set of l inearly dependent 
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coordinates. L e t such a set of internal coordinates 
be identified b y the s y m b o l R. T h e P E D terms of 
course also depend on the force field; i t m a y be 
defined b y P in terms of the R coordinates. 

T h e present theory is applied to P4S3 [5, 7, 8], 
P 4 S e 3 . A s 4 S 3 , A s 4 S e 3 [7. 9] and P A s 3 S 3 [9]. 

Theory 

Definition of Xik 

T h e P E D terms based on a set of R coordinates 
are defined in a n a l o g y wi th (2): 

&ik = Lik2PiilXk- (3) 

Here the L i k e lements belong to the transformation 
matr ix of 

R = LQ. (4) 

T h e xik terms are not uniquely defined in as much 
as the force field does not uniquely determine an 
P matr ix wrhen redundancies are involved. W h e n 
a linear dependence exists a m o n g the R coordinates, 
there is n a m e l y an infinite number of P matrices 
compatible w i t h the same physical force field. On 
the other hand, w h e n a definite P m a t r i x is chosen 
to define a force field, the corresponding Xik terms 
m a y be der ived uniquely . T h e L i k e lements are 
completely determined w h e n the force field is given. 

Derivation of L 
L e t the R coordinates be g iven in terms of the 

cartesian displacement coordinates b y 

R — Bx . (5) 

I n terms of a set of independent internal coordi-
nates, S. one h a s x — AS, where A = ra-1 B'G'1 b y 
v ir tue of the Crawford-Fletcher formula [1, 2, 10]. 
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Hence 

£ = B m - i B ' G - ^ S . (6) 

This equation is consistent with the T - m a t r i x for-
mulation of C y v i n [11], 

R = TS, T = Bm'1 B'G~l. (7) 

B y inserting S = LQ into (6) and s imultaneously 
making use of G*1 = (L-1)'L'1, one arrives a t 

R = BM-IB'{L-IYQ. (8) 

On comparing (8) w i t h (4) one finally obtains 

L = Bm-iB'(L-i)'. (9) 

It should be noted t h a t the m a t r i x L does not 
depend on the part icular choice of the S coordinates. 

Alternative Derivation of L 

T h e T matr ix [11] is defined in a general sense. 
I t m a y be adapted to the L m a t r i x when the in-
dependent coordinates are t a k e n as the normal 
coordinates (Q): 

R=TqQ, Tq = BM^BqGQ\ (10) 

cf. (7). Here TQ = L, GQ = Gq1 = E, and the B'Q 

matrix is obtained f r o m 

S = LQ = Bx, Q = L~l Bx ] 
Bq = L-^B. (11) 

Insertion into (10) gives the a b o v e formulas (8) 
and (9). 

Practical Application 

In practical computat ions it is o f t e n useful to 
define a force field b y means of an P m a t r i x in the 
presence of redundancies. T h e corresponding P E D 
terms, x t k , m a y hence be g iven according t o t h e 
theory outlined above. These terms are part icular ly 
meaningful if F is a diagonal matr ix . I n t h a t case 
one has [5] 

= (12) i 

A diagonal P matr ix in terms of valence coordinates 
including redundancies has f requent ly been as-
sumed to define an initial force field of cage-like 
[5, 8, 9, 12 — 15], p lanar cyclic [16] and planar poly-
cyclic [17 — 19] molecules. 

Numerical Examples 

The present theory has been applied t o some 
cage-like molecules with the structure of P4S3 
[5, 7, 8]. This molecule has one apical P a t o m (Pa) 
and three basal P atoms (Pb)- T h e other molecules 
of this investigation are P4Se3, AS4S3, As4Se3 and 
PAS3S3 [7, 9]. A simple force field approx imat ion 
represented b y a diagonal P matr ix in terms of 
valence coordinates including redundancies was 
assumed. I n fact the same numerical form of the 
P matr ix [5, 8, 9] was assumed for all the five 
molecules in question. Al l stretchings a n d bendings 
were employed as the valence coordinates. T h e y are 
listed in Table 1. 

Table 2 shows the calculated frequencies and 
the P E D terms x\k of (3) multipl ied b y 100. Con-
tributions from symmetrical ly equivalent coordi-
nates are added in accord wi th their mult ipl ic i ty 
(cf. Table 1). The condition (12) or 

= 1 0 0 ; l i k = l 0 0 x i k (13) 
i 

is fulfilled in the present case. 
I t is interesting to observe the great shif ts of 

P E D terms from one molecule to the other; in 
m a n y cases the whole pattern of dominat ing terms 
is altered. These effects are entirely due to the large 
mass shifts, in addition to smaller shifts in struc-
tural parameters [8, 9]. T h e present results show 
m a n y similarities with those of the computat ions 
[5, 8, 9] based on the independent s y m m e t r y co-
ordinates designated Sa [5] (where the a and d co-
ordinates are omitted). T h e computat ions confirm 
m a n y of the empirical descriptions of normal modes 
in the experimental assignments of P4S3 [7, 8], 
P4Se3, AS4S3 and As4Se3 [7]. Thus, for instance, 
the n [ A i ) f requency is assigned to the s, s, t and 
s types , respectively, through this series of mole-
cules. F o r AS4S3 the agreement is excellent through-
out, b u t otherwise there are several controversies. 

Multi- Sym- Definition referred employed valence 
plicity bol to the PaS3(Pb)3 coordinates, 

molecule ^403) 

3 r Pa-S stretching 
3 t Pb-S stretching 
3 s Pb-Pb stretching 
6 v PbPbS bending 
3 a PaSPb bending 
3 ß SPaS bending 
3 Ö PbPbPb bending 
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Table 2. Calculated frequencies (in cm and PED terms (Xnc= 100Xjt) for five molecules. Dominating terms are marked 
with asterisks. In the one-diinensional block for (.49) one has 100 y throughout. 

Species Ai Species E 

1 2 3 4 6 7 8 9 10 

P4S3 485 415 329 276 465 422 372 263 175 
r 0.83 39.31 * 36.80 9.45 37.34 * 11.25 33.64* 3.38 6.40 
t 18.08 19.62 53.30 * 7.79 28.14 28.06* 13.39 13.01 5.42 
s 57.83* 15.84 8.34 11.07 0.11 28.58* 24.30 8.11 0.18 
7 6.06 7.27 0.09 9.26 27.60 4.63 12.16 37.77 * 27.92 
a 12.92 1.17 0.35 38.97 * 3.17 11.88 0.46 17.06 0.54 
ß 4.29 16.79 1.12 23.46 3.58 0.01 2.79 16.25 59.43* 
d — — — — 0.06 15.59 13.25 4.42 0.10 

P4Se3 470 356 297 187 415 402 353 201 117 
r 0.43 45.08 * 3.78 37.30* 6.89 10.62 64.96 * 0.54 9.17 
t 8.19 4.17 85.92 * 0.13 44.63 * 0.11 6.70 33.08 * 3.69 
s 75.65* 6.48 2.76 8.35 5.47 44.15* 6.11 5.29 0.33 
y 6.23 2.01 2.36 11.40 38.57 11.57 7.87 28.23 23.76 
a 8.38 10.79 4.21 30.75 0.23 8.46 1.44 21.85 0.00 
ß 1.11 31.46 0.98 12.07 1.24 1.00 9.60 8.12 62.86* 
Ö — — — — 2.98 24.08 3.33 2.89 0.18 

AS4S3 375 341 263 199 382 332 247 199 163 
r 13.09 48.88 * 18.91 5.72 53.30* 10.69 10.74 12.20 4.78 
t 55.22 * 0.13 10.43 33.29 * 22.22 55.78 * 5.04 0.06 4.62 
s 4.73 17.35 67.08* 3.83 0.07 3.87 48.17* 9.08 0.08 
y 0.05 20.37 0.08 2.51 18.20 2.91 9.03 44.59 * 35.46 
a 10.67 13.24 0.98 27.44 3.85 22.45 0.04 6.31 1.90 
ß 16.23 0.02 2.52 27.20 2.32 2.19 0.72 22.81 53.11* 
6 — — — — 0.04 2.11 26.27 4.95 0.04 

As4Se3 312 258 211 176 298 271 238 168 110 
r 1.28 41.48* 33.11 11.00 34.23 * 12.43 35.77* 3.61 5.83 
t 18.57 16.23 57.19* 6.73 30.93 24.48 13.01 14.09 5.36 
s 57.07* 16.95 8.17 10.99 0.02 29.91 * 23.33 7.89 0.19 
y 5.56 7.07 0.01 9.61 28.77 4.53 11.87 36.60 * 27.33 
a 12.82 1.09 0.50 38.60* 2.82 12.31 0.64 17.17 0.46 
ß 4.70 17.18 1.02 23.07 3.22 0.03 2.66 15.33 60.72 * 
Ö — — — — 0.01 16.31 12.73 4.30 0.10 

PAs3S3 418 343 270 246 438 338 260 216 167 
r 32.91 * 38.67* 12.04 2.51 75.26* 2.75 4.37 0.44 9.25 
t 25.01 8.34 40.29 * 25.59 * 4.44 75.15* 3.71 0.07 4.08 
s 1.20 20.18 44.69 * 27.03 * 0.06 2.07 34.90* 24.26 0.00 
Y 0.14 18.15 1.72 2.76 7.74 2.89 27.21 29.04 * 42.26 * 
a 15.25 14.26 1.24 23.52 5.92 14.50 3.53 7.19 3.00 
ß 25.49 0.40 0.02 18.59 6.55 1.53 7.24 25.76 41.40* 
Ö — — — — 0.03 1.13 19.04 13.23 0.00 

In particular the computations suggest the empirical 
descriptions of vi and vs (.4i) to be interchanged 
for P4S3, P4Se3 and As4Se3. This is also the case 
for VE (E) and V% (E) in P4Se3. In species E the results 
of the computations (Table 2) display a somewhat 
confusing pattern. In general it is concluded that 
the normal modes are highly mixed; a description 

of them in terms of simple motions is hardly pos-
sible. 
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