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Fieldgradient Two-Center Integrals
by the Fourier Convolution Theorem

HeLMUT WRUBEL and JURGEN VOITLANDER
Sektion Physik und Physikalisch-Chemisches Institut
der Universitat Miinchen
(Z. Naturforsch. 24 a, 1660—1662 [1969] ; received 7 August 1969)

Using the Fourier convolution theorem GELLER ! has
given analytical results for the two-center integrals

OB g | 2B, where #B is a Slater orbital centered at

nucleus B and ¢* is the operator of the electric field
gradient centered at nucleus A. There is another type

(A gA| 2B) — of two-center integrals for which
one can obtain analytical results by means of the
Fourier convolution theorem.

First the Fourier transforms of the product of the
Slater orbital and the e.f.g. operator at nucleus A
— F(ra) =x*(n,l,m)-g* — and of the Slater orbital
centered at nucleus B — g¢(rg) =xB(n,l,m) — have
to be evaluated, then the product of these transforms
has to be retransformed. Decomposing F(ra) ac-
cording to different associated Legendre Polynomials
P (cos 94) only expressions such as

cos M (p,\}
sin M @A
(1)
must be considered. For the calculation of the Fourier
transforms the following expansion is adopted:

exp{+ikr}
_z(zz+1)(+L)ln(kr) z @=0m0) (1,
><P, (cos @) PI" (cos u) cos(m((p—v)) (2)

where k, u, v are the spherical coordinates of kand
ji(kr) is the spherical Bessel function. With this ex-
pansion the angular integration can be carried out
leaving only:

f(k) = [ f(ra) explikry} de (3)

e -
= const f rﬁ e
0

f(ra) =constry * exp{ —ara} Py (cos?a) {

exp{ —ara} jL(kra) dra ,

N=1,2,3,...;L=0,1,2,..
g(k) = [ g(rp) exp{ikry} dr (4)
oot [ P lsxp{ =B s} folors) di,
’ N=1,2,...; L' =0,1,....
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1 M. GELLER, J. Chem. Phys. 39, 84 [1963].

The remaining integrals are of the general form:

Gu» (7, k) =0f reexp{—yr}j,(kr)dr. (5)

To treat these integrals j;(z) is expressed as2* (how-
ever not suitable for the case of u= —1; see below) :

+1

e j explizt) Py(t) dt. (6)

=,

ji(x) =

The integration can be interchanged. From the integra-
tion over d¢ a term involving logz can arise, which is
transformed using the identity:

1, Lie

o log . —arctgz.

It is not necessary to evaluate all integrals (5). By
means of partial integration of (5) and use of the re-
currence formulae for j;(z) and its derivatives recur-
rence relations for the G, . (y,k) are obtained. As
starting values only two of the integrals (5) need to be
known.

If yA describes a 1s-orbital [corresponding to u= —1
in (5)] noting

S exp{—ara} F vl =

2a TA —expl—ara} ja(kra) (7)

the identity

G—1,2(a, k) = — [Go,2(e', k) Ao’ (8)

is obtained.
As an example the Fourier transform of a 2s-orbital

and ¢, is given:
;(k) = const <<L + J) arct . - —) PY (cosu).
2k 25 a 2 K2
9

Now to get the two-center integrals we must solve
the inverse Fourier transforms.

IR) = @7)-3f rI
0 0

exp{ —i kR} f(k) P¥ (cos u) {:::]EZ} (10)

cos M’ v

-q(k) PM,
g (k) P (cosu) {sin Mo

To evaluate these integrals expansion (2) is adopted
but for j;(x) Rayleigh’s formula is used 2"

}kzdksinududv.

2 M. ABramowITz and I. STEGUN, Handbook of Mathematical
Functions, Dover Publication, Inc., New York 1965, a)
10.1.14, b) 10.1.25.
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i) =2 (,l q_) (Sin I) (11) is substituted. Integration over dk by means of the
B z dz x )° method of residues and then over dy (see appendix) is

Integration of (10) over the angular part causes some
of these integrals to vanish by symmetry. The integra-
tion over dk completes the analytical calculation. From
Eq. (10) the remaining integrals are rewritten as

Oy yd 1) = fG,, v(a, k) Gy 5(B, k) ji(kR) kK*dk .
(12)

All necessary integrals are convergent. In order to
evaluate these the Laplace transform

©o

straightforward but rather tedious. The more compli-
cated integrals are composed via recurrence relations
from simpler ones. For example [using notation (12)]:

5 <{k"00200)— 3 (k7101200) =(k°02200). (14)

A rather great number of starting integrals (k" uv yd [)
are necessary in order to obtain all integrals {yA|q* | xB).
The final result can be expressed by means of ex-
ponential integrals and related functions of the Slater
exponents a,  and the two-center distance R.

in(k
arctg (k/a) = [6‘”’ ’Si*n(y‘y—) dy (13) For example the result for (1sA|gA|1sB) reads
0 (including all normalizing factors) :
=2 3a 6 18 a 12
A B S/ B5/2 e et . T . N
Qst| g (1 =t6ak g {or |22 20
45a 12 45 a 5 4 15a | e—aR
TRp m—;ﬁ”’a+R3ﬂ5] [ +—ane‘rz,ee]ﬁ7«
R
a? 4 6 a? 9 15 a2 9 15a2 ] e AR e~ 15
M AT TR Tl T zf sinh(py)dy

15 a2\ sinh (8 R)

e B e R R e R “ﬁzF)‘ﬁBT]E“R“’*ﬁ”};

4 ﬂﬁ ‘82 R" ﬂl R2 /94
R
The integral 2 ji; Y sinh(8y)dy in (15) yields:
0 R

2j—~ sinh (8 y)dy=log | 2t 1 E,(R(2+) ~E(R(—$)). (16)

la—p |
If a <p the principal value of the exponential integral is taken.
Appendix

arctg (k/a) [sin (k R) —k R cos(k R)] ak .
K (k2 + )2

1={k200201) = zij
0

Making use of the Laplace transform (13), is the easiest way to treat such integrals. The sequence of integra-
tion may be interchanged. The integrand is an even function of k, therefore I can be rewritten as (u=y —R,
z=y—R, w=y+R):

oo -+ oo

1 J‘e—ayﬂj‘ cos (z k) —cos (w k) — [k Rsin(uk) +k Rsin(wk)]
T 4R y kd(k2+‘32)2

dk dy .

— o0

Application of the method of residues:

oo

; 1 j’e—ag/ [J‘ eirh — giwk — (kR/l) (emk-,*___eﬁfkl_ dk— j‘ _e, w(s.l.e z‘wk_(kR/t) (e 1uk+e zwh) dk d
T 8R2 y k‘(k2+ﬂz)2 k‘(k2+ﬂ2)2
0 N
@ By (k) ha ()
_ 8;2Je;/ 2 7i(Res hy (k) ig +Reshy(k)|—is +Reshy(k)|o) dy
0
—7 . fR
~ s | RE+H) 25" (—a+ac Reosh(BR) +Be e Rsinh(BR).
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2 AR 5 RA5) [ S sinh(Bu)dy + 5 A (5 —eer (B 2R 2)
0

. —i- (8B —2R2f%) (1—e—2F) + (2R B2cosh(BR) —2 Bsinh(8R)
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e—(at+p)R
a+p

+2(—R2Bsinh(BR) +5R B cosh(B R) —5 sinh (B R) E;(R(a+p)) — %ﬂ“ RYE,(R a)].

The authors are indebted to Mr. B. M. LubpwicG for drawing their attention to a paper of KoLKER and KarprLus3. There
these two-center integrals are evaluated by means of confocal elliptical coordinates. Using these coordinates some terms ap-
pear to diverge. Use of the Fourier convolution theorem avoids this difficulty.

3 H. J. KoLker and M. Karrrus, J. Chem. Phys. 36, 960 [1962].

Elektronen-Spin-Resonanz des Cr?*-Ions
auf nichtkubischen Gitterplatzen in SrTiO,

D. MEIERLING

II. Physikalisches Institut, Technische Hochschule, Darmstadt
(Z. Naturforsch. 24 a, 1662—1663 [1969] ; eingegangen am 1. August 1969)

ESR-spectra of Cr®-ions on orthorhombic lattice sites in
single crystals of SrTiOg were observed at room temperature.
The following constants were found:

9:=1.9783+0.0005, g,—g,—1.9761%0,0005 ,
|D|= (0.464£0.002) em—!, |E|= (0.272+0.005) em~",
|4|=(16.2£0.3) 10~ * em~— L

Strontium-Titanat (SrTiO3) gehort bei Temperatu-
ren T > 110 °K zur Raumgruppe Oy! —Pm3m (Perov-
skit). Im Zentrum der Elementarzelle befindet sich ein
Sr2*-Ion. Die Wiirfelecken sind von Ti¢"-Ionen besetzt,
die ihrerseits oktaedrisch von 0> -Ionen umgeben sind.
Die ESR-Spektren der Fe?*- und Cr®*-Ionen im SrTiOy4
wurden von MULLER ! ausfithrlich untersucht. Er fand
in beiden Féllen ein rein kubisches Spektrum. Spiter
wurden weitere ESR-Untersuchungen am System
SrTiO, : Fe®* bekannt? 3; dabei fand man ein Spek-
trum, das charakteristisch ist fiir Fe3*-Ionen im Kristall-
feld mit starker axialer Komponente, Fiir das axiale
Kristallfeld macht man dabei eine O%7-Liicke verant-
wortlich, die sich in unmittelbarer Nachbarschaft des
Fe3*-Ions, das Ti-Plitze besetzt, befindet und damit
zum Ladungsausgleich beitragt.

Wir berichten hier iiber ein ESR-Spektrum von Cr3*-
Tonen auf ortho-rhombischen Gitterpldtzen in SrTiOg
bei Zimmertemperatur. Unsere Einkristalle waren mit
0,2 At.-Proz. Cr3*-Ionen dotiert (National Lead Comp.
USA), sie absorbieren in 0,5 mm Schichtdicke auch
nach mehrstiindigem Tempern bei 1000 °C im O,-Strom
den sichtbaren Spektralbereich vollstdndig.

Die ESR-Messungen wurden im X-Band (Varian
4502) und im Q-Band zunichst nur bei T=293 °K

Sonderdruckanforderungen erbeten an: Prof. Dr. B. ELscH-
NER, II. Physikalisches Institut der Technischen Hochschule
Darmstadt, D-6100 Darmstadt, Hochschulstr. 2.

1 K. A. MULLER, Paramagnetic Resonance, Edit. W. Low,
Acad. Press N. Y. 1963, Helv. Phys. Acta 31, 173 [1958].

durchgefiihrt. Neben dem starken kubischen Spektrum !
fanden wir ein Spektrum von Cr®*-Ionen auf ortho-
rhombischen Gitterpldtzen, dessen Absorptionslinien
eine etwa 4000-mal kleinere Intensitdt haben als die
starke isotrope Cr®*Linie.

Bei X-Band-Messungen beobachtet man zwei Reso-
nanziibergdnge, wenn H parallel zu einer vierzihligen
Kristallachse angelegt wird. IThre Halbwertsbreiten be-
tragen 3,5 Oe fiir die Linie bei etwa 1,44 kOe und
32 Oe fiir die Linie bei etwa 12,65 kOe (Abb.1).
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Abb. 1. Energieniveau-Schema fiir H || [100]. Beobachtete er-

laubte Uberginge (v=9464 MHz und 35 580 MHz) sind ein-

gezeichnet. Gestrichelte Pfeile zeigen beobachtete ,,verbotene®
Ubergiinge an.

Das Spektrum ist mit dem folgenden Spin-Hamilton-
Operator (S=3/2) zu beschreiben:

H—pBHgS+D[S2—%S(S+1)]+E(S,2—S,2) +IAS.

2 E. S. KirgkPATRIK, K. A. MULLER u. R. S. Rusins, Phys.
Rev. 135, A 86 [1964].

3 R. BAEr, G. WesseL u. R. S. Rusins, J. Appl. Phys. 39,
23 [1968].



