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Abstract: Parametric Rietveld refinement is a powerful
technique to apply directly physical or empirical equa-
tions to the refinement of in situ powder diffraction data.
In order to investigate the possibilities and limitations of
parametric Rietveld refinements for high pressure data
four competitive crystallographic approaches were used
to carry out a full structural investigation of the orthofer-
rite LaFeO3 (Pbnm at ambient conditions) under high
pressure up to 47 GPa. Approach A with traditional Riet-
veld refinement using atomic coordinates, Approach B
where the Rietveld refinement was done by using the ri-
gid body method, Approach C where symmetry modes
were used and Approach D where the newly developed
method of the rotational symmetry mode description for
a rigid body was used. For all approaches sequential as
well as parametric refinements were carried out, confirm-
ing a second order phase transition of LaFeO3 to a higher
symmetric phase (space group Ibmm) at around 21.1 GPa
and an isostructural first order phase transition at around
38 GPa.
Limitations due to non-hydrostatic conditions as well as
the possibilities of a direct modeling of phase transitions
with parametric Rietveld refinement are discussed in de-
tail.
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1 Introduction

Parametric Rietveld refinement [1, 2] is a powerful techni-
que, which allows the application of physical and/or em-

pirical equations as constraints in the simultaneous treat-
ment of powder diffraction data. In doing so, usually the
number of required parameters is reduced, which stabi-
lizes the refinement process and therefore avoids false
minima. Additionally even small trends of parameters,
which could not be seen before, can be investigated, as
the additional stabilization reduces the resulting fluc-
tuations which are expected in a traditional sequential
refinement, especially e.g. for small movements of atom-
ic coordinates.

So far parametric Rietveld refinement was success-
fully applied in for instance the modeling of tempera-
ture-dependent structural changes and phase transitions
[3], the modeling of kinetics in time-resolved powder dif-
fraction data [4], the modeling of temperature-dependent
coupling of strain and order parameters [5] and the mod-
eling of pressure-dependent powder diffractions patterns
with different methods [6].

In order to get deeper insight into the applicability
and limitations of parametric Rietveld refinement to
high pressure powder X-ray diffraction data of perovs-
kites, four competitive crystallographic approaches were
used and applied to a typical representative of the class
of the rare-earth orthoferrites (space group Pbnm) [7–9],
namely LaFeO3, which is at ambient conditions struc-
tural related to the GdFeO3 aristotype. Approach A with
traditional Rietveld refinement of all data, refining frac-
tional atomic coordinates, Approach B where the Riet-
veld refinement was done by using the method of a ri-
gid body [10, 11] with a deformable body model of the
FeO6 octahedron, Approach C where symmetry modes
were used [12–16] and Approach D where the newly de-
veloped method of the rotational symmetry mode de-
scription for a rigid body was used [17]. All four ap-
proaches were carried out with sequential as well as
parametric Rietveld refinements, the latter allowing to
model the evolution of lattice parameters with equa-
tions of state (EoS) [18] up to the hydrostatic limit of
the used pressure medium [19] while atomic positions
can be modeled with power-law equations derived by
Landau theory.
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2 Experimental

Using a solid state reaction of a stoichiometric mixture of
La2O3 and Fe2O3, LaFeO3 powder was prepared following
the synthesis route according to Peterlin-Neumaier and
Steichele [20] and Selbach et al. [21].

For high pressure investigations, the LaFeO3 sample
was loaded into a membrane driven diamond-anvil cell
(DAC) using a 350 μm diameter culet diamond together
with a 4: 1 mixture of methanol-ethanol as pressure me-
dium. Diffraction patterns at a wavelength of 0.45584 Å
were collected up to pressures of 47 GPa, determining
the pressure by the ruby fluorescence method applying
the non-linear hydrostatic pressure scale by Mao et al.
[22]. A water-cooled Si(111) monochromator with a stan-
dard undulator with a 46mm period was used, in order
to achieve highly monochromatic radiation. The beam
size of 30 × 30 μm² was achieved by using slits in hori-
zontal direction, whereas a Pt-coated Si mirror was used
for the vertical focusing.

A3 format image plates together with an offline Mo-
lecular Dynamics image plate scanner with a pixel size
of 100 μm² were used to collect the 2D diffraction pat-
terns. A reduction of the two-dimensional data sets to
one-dimensional powder diffraction patterns was done
using the program FIT2D [23]. As integration standard a
Si reference sample was used.

Sequential as well as parametric Rietveld refine-
ments with the four different approaches were carried
out by using the program TOPAS v. 4.2 [24] applying the
fundamental parameter approach [25] for peak modeling
and Chebyshev polynomials for modeling of the back-
ground. The calculations of the symmetry modes (ap-
proach C) and the rotational symmetry modes of a rigid
body (approach D) were done by using the web-based
program ISODISTORT [12].

3 Results

Structural investigations of LaFeO3 were done before by
Etter et al. [9], using three different pressure media to
identify a second order phase transition of LaFeO3 to a
higher symmetric phase (space group Ibmm) at around
21.1 GPa and an isostructural first order phase transition
at around 38 GPa. In addition, it was shown that the be-
havior of the lattice parameters can be modeled either
with the linearized inverted Murnaghan EoS [9, 26, 27] or
with an approach of a linearized inverted Vinet EoS ap-
proximation [28]. The modeling with the linearized in-

verted Murnaghan EoS was later used in the parametric
Rietveld refinements of this work.

For all approaches, sequential Rietveld refinements
were first carried out, which means that refined para-
meters of a diffraction pattern at lower pressure were ta-
ken as starting parameters for the next pattern at higher
pressure. These sequential refinements were then used
for a first estimatation on which parameters can be para-
meterized.

Due to geometric restrictions of the DAC, all Rietveld
refinements of the powder X-ray diffraction patterns were
limited to a 2θ-range of 5–20.8°. To allow for better com-
parisons between the different approaches, every diffrac-
tion pattern possesses an individual overall isotropic
atomic displacement parameter and an individual phe-
nomenological strain parameter which were used in the
sequential as well as in the parametric Rietveld refine-
ments. In cases where an anisotropic peak broadening at
higher pressure values due to the loss of hydrostatic con-
ditions occurred, symmetry adapted spherical harmonics
of low order were individually introduced for these pat-
terns. The zero shift for all diffraction patterns was deter-
mined from the first pattern and then fixed throughout
all subsequent refinements.

3.1 Approach A: Free Rietveld refinement

The first approach deals with the traditional or free Riet-
veld refinement, as this gives a first insight into the gen-
eral behavior of lattice parameters, atomic coordinates,
strain, etc. of LaFeO3 with increasing pressure. The tradi-
tional Rietveld refinement is also a good indicator, if it
makes sense to apply one of the further approaches like
symmetry modes or rigid bodies.

As sequential Rietveld refinements of the high pres-
sure synchrotron diffraction patterns of LaFeO3, using
the same data, were already carried out by Etter et al. [9],
this section focuses on the parameterization of these data
sets.

3.1.1 Parametric Rietveld refinement

In the case of the high pressure data of LaFeO3 it is pos-
sible to model over the entire pressure range partially the
lattice parameters and completely two atomic coordi-
nates with appropriate physical equations. An overview
which parameters are parameterized, individually refined
or fixed in the sequential and in the parametric refine-
ment is given in Table 1.
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The parameterization of the lattice parameters up to
the hydrostatic limit can be done by using a linearized
inverted Murnaghan EoS [6, 9, 27]:

aðPÞ ¼ a0$ 1þ K
0
0$P
K0

� �� 1

3$K
0
0 ð1Þ

where a(P) is the lattice parameter at a certain pressure
P, a0 is the lattice parameter at ambient conditions, K0 is
the linear modulus and K 0

0 is its first pressure derivative.
In general, the use of such a linearized and inverted

EoS has some advantages in the application of para-
metric refinements, as in contrast to other EoS, like the
Birch-Murnaghan EoS [29] or the Vinet EoS [30], which
are normally expressed as P(V) relations, the Murna-
ghan EoS can be analytically inverted and in doing so it
gives direct access to a volume on pressure dependence1.
Although the volume is not a directly refineable para-
meter, further linearization can be done, to get the de-
pendence of the lattice parameter on pressure. This lin-
earization is fully valid for cubic materials, whereas it is
a reasonable approximation for tetragonal or orthorhom-
bic cases. Considering the main restriction for the use of
the Murnaghan EoS, namely, that it is only valid up to a
compression of approximately 10% [6, 27], a parameteri-
zation can be carried out without loss of refinement qual-
ity, as this compression level is first reached at the criti-
cal pressure of the second order phase transition, which
is far beyond the hydrostatic limit of the used pressure

medium. This means that below the hydrostatic limit the
Murnaghan EoS will be fully applicable in the parameter-
ization, whereas above, the lattice parameters have either
to be individually refined or to be fixed to the values
determined by the sequential Rietveld refinement. To
ensure a stable refinement, the second alternative was
chosen as can be seen in Table 1 and Fig. 1.

Other parameters which can be parametrically mod-
eled by unnormalized power law equations are the
lanthanum y-coordinate and the y-coordinate of O1:

LayðPÞ ¼ Layð0Þ$ðPcrit � PÞβ þ LaHS ð2Þ

where LayðPÞ is the y-coordinate value at a certain pres-
sure P, Pcrit is the critical pressure at which the phase
transition takes place, β is the critical exponent and LaHS
is an additional constant, which accounts for non-zero
values of the atomic coordinates in the high symmetry
phase. The summation of Lay(0) $P

β
crit and LaHS gives the

atomic coordinate at ambient conditions and therefore in
the low symmetry phase.

In Landau theory commonly a normalized version of
Eq. (2) is used, as the normalized version gives a physical
amplitude of Lay(0). However, in order to facilitate the
computation in the Rietveld refinement software, the un-
normalized version will be used, as the amplitude can be
analytically converted.

In the parameterization of both coordinates, the ex-
ponent β was parameterized as an overall value, as this
leads to an additional stabilization in the refinement pro-
cess. Both atomic coordinates with the sequential as well
as with the parametric data points are shown in Fig. 2.

The critical pressure value, which is automatically
determined by the parametric Rietveld refinement out of

Tab. 1: Usage of parameters in traditional Rietveld refinement using the sequential and the parametric approach. The word “refined” in the
column of the parametric refinements means individually refined for every diffraction pattern.

Sequential Parametric

Background refined refined
Lattice parameters a, b, c refined Murnaghan EoS up to the hydrostatic limit

of 9.8 GPa, above fixed

Atomic coordinates:
La_z, Fe_x, Fe_y, Fe_z, O1_z fixed fixed
La_x, O1_x, O2_x, O2_y, O2_z refined refined
La_y, O1_y refined up to 21.1 GPa,

above fixed
Power-law equations with common exponent up to the
parametrically determined Pcrit, above automatically fixed

Phenomenological strain parameter refined refined
Overall isotropic atomic displacement parameter refined refined
Scale factor refined refined
Zero shift fixed fixed
Spherical Harmonics for anisotropic
peak broadening (if required)

refined refined



1 A linearized inverted third order Vinet EoS approximation was re-
cently developed by Etter and Dinnebier [28], which can be used for
parameterization in the same way as the above described linearized
and inverted Murnaghan EoS.

248  M. Etter et al., Parametric Rietveld refinement of high pressure LaFeO3



the equations for the atomic coordinates, is 20.6(10) GPa,
which is within one estimated standard deviation in
agreement with the value of 21.1(8) GPa, which was de-
termined by Etter et al. [9]. The reason, why both values
are not in total agreement is that the value of 21.1 GPa by
Etter et al. [9] is determined by using more data points of
the lanthanum y-coordinate, as they used additional data
sets refined from diffraction patterns with other pressure
media.

Typically one would expect, that the coordinates x
and y of the oxygen atom O2, which are also part of the
phase transition between the space groups Pbnm and
Ibmm, can also be modeled with the above introduced
power-law behavior. However, it was not possible to fit
these coordinates with appropriate power-laws, as the
exponents of these power-laws tend to unphysical values
in the present parameterization. For this reason the val-
ues of these coordinates were individually refined.

Fig. 1: a)–d). Lattice parameters and cell volume of the sequentially refined high pressure synchrotron diffraction patterns of LaFeO3 with a
4:1 mixture of methanol-ethanol as pressure medium. The drop at approximately 38 GPa of 3% in the cell volume, indicating a first order
phase transition, is obvious, as already stateted by Etter et al. [9]. The continuous lines and the point symbols are the result of parametric
Rietveld refinement.

Fig. 2: a) Lanthanum y-coordinate of LaFeO3 in dependence on pressure. b) O1 y-coordinate of LaFeO3 in dependence on pressure. Both
atomic y-coordinates indicate a phase transition of second order at approximately 20.6 GPa (21.1 GPa determined by Etter et al. [9]). The
continuous lines are the result of the parametric Rietveld refinement.
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The results of the parameterized linearized inverted
Murnaghan EoS can be found in Table 2. As can be seen
from this table, the differences between the parametri-
cally determined values of the linear modulus and its
pressure derivative deviate quite much from the values
determined by Etter et al. [9], which is owed to the fact,
that too few data points are used below the hydrostatic
limit to determine the three variables in Table 2.

A suitable method to estimate the quality of a para-
metric Rietveld refinement is to compare the values of
the weighted residuals for both, the sequential as well as
the parametric refinement (see Fig. 3). From such plots
the validity of the applied physical or empirical con-
straints can be estimated.

3.2 Approach B: Rigid body refinement

With the use of rigid body models in Rietveld refinement
it is in general possible to reduce the number of refined
parameters and with this the degrees of freedom which
can lead to false minima in the least squares iteration
process [10, 11]. In the case of LaFeO3 it is possible to use
the method of a rigid body to establish a deformable

body for the distorted iron-oxygen octahedra, which can
also be called a soft rigid body as the shape of the octa-
hedra and with this the bond-lengths and the bond-an-
gles are changing with increasing pressure. Unfortu-
nately, in the present case, to account for these shape
changes the number of parameters to describe that de-
formable body is identical to those for free Rietveld re-
finement with traditional atomic coordinates, as there is
no common movement of the atoms participating in the
octahedra. However, neglecting the disadvantage that
there is no reduction in parameters, the usage of such a
deformable body model allows studying the internal and
external changes (e.g. bond-lengths, bond-angles) of the
FeO6 octahedra.

In Fig. 4 the deformable body with all bond-lengths
and angles which are either refined or calculated are
shown. A list of parameters, which are parameterized, in-
dividually refined or fixed in the sequential as well as in
the parametric refinement is given in Table 3.

In the free Rietveld refinement the oxygen atoms O1
and O2 are participating with five degrees of freedom in
the construction of the octahedron. These five degrees of
freedom can also be found in the deformable body, where

Tab. 2: Linear modulus K0 and its first pressure derivative as well as the lattice parameters of LaFeO3 at ambient conditions calculated by
parametric Rietveld refinement (between 0 and 9.8 GPa) and literature values from Etter et al. [9] who determined the values from another
4 : 1 methanol-ethanol series, with more data points up to the hydrostatic limit.

Lattice
direction

Linear
modulus K0 (GPa)

First pressure
derivative K 0

0

Linear
modulus K0 (GPa)

First pressure
derivative K 0

0

Lattice parameter at zero
pressure and 300 K (Å)

Parametric Rietveld
refinement

Sequential Rietveld
refinement of Etter et al. [9]

a 215(7) 8.1(11) 209(3) 9.2(7) 5.556(1)
b 150(3) 2.4(5) 142(1) 4.2(3) 5.564(1)
c 186(3) �0.1(6) 176(1) 1.5(3) 7.86(1)

Fig. 3: Rwp values of the parametric and of the sequential refine-
ments for LaFeO3 in dependence on pressure. The congruence of
the Rwp values indicates the correctness of the applied physical
constraints.

Fig. 4: Deformable body of the FeO6 octahedron of LaFeO3, con-
necting the iron atom in the middle and the two oxygen atoms O1
and O21. The full octahedron which is receveid by symmetry is
shown in semi-transparent.
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the bond-length r2 (Fe–O21) and the bond angle a12 (be-
tween O1, Fe and O21/O22) represent two refineable para-
meters. The remaining three degrees of freedom are re-
presented by the three rotations around three different
axes which are collinear to the crystallographic axes. In
contrast to these five refineable parameters, the bond-
length r3 (Fe–O1) must be calculated by trigonometric
considerations. The length of the projection of the bond-
length Fe–O1 onto the c axis is always c/4. Therefore the
oxygen atom O1 can move only in the xy-plane, which
makes it possible to connect the movement with the ro-
tations around the a-axis (movement in y-direction) and
b-axis (movement in x-direction). From this, one is able
to calculate the bond-length r3 with the projection and
the refined rotation angles rota and rotb by trigonometric
considerations as stated by the following equation:

r3 ¼ c
4
$cos�1 ðrotaÞ $ cos�1 ðrotbÞ : ð3Þ

3.2.1 Sequential Rietveld refinement

Sequential Rietveld refinements carried out with the de-
formable body lead to identical results by comparing the
Rwp values of both, the sequential Approach A and B (see
supplementary materials), as the number of degrees of
freedom are identical. Investigations of the lattice para-

meters, atomic coordinates, etc. reveal the same behavior
as for approach A, which is expected due to the equality
of both approaches.

All bond-lengths and the angle within the deform-
able body show the expected behavior (see supplemen-
tary materials for figures), especially the calculated
bond-length r3, which is compared to the Fe–O1 bond-
length in Fig. 5, calculated from Approach A.

3.2.2 Parametric Rietveld refinement

For the parameterization of Approach B (see also Table 3),
the lattice parameters with the linearized inverted Mur-
naghan EoS up to the hydrostatic limit, the lanthanum
y-coordinate and the bond-length r3 (Fe–O1) can be used,
as the bond-length r2 (Fe–O21) and the inner angle a12
(O1–Fe–O21) show no definitive trend suitable for model-
ing with any kind of equation. Additionally, a parameteri-
zation for the rotation angles can be found, if the assump-
tion is made, that the rotations of the octahedron around
the a- and b-axis are constant and that the rotation
around the c-axis follows the same power-law behavior as
for the lanthanum y-coordinate (see Fig. 5). With respect
to the comparison of the Rwp values (see supplementary
materials), these assumptions are legitimate, as long as
the overall critical exponent β is fixed to a value of 1=2.

Tab. 3: Usage of parameters in the sequential as well as the parametric Rietveld refinement using the rigid body approach with a deforma-
ble body. The word “refined” in the column of the parametric refinements means individually refined for every diffraction pattern.

Sequential Parametric

Background refined refined
Lattice
parameters a, b, c

refined Murnaghan EoS up to the hydrostatic limit of 9.8 GPa,
above fixed

Atomic coordinates:
La_z fixed fixed
La_x refined refined
La_y refined up to 21.1 GPa,

above fixed
Power-law equation up to the parametrically determined
Pcrit, above automatically fixed

Deformable body coordinates:
r2 (Fe–O21) refined refined
r3 (Fe–O1) calculated by Eq. (3) Straight line with fixed slope and fixed intercept
a12 (angle O21–Fe–O1) refined refined
rota (Rotation around a) refined fixed
rotb (Rotation around b) refined Power-law equation up to theparametrically determined

Pcrit, above individually refined
rotc (Rotation around c) refined fixed
Phenomenological strain parameter refined refined
Overall isotropic atomic displacement parameter refined refined
Scale factor refined refined
Zero shift fixed fixed
Spherical Harmonics for anisotropic peak
broadening (if required)

refined refined
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A similar obstacle can be found for the parameteri-
zation of the bond-length r3, where the slope and the
intercept needed to be fixed to values obtained from
analyzing the sequential refinement (see also Fig. 5). The
results of the parameterized lattice parameters and the
La y-coordinate look similar to Figs. 1 and 2. As expected
the determination of the critical pressure by the para-
metric Rietveld refinement of Approach B faces the same
challenges as for Approach A, plus problems in deter-
mining adequate rotation angles at higher pressure, lead-
ing to a slightly underestimated critical pressure value of
20.8(5) GPa.

3.3 Approach C: Symmetry mode refinement

The symmetry (¼ distortion) mode approach in crystallo-
graphy is nowadays a well established method, as it is
possible to use a group-subgroup relation to describe a
structure with lower symmetry as a distorted parent
structure of higher symmetry (e.g. Perez-Mato et al. [13],
Iturbe-Zabalo et al. [31], Wang et al. [32], Müller et al. [3]).
These structural distortions can be generated by so-

called symmetry modes, which can be understood as cor-
related atomic displacements in real space [13]. Detailed
information about the concept of symmetry modes and
the usage of irreducible representations of space groups
can be found in Campbell et al. [12], Perez-Mato et al.
[13], Stokes et al. [14], Hatch and Stokes [15] and Oroben-
goa et al. [16].

In the case of the LaFeO3 perovskite under high pres-
sure it is possible to establish a group-subgroup relation
between the low-symmetric space group Pbnm and either
the observed higher symmetric space group Ibmm or the
aristotype space group Pm3m. Assuming the aristotype
structure of Pm3m, which is a natural choice for perovs-
kites2 [32], an investigation with ISODISTORT shows that
there are two primary order parameters, the R4þ and the
M3þ modes, which correspond to tilts of the FeO6 oc-

Fig. 5: Rotation angles of the FeO6 octahedron around the crystallographic axes (a–c) and calculated bond-length r3 (Fe–O1) of the FeO6

deformable body (d) in LaFeO3, compared to the same bond-length wich is calculated out of the coordintes of the free Rietveld refinement.
The continuous lines and the point symbols are the result of the parametric Rietveld refinement (for Fig. c) not all point symbols can be
seen as they are too wide-spread). The straight line of the r3 bond-length shows the parameterized curve with fixed slope and fixed
intercept.



2 Depending on the chosen Pm�3m description, placing the A-cation
either on Wyckoff position 1a or 1b the labeling of the mode descrip-
tion will change. The standard description, as chosen above, for
such perovskites is with the A-cation on site 1b, B-cation on site 1a
and oxygen on site 3d.
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tahedron. In contrast to that, the R5þ, X5þ and M2þ
modes are secondary modes, which can be attributed to
either shifts of the Lanthanum cation or distortions of
the FeO6 octahedron. For the continuous phase transition
from Pbnm to Ibmm only the order parameter M3þ and
the secondary modes X5þ and M2þ are needed, as they
induce the breaking of the symmetry.

A complete list of all atomic or strain modes and
their influence on the atomic coordinates or lattice para-
meters is shown in Table 4.

3.3.1 Sequential Rietveld refinement

In contrast to approach A with the free Rietveld refine-
ment, the symmetry mode approach shows better accu-
racy for high pressure values, as can be seen in Fig. 6.
This behavior of the symmetry mode approach can be ex-
plained due to the reduced number of degrees of freedom
(see also Table 5), as the M2þ distortion mode (a6) is fixed
to zero3 for all diffraction patterns and therefore leads to
a stabilization of the refinement, especially in the high
pressure region, where the data quality decreases.

3.3.2 Parametric Rietveld refinement

Due to the fact that in the symmetry mode approach the
lattice parameters are calculated by a linear transforma-
tion which is performed on linear combinations of strain
modes, it is not necessarily possible to simply parameter-
ize the strain modes with a linearized inverted Murna-
ghan EoS. Therefore the strain modes were neglected for
the parameterization and the lattice parameters calcu-

lated out of the sequential refinements were used for the
parameterization with the linearized inverted Murnaghan
EoS (see also Table 5). In contrast to the strain modes, it
is possible to parameterize partially the displacement
modes as some of them reach zero at the second order
phase transition. As the modes a2 and a5 show both a
definite trend in the sequential refinements, it is possible
to treat the X5þ mode with the same power law behavior
as introduced by Eq. (2) for the free Rietveld refinement.
Unfortunately this equation cannot be applied to the
M3þ tilt mode, as neither the sequential data nor the
parametric data show a definite trend of the tilting.

Other modes, not showing definite trends, are not
part of the parameterization and are therefore freely re-
fined or fixed (see Table 5, also supplementary materi-
als). For an additional stabilization of the refinement pro-
cess, the exponent β was parameterized as an overall
value for the X5þ mode, which is the identical procedure
as in the parameterization of approach A.

Tab. 4: Symmetry modes (denoted with a*) and strain modes (denoted with s*) and their influence on the crystal structure of LaFeO3 using
the parental space group Pm3m. The mode description uses the notation of Miller and Love [33].

Name Mode description Influence on

a1 Pm3m[1/2,1/2,1/2]R5 þ (0,a,a) [La1:b]T1u(a) La x
a2 Pm3m[0,1/2,0]X5 þ (0,0,0,0,a,a) [La1:b]T1u(a) La y
a3 Pm3m[1/2,1/2,1/2]R4 þ (0,a,-a)[O1:d]Eu(a) O1 x, O2 z
a4 Pm3m[1/2,1/2,1/2]R5 þ (0,a,a)[O1:d]Eu(a) O1 x, O2 z
a5 Pm3m[0,1/2,0]X5 þ (0,0,0,0,a,a)[O1:d]Eu(a) O1 y
a6 Pm3m[1/2,1/2,0]M2 þ (a,0,0)[O1:d]A2u(a) O2 x, O2 y
a7 Pm3m[1/2,1/2,0]M3 þ (a,0,0)[O1:d]Eu(a) O2 x, O2 y
s1 Pm3m[0,0,0]GM1 þ (a)strain(a) Lattice param.
s2 Pm3m[0,0,0]GM3 þ (a,0)strain(a) Lattice param.
s3 Pm3m[0,0,0]GM5 þ (a,0,0)strain(a) Lattice param.

Fig. 6: Rwp values of the sequential refinements of Approach A (tra-
ditional Rietveld refinement) and Approach C (symmetry modes) for
LaFeO3 in dependence on pressure. The lower Rwp values of the
symmetry mode approach indicate that this approach gives a consi-
derably better stabilization of parameters, especially in the high
pressure region.



3 The amplitude of the M2þ distortion mode is 25 times lower and
almost zero in contrast to the M3þ tilting mode.
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From the parametric refinement a critical pressure
value of 21.0(12) GPa is obtained, which is in agreement
with the correct value which can be reached by fitting
the sequential data in approach A.

3.4 Approach D: Refinement with rotational
symmetry modes of a rigid body

This new approach of using rotational symmetry modes
of a rigid body also called rigid body symmetry modes
for Rietveld refinement was developed by Müller et al.
[17] and is a natural combination of polyhedral tilts and
symmetry modes. More precisely, it combines a rigid
body (deformable body) with a vector composed of three
rotational symmetry modes, whose values determine the
length of the vector which builds the unique rotation axis
for the rigid body. Additionally the length of the vector
determines the degree of rotation and the values of the
modes are used to determine the direction of the vector.
With this approach it is possible to rotate the rigid body
(deformable body) around any direction, as rotations
around the three coordinate axes can be converted into
one rotation around one unique axis.

As the three rotational symmetry modes cover al-
ready three out of the five possible degrees of freedom of
the deformable body (they replace the former rotation

angles in approach B, see also Table 7), there are still
two degrees of freedom left, which are covered by the
bond-length r2 (Fe–O21) and the bond angle a12 (between
O1, Fe and O21/O22), identical to the assignment in ap-
proach B. The bond-length r3 (Fe–O1), which was calcu-
lated before by two rotation angles must now be calcu-
lated by another approach, as the previously used
trigonometric considerations can not be any longer used.
Therefore a dummy atom X1 with zero occupancy was in-
troduced on the c-axis, which has an angle a114 between
X1, Fe and O1, making it possible to use a similar trigo-
nometric consideration as used before in approach B (see
also Fig. 7):

r3 ¼ c
4
$ cos�1ða11Þ ð4Þ

In addition to the rotational symmetry modes and
the internal degrees of freedom for the deformable body,
two atomic modes for the lanthanum atom and three
strain modes for the lattice parameters are needed as can
be seen in Tables 6 and 7.

Tab. 5: Usage of parameters in the sequential as well as the parametric Rietveld refinement using the symmetry mode approach. The word
“refined” in the column of the parametric refinements means individually refined for every diffraction pattern.

Sequential Parametric

Background refined refined
Lattice parameters a, b, c calculated out of three

refineable strain modes
Murnaghan EoS up to the hydrostatic
limit of 9.8 GPa, above fixed

Atomic coordinates:
La_z, Fe_x, Fe_y, Fe_z, O1_z fixed fixed
Distortion modes:
a1 – Pm3m[1/2,1/2,1/2]R5 þ (0,a,a)[La1:b]T1u(a) refined refined
a2 – Pm3m[0,1/2,0]X5 þ (0,0,0,0,a,a)[La1:b]T1u(a) refined up to 21.1 GPa, above fixed Power-law equation up to the parametrically

determined Pcrit, above automatically fixed
a3 – Pm3m[1/2,1/2,1/2]R4 þ (0,a,-a)[O1:d]Eu(a) refined refined
a4 – Pm3m[1/2,1/2,1/2]R5 þ (0,a,a)[O1:d]Eu(a) refined refined
a5 – Pm3m[0,1/2,0]X5 þ (0,0,0,0,a,a)[O1:d]Eu(a) refined up to 21.1 GPa, above fixed Power-law equation up to the parametrically

determined Pcrit, above automatically fixed
a6 – Pm3m[1/2,1/2,0]M2 þ (a,0,0)[O1:d]A2u(a) fixed to zero fixed to zero
a7 – Pm3m[1/2,1/2,0]M3 þ (a,0,0)[O1:d]Eu(a) refined up to 21.1 GPa, above fixed refined up to Pcrit, above fixed
Phenomenological strain parameter refined refined
Overall isotropic atomic displacement parameter refined refined
Scale factor refined refined
Zero shift fixed fixed
Spherical Harmonics for anisotropic peak
broadening (if required)

refined refined



4 The angle a11 can be automatically determined by TOPAS, as the
angle between X1, Fe, O1 is a result of the tilting of the deformable
body.

254  M. Etter et al., Parametric Rietveld refinement of high pressure LaFeO3



Fig. 7: Deformable body of the FeO6 octahedron in LaFeO3, con-
necting the iron atom in the center, a dummy atom X1 (with zero
occupancy) and the two oxygen atoms O1 and O21. The full octahe-
dron which is received by symmetry is shown in semi-transparent.
The rotational axis of the deformable body is described by a vector
which originates from the center of the rigid body to a dummy atom
X2 (with zero occupancy) above. The distance r1 (c/4) and the angle
a11 are calculated by TOPAS.

Tab. 6: Rotational symmetry modes of the FeO6 deformable body
(RB) (denoted with mm*), symmetry modes (denoted with a*) and
strain modes (denoted with s*) and their influence on the crystal
structure of LaFeO3. The parent space group was for the sake of
convenience chosen to be Ibmm and the mode description is in the
notation of Miller and Love [33].

Name Mode description Influence on

a1 Ibmm[0,0,0]GM1 þ (a)[La1:e]A1(a) La x
a2 Ibmm[1,1,1]X4 þ (a)[La1:e]B1(a) La y
mm1 Ibmm[0,0,0]mGM1 þ (a)[Fe1:b]Ag(a) RB rotation
mm2 Ibmm[1,1,1]mX4 þ (a)[Fe1:b]Bg_1(a) RB rotation
mm3 Ibmm[1,1,1]mX4 þ (a)[Fe1:b]Bg_2(a) RB rotation
s1 Ibmm[0,0,0]GM1 þ (a)strain_1(a) a
s2 Ibmm[0,0,0]GM1 þ (a)strain_2(a) b
s3 Ibmm[0,0,0]GM1 þ (a)strain_3(a) c

Tab. 7: Usage of parameters in the sequential as well as the parametric Rietveld refinement using the rotational symmetry mode approach.
The word “refined” in the column of the parametric refinements means individually refined for every diffraction pattern.

Sequential Parametric

Background refined refined
Lattice
parameters a, b, c

calculated out of three
refineable strain modes

Murnaghan EoS up to the hydrostatic limit
of 9.8 GPa, above fixed

Atomic coordinates:
La_z, dummy atom X1 fixed fixed
Distortion modes:
a1 – Ibmm[0,0,0]GM1 þ (a)[La1:e]A1(a) refined refined
a2 – Ibmm[1,1,1]X4 þ (a)[La1:e]B1(a) refined up to 21.1 GPa, above fixed Power-law equation up to the parametrically

determined Pcrit, above automatically fixed
Rotational modes:
mm1 – Ibmm[0,0,0]mGM1 þ (a)[Fe1:b]Ag(a) refined fixed
mm2 – Ibmm[1,1,1]mX4 þ (a)[Fe1:b]Bg_1(a) refined Power-law equation up to the parametrically

determined Pcrit, above individually refined
mm3 – Ibmm[1,1,1]mX4 þ (a)[Fe1:b]Bg_2(a) refined fixed
Deformable body coordinates:
r2 (Fe–O21) refined refined
r3 (Fe–O1) calculated by Eq. (4) Straight line with fixed slope and fixed

intercept
a11 (angle O1–Fe–X1) dependent on rotational modes

and automatically determined
dependent on rotational modes and
automatically determined

a12 (angle O21–Fe–O1) refined refined
Phenomenological strain parameter refined refined
Overall isotropic atomic displacement parameter refined refined
Scale factor refined refined
Zero shift fixed fixed
Spherical Harmonics for anisotropic peak broadening
(if required)

refined refined
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3.4.1 Sequential Rietveld refinement

The comparison of the Rwp values (see supplementary
materials) shows that this new model ensures the same
accuracy as approaches A and B. The figures of the strain
and atomic modes are not shown as the strain modes for
the used parental space group Ibmm show the same be-
havior as the corresponding lattice parameters and the
atomic modes are similar to that ones obtained for the
symmetry mode approach (see also supplementary mate-
rials).

In Fig. 8a) the curves for the rotational symmetry
modes are shown, which are used to calculate the rota-
tion angle in Fig. 8b). From these figures it is clear, that
with increasing pressure, the error ranges and the fluc-
tuations become quite large, making it a challenge to find
a correct parameterization of these modes, as it could be
done e.g. for the temperature-dependent example of the
double salt [Mg(H2O)6]RbBr3 [17]. These fluctuations and
large error ranges at high pressures are not exclusively
typical for the rotational symmetry mode approach, as
they appear also in all other approaches and especially
in the free Rietveld refinement, where the atomic coordi-
nates are partially wide-spread.

3.4.2 Parametric Rietveld refinement

The parameterization which could be performed for the
rotational symmetry mode approach is similar as for the
symmetry mode and for the deformable body approach.
Using the parental space group Ibmm instead of Pm3m,
it is possible to calculate each lattice parameter by one
individual strain mode, which allows a parameterization
of the strain modes with the linearized inverted Murna-
ghan EoS. Unfortunately, physical values of the linear
modulus or of its pressure derivative can not be given, as
the transformation from mode space to real space is very
complex and should be carried out simultaneously on all
the parameters K0, K 0

0 and a0 for a single lattice direc-
tion.

As for approach C, the atomic mode which is respon-
sible for the dependence of the lanthanum y-coordinate
on pressure can also be parameterized (see also Table 7).

In addition to the strain modes and the lanthanum
y-coordinate all three rotational symmetry modes can be
parameterized, if the same assumptions are made as for
approach B. In the lower pressure range the modes mm1
and mm3 are approximately constant, whereas the mode
mm2 shows a power-law trend up to approximately the
critical pressure, until the data quality decreases. Due to
this observation, the modes mm1 and mm3 were restricted
to fixed values. In contrast to that, the mode mm2 is
modeled by the above-mentioned power-law behavior,
where the determination of the critical pressure and the
critical exponent β is constrained with the determination
out of the mode which is responsible for the lanthanum
y-coordinate. This parameterization led to the same re-
finement quality as can be seen by the comparison of the
Rwp values (see supplementary materials).

The obtained critical pressure value for this para-
meterization is 20.8(39) GPa. This value is very close to
the critical pressure which is obtained by free sequen-
tial refinement (Pcrit: 21.1(8) GPa) and identical with that
determined by the deformable body refinement (Pcrit:
20.8(5) GPa).

4 Conclusion

High pressure synchrotron powder X-ray diffraction
measurements were carried out for LaFeO3 powder up to
pressures of 47 GPa. Sequential as well as parametric
Rietveld refinements were performed with four different
crystallographic approaches, namely a free traditional
Rietveld refinement using atomic coordinates, a Rietveld
refinement using the method of rigid bodies, a Rietveld

Fig. 8: Rotational symmetry modes mm1–mm3 (a) which are used to
calculate the rotation angle (b) of the unique rotation axis. The con-
tinuous lines and the point symbols are the result of parametric
Rietveld refinement.
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refinement with symmetry modes and a Rietveld refine-
ment with the new approach of rotational symmetry
modes of a rigid body. All four sequential approaches re-
sulted in similar quality of the Rietveld refinements,
although the symmetry mode approach showed better re-
finement results, especially for higher pressure values,
as the number of degrees of freedom could be reduced
due to the fixation of one symmetry mode. This led to an
additional stabilization of the sequential refinement in
contrast to the other three approaches, where the num-
bers of degrees of freedom could not be reduced.

The parametric treatment of all approaches showed
that the critical pressure can be satisfactory modeled by
a power-law equation, especially for the symmetry mode
approach and still sufficient for both deformable body
approaches. For the normal symmetry mode approach,
the reduced degrees of freedom and the parametric mod-
eling of the X5þ mode led to an almost identical critical
pressure value compared to the value determined by
Etter et al. [9]. Also for the approach of rotational sym-
metry modes of a deformable body and the approach of
a deformable body using the method of rigid bodies, a
conformable critical pressure value could be determined,
although some assumptions for the parameterization
must be made concerning either rotation angles or rota-
tional symmetry modes. In contrast to these three ap-
proaches, the parameterization of the traditional Rietveld
refinement approach led to the most underestimated de-
termination of the critical pressure.

The parametric treatment of the lattice parameters
up to the hydrostatic limit with linearized and inverted
Murnaghan EoS led for all approaches to under- or over-
estimated values for the bulk modulus and its pressure
derivative compared to the values determined by Etter
et al. [9], which is due to an insufficient number of data
points in that region. Nevertheless they can be used in
the parameterization as they led to a further stabilization
of the refinement.

In general, approaches using the rigid body method
with a deformable body are preferable, as the introduc-
tion of a rigid body, partial rigid body or deformable
body leads to a reduction of the number of degrees of
freedom. These approaches also include the possibility
to directly investigate the movement of a group of atoms,
especially the metal-oxygen groups in perovskites and
therefore the tilting and distortion behavior of these octa-
hedra. This can exclusively be seen in the parametric re-
finement of approach D, where the movement of the de-
formable body could be constrained with the movement
of the lanthanum y-coordinate to determine a common
critical pressure and common critical exponent.

Therefore, the symmetry mode approach and the ap-
proach of rotational symmetry modes of a rigid body
seem to be the most suitable approaches for the investiga-
tion of perovskites under high pressure, as they show the
largest potential to reduce the number of degrees of free-
dom, which normally leads to a more stable refinement.
This is in particular true in combination with parametric
Rietveld refinement, which intrinsically leads to an addi-
tional stabilization and therefore more reliable results.
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