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Abstract: Advanced mathematical model has been devel-
oped for design and analysis of turbojet engines. It
includes closed form algebraic equation for critical pres-
sure and optimum pressure ratio at maximum thrust. The
model and the algebraic equations consider efficiencies,
pressure recovery rates meanwhile the gas parameters are
the function of the fuel to air ratio and the temperature.
РД-9Б and АЛ-21Ф3 engines are applied for demonstrat-
ing the capabilities of the calculation process. The
unknown parameters as efficiencies, pressure recovery
rates, power reduction rate of the auxiliary systems,
bleed air ratio, air income ratio due to blade cooling
and total temperature in the afterburner were identified
by constrained optimization. The effect of i. T04/T02 ratio
for the thrust and TSFC in the function of compressor
pressure ratio, ii. the real (viscous) flow conditions and
iii. the temperature and fuel to air ratio on gas parameters
were also investigated for verification and plausibility
check.

Keywords: jet engine, thermodynamics, cycle analysis of
real engine, critical pressure ratio, optimum compressor
pressure ratio
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Introduction

In these days, there are many ongoing researches in the
field of aeronautics [1, 2]. Regarding the power genera-
tion, the application of heat engines is widespread not
only in the aerospace industry, but in the oil, gas and

energy sector too. Significant amount of research has
been carried out in analyzing and developing gas turbine
systems [3–5] and system components [6, 7].

The gas turbines are currently the only available pro-
pulsion systems for high-powered commercial and military
airplanes. Although their thermodynamic cycles do not
have high core thermal efficiency (~ 28 to 38 %), the jet
engines have substantial advantages in overall power,
power density, compactness, streamlining, simplicity and
low maintenance cost demands. These power units are
also less sensitive to overloads and produce less vibration
due to the well balanceable and rather axisymmetric rota-
tional components. The gas turbines have high availability
(80–99 %), reliability, which can exceed 99 % and low
emissions (there is no lubricant in the combustion cham-
ber and no soot during transient loads). They have fewer
moving parts and lower sensitivities to fuel composition.
Additionally, gas turbines do not need a liquid-based cool-
ing system, although the maximum allowable temperature
(~ 1500 °C) at the turbine inlet section is limited due to
metallurgical reasons [8].

Beside the technical level of gas turbines today, there
are many possible areas for potential improvements of
their efficiency, power and emissions. Although the expe-
riences and the know-how of the gas turbine manufac-
turers are increasing continuously, developing more
accurate mathematical models for determining the most
suitable thermo-dynamical parameters and completing
optimizations can significantly contribute to decrease
cost, time and capacity in the early phases of design
and developments. These are proven by the scientific
literature too; there are many research publications deal
with thermodynamic-based simulation approaches.

Homaifar et al. [9] presented an application of genetic
algorithms to the system optimization of turbofan engines.
The goal was to optimize the thrust per unit mass flow rate
and overall efficiency in the function of Mach number,
compressor pressure ratio, fan pressure ratio and bypass
ratio. Genetic algorithms were used in this article because
they were able to quickly optimize the objective functions
involving sub functions of multivariate. Although the
model used here to represent a turbofan engine is a rela-
tively simple one, the procedure would be exactly the same
with a more elaborate model. Results of assorted runs fixed
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with experimental and single parameter optimization
results. Chocked condition was not considered, and the air
and gas properties were constant or averaged at the given
sections of the engine based on the used reference.

Guha [10] determined the optimum fan pressure ratio
for separate-stream as well as mixed-stream bypass
engines by both numerical and analytical ways. The opti-
mum fan pressure ratio was shown to be predominantly a
function of the specific thrust and a weak function of the
bypass ratio. The gas properties were constant in the
expression of optimum fan pressure ratio for separate-
stream bypass engines at real flow condition.

Silva and his co-workers [11] presented an evolution-
ary approach called the StudGA which is an optimization
design method. The purpose of their work was to opti-
mize the performance of the gas turbine in terms of
minimizing fuel consumption at nominal thrust output,
maximize the thrust at the same fuel consumption and
minimizing turbine blade temperature.

Mattingly [12] published a detailed theoretical review
about the rocket and gas turbine propulsion. There is a
description also in that literature how the thermo-dynam-
ical cycles determine the mean characteristic of the jet
engines. The author presented a closed-form equation for
the optimum compressor pressure ratio at maximum spe-
cific thrust at ideal (inviscid) flow condition. The effects
of temperature and fuel to air ratio were not considered
in parameters describe the gas properties.

As the revised references used simplifications as
excluding the effect of chocked flow condition at con-
verging nozzle flow and gas properties with considering
the local temperature and fuel to air ratio for example, it
also confirms the need for developing physically
advanced, more accurate mathematical models, calcula-
tions and optimizations.

Single spool turbojet engines are frequently used in
commercial and military applications due to their low nor-
malized range factor1 and low emissions at relatively high
flight speed. Two turbojets of this type, the РД-9Б and the
АЛ-21Ф3 were thus used for testing and verifying the results
of the presently developed mathematical model. The РД-9Б
was the first engine, which includes a supersonic stage
compressor. It is a single-spool axial flow turbojet engine
with a nine-stage compressor and an afterburner. The
engine has a bleed air dump control system depending on
the compression ratio. Following the compressor, the air

flows through can annular combustion chambers mounted
in a single cover. The axial flow turbine has two stages with
a hydraulically-regulated nozzle situated behind the after-
burner chamber. The РД-9Бwas designed as a light, power-
ful engine for fighter aircraft, and it was used in theMiG-19S,
MiG-19P, MiG-19PM and Yak-25 aircraft. The АЛ-21Ф3 turbo-
jet aircraft engine is used in the Sukhoi Su-17, Sukhoi Su-24
and Sukhoi T-10. It can equal the GE J-79 engine as one of
the most powerful supersonic engines in service today.

Although the hereinafter introduced new equations
and the thermodynamic calculation methodology are
valid for single spool turbojet engines, they can also be
applied for other types of jet engines and goal functions
in case of consistently adapted theoretical derivations.

Optimum compressor total pressure
ratio at maximum specific thrust

New equations have been introduced in the present chap-
ter for determining the optimum pressure ratio pertaining
at maximum specific thrust. The expressions apply the real
(viscous) flow assumptions and the temperature and mass
fraction dependencies of the relevant gas properties.

New closed-form equation to determine the
optimum compressor total pressure ratio

The derivation of the optimum pressure ratio at specific
thermodynamic condition including losses and variable
gas properties was based on finding the extreme value of
the specific thrust in the function of the compressor total
pressure ratio. Hence, as the first step, the expression of
the thrust was introduced in eq. (1) [13].

T = _m9V9 − _mairV0½ �+A9 p9 − p0ð Þ (1)

The mass flow rate at the exhaust nozzle was determined
by eq. (2) [14].

_m9 = _mair 1− δtechð Þ 1 + fcc + fAð Þ 1 + δbcð Þ½ � (2)

Concerning the well fitted converging-diverging nozzle, if
the pressure ratio of the nozzle is over the critical one the
flow at the exit has ambient pressure, the flow is
unchoked and the velocity is supersonic. Converging-
diverging nozzle was considered (see Figure 1) with cor-
rectly expanded flow conditions (p9 = p0) because of the

1 The range factor in this context is the fuel and engine masses are
divided by the thrust, which force is reduced by the drag force of the
nacelle at given speed and range.
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used engines. Furthermore, for extending the application
range of the equation, the optimum compressor pressure
ratio at maximum specific thrust was also derived for
only converging nozzle at choked nozzle flow condition.

Unchoked flow condition at converging-diverging
exhaust nozzle

As p9 = p0, only the outlet velocity (V9) in eq. (1) depends
on the compressor pressure ratio. Hence, the detailed
derivation of the expression of the outlet velocity in the
function of the compressor pressure ratio is introduced
after introductory discussion about the gas properties.

Beside the unvarying gas properties such as specific
gas constants, it is worth taking into consideration the effect
of the local temperature and mass fraction when determin-
ing the specific heats at constant pressure and the ratios of
the specific heats. These variables can be changed not only
at each cross section of the engine, but also at different
operational conditions in the function of the compressor
pressure ratio. They can be determined as standalone or
mean value depends on the application case. Iteration
processes were applied in the followings if the temperature
and/or mass fractions were the variables of the unknown
parameters, to gain the equilibrium between the temper-
ature dependent gas properties and the questionable
unknown thermodynamic parameters [14].

In the derivation, first, the total enthalpy with the
mean specific heat at constant pressure was expressed in
eq. (3) to determine the total temperature at the outlet
section of the engine.

h09 = h9 +
V2
9

2
! Cpmix T09,T9, fð ÞT09 =Cpmix T09, T9, fð ÞT9

+
V2
9

2
! T09 = T9 +

V2
9

2Cpmix T09,T9, fð Þ
(3)

Here, as usual, the fuel to air ratio, f was calculated
by the available fuel mass flow rate divided by the avail-
able air mass flow rate at the investigated section.

The next step was to derive the velocity at the exit of
the nozzle at thermodynamic condition with losses and
variable gas properties in the function of the total pres-
sure ratio of the exhaust nozzle (eq. (4)).

V9 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Cpmix T09,T9s, fð ÞηnT09 1−

1
πnð Þα

� �s
(4)

Parameter α in eq. (4) is introduced in eq. (5). The goal of
this simplification is to make the expression of the
exhaust velocity more compact. The ratio of specific
heats was calculated in the function of the temperature
and fuel to air ratio according to eq. (6).

α=
γmix T07, T9s, fð Þ − 1
γmix T07,T9s, fð Þ (5)

γmix =
CpmixðT09,T9s, f Þ

CpmixðT09,T9s, f Þ−Rmix
(6)

The total pressure ratio of the nozzle was expressed by
the pressure ratio of the compressor and the turbine and
the pressure recovery rate of the diffuser, combustion
chamber and afterburner liner (see eq. (7)).

rdπCrccral =πTπn ) πn =
rdrccralπC

πT
(7)

By substituting eq. (7) into eq. (4) the velocity at the
exhaust was reformulated as shown in eq. (8).

Figure 1: Layout of single spool turbojet engine
with afterburner [15].
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V9 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Cpmix T09,T9s, fð ÞηnT09 1−

πT

rdrccralπC

� �α� �s
(8)

The power balance of the compressor and turbine spool
was used to establish the connection between the total
pressure ratio of the compressor and the turbine (see eq.
(9) and (10)) [16].

WC = ηmWT (9)

_m2Cpmix T02,T03, f =0ð Þ T03 −T02ð Þ
= ηm _m4 1− ξð ÞCpmix T04, T05, fTð Þ T04 −T05ð Þ (10)

_m2 and _m4 are the mass flow rates in the compressor and
turbine respectively and are expressed in eq. (11).

_m2 = _mair, _m4 = _mair 1− δtechð Þ 1 + fccð Þ 1 + δbcð Þ½ � (11)

Eq. (12) was formed by replacing the mass flow rates in
eq. (10) by eq. (11), introducing the isentropic efficiencies
and isentropic relationship between the temperatures and
pressures.

1
ηC, s

Cpmix T02, T03, f =0ð ÞT02 πCð Þβ − 1
� �

= ηmηT, s 1− δtechð Þ

1 + δbcð Þ 1 + fccð Þ 1− ξð ÞCpmix T04,T05, fTð ÞT04 1−
1

πTð Þε
� �

(12)

β and ε in the superscripts represent compact forms of the
exponents for the isentropic processes in the compressor
and the turbine respectively (see eq. (13)). They are the
function of the temperature and the local mass fraction of
the air and burnt gases.

β=
γmix T02,T03s, f =0ð Þ − 1
γmix T02, T03s, f =0ð Þ , ε=

γmix T04,T05s, fTð Þ− 1
γmix T04, T05s, fTð Þ

(13)

Parameter φ was introduced to include all the parameters
in eq. (12) except for ε, πT , πc and β and it is shown in eq.
(14).

φ=
Cpmix T02T03, f =0ð Þ
Cpmix T04T03, fccð Þ

T02

T04

1
ηmηC, sηT, s 1− δtechð Þ 1 + δbcð Þ 1 + fccð Þ 1− ξð Þ

(14)

Eq. (15) was formed by rearranging eq. (12) and for
expressing the total pressure ratio of the turbine.

πT = 1− φ πCð Þβ − 1
� �� � − 1=εð Þ

(15)

The velocity at the exhaust of the nozzle (see eq. (16)) was
derived by substituting eq. (15) into eq. (8).

V9 =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Cpmix T09,T9s, fð ÞηnT09 1−

1

1− φ πCð Þβ − 1
� �� �1

επCκ

0
B@

1
CA

α2
64

3
75

vuuuut
(16)

κ in eq. (16) represents the multiplication of the pressure
recovery rates in the diffuser, in the combustion chamber
and in the afterburner liner (κ = rdrccrAl).

Finally, the specific thrust (eq. (17)) was expressed by
inserting eq. (16) into eq. (1) at the start condition and at
unchoked nozzle flow condition.

T
_mair

= 1− δtechð Þ 1 + fcc + fað Þ 1 + δbcð Þ½ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Cpmix T09,T9s, fð ÞηnT09 1−

1

1− φ πCð Þβ − 1
� �� �1

επCκ

0
B@

1
CA

α2
64

3
75

vuuuut
(17)

The objective of the optimization process is to deter-
mine the optimum pressure ratio of the compressor,
which pertains to maximum specific thrust. The reason
of considering the specific thrust (thrust per unit mass
flow rate of air) is to exclude the effect of compressor
pressure ratio on the mass flow rate of air. The con-
dition for the maximum specific thrust is shown by eq.
(18) [14].

∂ T
_mair

� �
∂πC

=0 (18)

Two sub steps of the derivation process are shown in the
next two equations.
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∂ T
_mair

� �
∂πC

= −
1
2

1− δtechð Þ 1 + fcc + fað Þ 1 + δbcð Þ½ � 1

1−’ πCð Þβ − 1ð Þð Þ1επC

" #α
�

�α
φ πCð Þββ

1− φ πCð Þβ − 1ð Þð Þð Þ1ε πCð Þ2ε 1− φ πCð Þβ − 1ð Þð Þð Þ
− 1

1− φ πCð Þβ − 1ð Þð Þ1ε πCð Þ2

2
664

3
775 1− φ πCð Þβ − 1

� �� �1
ε πCð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1

1−φ πCð Þβ − 1ð Þð Þ1ε πCð Þ

" #αvuut
ð19Þ

∂ T
_mair

� �
∂πC

=
1
2

1− δtechð Þ 1 + fcc + fað Þ 1 + δbcð Þ½ � 1−φ πCð Þβ + φð Þ− 1
ε

πCð Þ

" #α
α φ πCð Þββ− ε+ εφ πCð Þβ − εφ
� �

πCð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

1− φ πCð Þβ + φð Þ− 1
ε

πCð Þ

" #αvuut ε − 1 + φ πCð Þβ − φ
� � ð20Þ

After completing the derivation and performing arrange-
ments and simplifications, the final form of the optimum
pressure ratio is shown in eq. (21).

πC opt =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε 1 + φð Þ
φ ε+ βð Þ

β

s
(21)

Choked flow condition at converging exhaust nozzle

Although converging-diverging nozzle is used for such
engines (РД-9Б and АЛ-21Ф3) as it is shown in Figure 1
the extension of the method is discussed in the present
section for increasing the application range of the method
for converging type nozzle at choked flow condition.

A similar procedure was applied to evaluate the opti-
mum pressure ratio of the compressor in a choked con-
dition as it was in the previous subchapter. The velocity
at the exit of the converging nozzle is the speed of sound,
when it is in a choked condition and it is not a function of
the compressor pressure ratio explicitly. However, beside
the exhaust velocity, the exhaust pressure (p9 in eq. (1))
also contributes to generating thrust. This pressure is the
critical pressure and can also be expressed in the func-
tion of the compressor pressure ratio as it is going to be
shown below. The total pressures at the inlet and at the
outlet section of the turbine were calculated by eq. (22)
and (23) respectively.

p04 = rccπCp02 (22)

p05 =
p04
πT

=
rccπCp02

1−φ πCð Þβ − 1
� �� �− 1

ε
(23)

The total pressure at the inlet section of the nozzle (see
eq. (24)) was determined by the turbine outlet total pres-
sure and the total pressure recovery rate of the after-
burner liner.

p07 = rAlp05 =
rccrAlπCp02

1−φ πCð Þβ − 1
� �� �− 1

ε
(24)

The total enthalpy and subsequently the total temper-
ature at section “9” is introduced in the next steps (see
eq. (25 and 26)).

h09 = h9 +
V2
9

2
! Cpmix T09,T9, fð ÞT09 =Cpmix T09, T9, fð ÞT9

+
V2
9

2
! T09 = T9 +

V2
9

2Cpmix T09,T9, fð Þ
(25)

T09 = T9 +
1

Cpmix T09,T9, fð Þ
V2
9

2
a29
a29

) T09 = T9

+
1

Cpmix T09, T9, fð ÞM
2
9
γmix T9, fð ÞRT9

2

(26)
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The critical condition corresponds to M9 = 1 and T9 =Tc,
so the eq. (26) was reformulated accordingly. The isen-
tropic static temperature at point “9” was expressed by
the equation of isentropic nozzle efficiency and it is given
by eq. (27).

T9s =T09 −
1
ηn

T09 − TCð ÞCpmix T09, TC, fð Þ
Cpmix T09, T9s, fð Þ (27)

The thermodynamic process between point 7 and 9s is
isentropic (eq. (28)).

pC
p07

=
T9s

T09

� � γmix T09,T9s , fð Þ
γmix T09,T9s , fð Þ− 1

(28)

A new closed-form expression (eq. (29)) was introduced
to determine the critical pressure at the exit of the nozzle
after substituting the isentropic static temperature in eq.
(27) and the total temperature at nozzle exit in eq. (26)
into eq. (28). Here, the dependencies of temperature var-
iations and fuel to air ratios in the specific heats at
constant pressure and so in the ratios of the specific
heats were also considered. While the critical static pres-
sure at the outlet section of the exhaust system was
coupled with the total and static exit temperatures, iter-
ation cycles were used to determine the corresponding
critical pressure and all other thermodynamic parameters
for the engine at choked condition. Eq. (29) gave higher
critical pressure by 9.3 % for the РД-9Б engine than its
original form with constant material data according to
the theory of ideal gases (the ratio of specific heats for
gas = 1.33 and for the air = 1.4).

p9 = pC = p07

"
1−

1
ηn

1−
2Cpmix T09, TC, fð Þ

2Cpmix T09, TC, fð Þ+ γmix TC, fð ÞRmix

 !

CpmixT09, TC, f
�

2Cpmix T09, TC, fð Þ

# γmix T09, T9s , fð Þ
γmix T09,T9s , fð Þ− 1

(29)

By substituting eq. (24) in eq. (29) and eq. (29) in eq. (1)
the thrust can be expressed as follows:

T = _m9V9 − _mairV0½ �

+A9

p02 rccralπCð Þ 1−φ πCð Þβ − 1
� �� �1

ε�

� 1− 1
ηn

1− 2Cpmix T09, TC , fð Þ
2Cpmix T09, TC , fð Þ+ γmix TC , fð ÞRmix

� �
Cpmix T09, TC , fð Þ
2Cpmix T09, TC , fð Þ

h i γmix T09, T9s , fð Þ
γmix T09,T9s , fð Þ− 1

0
BB@

1
CCA− p0

2
664

3
775 ð30Þ

The determination of the optimum pressure ratio pertain-
ing at maximum thrust in choked converging nozzle flow
conditions begins by completing the following derivation:

∂T
∂πC

= 1−φ πCð Þβ + φ
� �1

ε
−

1−φ πCð Þβ + φ
� �1

ε
φ πCð Þββ

ε 1− φ πCð Þβ + φ
� �

0
B@

1
CA
(31)

∂T
∂πC

=
1−φ πCð Þβ + φ
� �1

εε− 1−φ πCð Þβ + φ
� �− − 1 + ε

ε
φ πCð Þββ

ε

0
B@

1
CA
(32)

Completing the arrangements and simplifications, the
final form of the expression for the optimum compressor
total pressure ratio is given by eq. (33).

πC opt =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε 1 + φð Þ
φ ε+ βð Þ

β

s
(33)

Based on eq. (21) and (33) the optimum pressure ratios for
the convergent-divergent nozzle at correctly expanded
flow condition (p9 = p0 and no shock waves form) and
only convergent nozzle at choked condition are the same.
This new closed-form explicit expression involves simpli-
fications, because the gas properties and unknown vari-
ables – including efficiencies, pressure recovery rates and
specific heats – and the incoming mass flow rate of air in
case of choked converging nozzle were constant in the
derivation process. Due to the proximity to the opera-
tional point, the presented approximation used the
same recovery rates, efficiencies, power reduction rate
of the auxiliary systems, bleed air ratio and air income
ratio due to the blade cooling. Based on these simplifica-
tion, further investigation is needed to determine its
effect on the optimum total pressure ratio.
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Mathematical model of the gas
turbine

The description of the applied modeling approach and
the results of the thermo-dynamical analysis of the gas
turbines are discussed in the present chapter.

Introduction

A meridian cross section of a typical single spool turbojet
engine with afterburner is shown in Figure 1. In the first
section “0” represents the ambient conditions and “9” is
the outlet of the exhaust nozzle. Real flow conditions
were considered in the mathematical model of each seg-
ment of the assembly including pressure recovery factors
and efficiencies as they were relevant. Temperature and
fuel to air ratio dependencies were considered for specific
heats as it is mentioned in the subchapter “Unchoked
flow condition at converging-diverging exhaust nozzle”.

Regarding the ambient conditions, static pressure and
temperature at sea level were considered. These data were
obtained from the ISA (International Standard Atmosphere):
ambient static pressure: p= p0 = 101,325 Pa, ambient static
temperature: T =T0 = 288K, meanwhile the flight Mach
number:M = 0. The reason of this start condition (maximum
thrust at sea level) is that the engine specifications were
available at that operational mode in the technical datasheet
of the engines [17]. The extension of the below described
method can be performed for high flight Mach number also
in the next step of the present work.

The input parameters of the mathematical model can
be divided into initially known and unknown parameters.
The known input parameters were the incoming air mass
flow rate, the pressure ratio of the compressor, the total
temperature of the turbine inlet and the outlet cross
section of the engine. The unknown parameters were
the efficiencies (mechanical, isentropic of compressor
and turbine, burning and exhaust nozzle), the pressure
recovery rates (in the inlet diffuser, combustion chamber
and afterburner or turbine exhaust pipe), the power
reduction rate of the auxiliary systems, the bleed air
ratio for technological reasons, the air income ratio due
to blade cooling and the total temperature in the after-
burner. Constrained optimization method was applied to
determine the unknown parameters by recovering the
thrust and thrust specific fuel consumption as the goal

functions, which parameters were also available in the
specification [17].

Analysis of single spool turbojet engines

РД-9Б and АЛ-21Ф3 turbojet engines at start condition
(maximum thrust at sea level condition) have been con-
sidered for the analysis, for the verification of the simu-
lation method and to test the new equations.

The related thermodynamic equations for each seg-
ment of the engine were already published in [18]. The
calculation methodology summarized in the previous
subchapter were used for the analysis. The known
parameters of the engines are presented in Table 1.
However, as noted before, there were also unknown
parameters of the engines, which are shown in Table 2
and 3.

Hence, an optimization method was used in a Matlab
environment to determine these unknowns via parameter
identification. The used function is called “Fmincon”,
and the approach is referred to as constrained nonlinear
optimization or nonlinear programming, which applies a
sequential quadratic programming (SQP) method [19]. In
this case, the function solves a quadratic programming
(QP) sub problem at each iteration. The method used
trials with multiple restarts and repeated these until the
maximum function evaluation limit is reached, or until
the “Fmincon” algorithm would not significantly improve
the current best solutions. The known thrust and thrust
specific fuel consumption were the goal functions of the

Table 1: Available operational data of the РД-9Б and АЛ-21Ф3 tur-
bojet engines at start condition [17].

Type of turbojet
engine

Known input data,
which were used in

the simulation

Known available
data for
parameter

identification

T04
[K]

πC _mair

[kg/s]
T [kN] TSFC

[kg/
(kNh)]

Single spool engine (РД-
Б) with afterburner

 . . . 

Single spool engine (АЛ-
Ф) with afterburner

    
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optimization, which were aimed to reach by modifying
the unknown parameters over the given ranges. The
results and range of each parameter (upper and lower
limits) are found in Tables 2 and 3.

Table 4 shows that the resulted thrust and thrust spe-
cific fuel consumption of the optimization was close to the
available data. The highest relative differences between the

known and the resulted values in the parameter fitting is
0.0617 % for the thrust and 0.0245 % for TSFC at РД-9Б
engine, while the unknown parameters are presented in
Table 2 and 3 were within the expected intervals.

The thermodynamic cycle including real engine proc-
esses of the РД-9Б engine in the T-s diagram is plotted in
Figure 2. The curves with smaller thickness represent the
constant pressures. The processes between the engine
states denoted by numbers were shown by thicker lines.
This visualization effect is the reason for the constant
pressure lines going below the process line in case of
the pressure decrement just after sections “3” and “6”.

Numerical representation –
verification of the new equations

The goal of the present chapter is to verify the correctness
and investigate the accuracy of the new expression for the
optimum compressor total pressure ratio. Hence, a numer-
ical representation of the optimum pressure ratio was
completed. In this context, the numerical representation
is a searching algorithm over the expected pressure ratio
range in order to find the total pressure ratio pertaining at
maximum thrust. The same calculation method and the
same parameters were used in the new expressions and in
the numerical representation, which includes the applica-
tion of the real (viscous) flow properties. The loss coeffi-
cients and other parameters which were previously
unknown and were determined by the constrained optimi-
zation based on the available engine data, can change at
different operational conditions and at different pressure
ratios. However, in this work, these variations were not
considered, and all these unknown parameters were
assumed to be constant at all pressure ratios except for
the isentropic compressor efficiency which is the function
of the fixed polytrophic efficiency and compressor total
pressure ratio for the fixed technology level. Figure 3

Table 2: Identified parameters with the ranges of the investigated РД-9Б and АЛ-21Ф3 turbojet engines at start condition.

Type of turbojet engine Pressure recovery rates and efficiencies of the engine components

rd rcc rAl ηC, s ηT , s ηm ηb ηn

Single spool turbojet engine with afterburner (РД-Б) . . . . . . . .
Single spool turbojet engine with afterburner (АЛ-Ф) . . . . . . . .
Given ranges for the constrained optimization .

.
.
.

.
.

.
.

.
.

.
.

.
.

.
.

Table 3: Identified parameters and ranges of the investigated РД-9Б
and АЛ-21Ф3 turbojet engines at start condition.

Type of turbojet engine Power reduction rate of the
auxiliary systems, bleed air ratio
for technological reasons, air
income ratio due to blade

cooling and total temperature at
the afterburner

ξ δtech δbc T07 (K)

Single spool turbojet engine with
afterburner (РД-Б)

. . . 

Single spool turbojet engine with
afterburner (АЛ-Ф)

. . . 

Given ranges for the constrained
optimization

.
.

.
.

.
.





Table 4: The available and the resulted thrust and thrust specific
fuel consumption used in the optimization for parameter
identification.

Type of turbojet
engine

Available data Output of the
optimization

T
[kN]

TSFC [kg/
(kN h)]

T [kN] TSFC [kg/
(kNh)]

Single spool
turbojet engine (РД-
Б) with afterburner

.  . .

Single spool
turbojet engine (АЛ-
Ф) with
afterburner

  . 
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shows the compressor pressure ratio-thrust function as
numerical representation.

The optimum pressure ratios were 10.5 and 23 at
maximum thrust 33,500 N and 114,000 N for РД-9Б
and АЛ-21Ф3 respectively in the numerical

representations. These values, provided by eq. (21 and
33), were 10.2 and 22.8, and the corresponding maxi-
mum thrusts were 33,680 N and 114,400 N respectively.
The highest difference between the maximum thrusts
using a numerical method and using the new equation

Figure 2: T-s diagram of the РД-9Б turbojet
engine with afterburning.

Figure 3: Thrust vs. total pressure ratio of the
compressor for РД-9Б (top) and АЛ-21Ф3 (bottom)
turbojet engines with afterburner.

F. Zare and Á. Veress: Novel Closed-Form Equation for Critical Pressure 459



was 0.54 %. This deviation is due to the fact that the
specific heats at constant pressure and parameters cor-
respond to certain operational modes and the real flow
assumptions in the specific thrust and thrust equations
(eq. (17 and 30)) were assumed to be constant during the
derivation. However, the resulting difference is negli-
gible, and the results are accepted in engineering point
of view.

The specific thrusts in the function of compressor
total pressure ratios for the both engines are shown in
case of correctly expanded converging-diverging nozzle
flow conditions and at different T04/T02 ratios in Figure 4.
Higher turbine inlet temperature increases the specific
thrust and the maximum values of that belong to higher
compressor total pressure ratios.

The thrust specific fuel consumption in the function
of compressor total pressure ratio for the both engines are
shown in case of correctly expanded converging-diverg-
ing nozzle flow conditions and at different T04/T02 ratios
in Figure 5. The maximum specific thrust and minimum
TSFC belong to the same compressor total pressure ratio
ranges for the both investigated cases.

To determine the effect of the pressure recovery factors,
efficiencies and parameter dependent specific heats for the
thermodynamic cycle, for the optimum pressure ratio and
so for the maximum thrust of a single spool turbojet engine,
four different test scenarios were investigated. The results of
this analysis are found in Table 5. The■ sign in the column
of viscous flow conditions means that the pressure recovery
factors and efficiencies were considered in the calculation,
meanwhile □ represents that they did not.

In case of the real flow conditions and variable
specific heats, which were considered in the eq. (21
and 33), the optimum pressure ratio at the new equation
was higher with 40 % and 53.3 % then the pressure ratio
given in [17]. It corresponds to 3.39 % and 3.63 % thrust
rising for РД-9Б and АЛ-21Ф3 jet engines respectively.
In addition, besides keeping the viscous flow assump-
tion, if the specific heat was defined to be constant,
there was 9.52 % and 13.04 % decrement in the total
pressure ratio for РД-9Б and АЛ-21Ф3 jet engines
respectively. The non-real flow conditions – as inviscid
and irrotational assumptions – provided unrealistic
results; the thrust becomes double in comparing that

Figure 4: Specific thrust vs. total pressure ratio of
the compressor for РД-9Б (above) and АЛ-21Ф3
(below) turbojet engines with afterburner.
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with the plausible approach. The best and the most
realistic test scenario for having the maximum thrust
was given by case that pressure recovery rates and
efficiencies were considered, and the specific heats
were assumed to be dependent functions of tempera-
tures and fuel to air ratios.

The condition presented in eq. (18) is not sufficient to
guarantee that the identified point is of the maximum
thrust. The second derivative should also be checked.
However, by having the similar result of the analytical
method and numerical representation, it is not necessary
to investigate the second derivative.

Figure 5: TSFC vs. total pressure ratio of com-
pressor for РД-9Б (above) and АЛ-21Ф3 (below)
turbojet engines with afterburner.

Table 5: The effect of gas properties (with and without temperature and fuel to air ratio dependencies) and real flow conditions (pressure
recovery factors and efficiencies) for the optimal pressure ratio and thrust for the РД-9Б and АЛ-21Ф3 single spool turbojet engines.

Viscous flow
conditions

Gas properties Optimum πC by eq. (25
and 37)

Corresponding Max.
Thrust [kN]

РД-Б
engine

АЛ-Ф

engine
РД-Б
engine

АЛ-Ф

engine

Present
optimization
study

□ Dependent function by the fuel to air ratio of gas
mixture and temperature

  .
.

□ Constant   . 

■ Dependent function by the fuel to air ratio of gas
mixture and temperature

.  .


■ Constant .  . .
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Conclusions

Today, the turbojet engines are themost relevant propulsion
systems for aeronautical applications at low-speed super-
sonic flow regime between the low by-pass and ramjet
engines and they can be considered to be an essential plat-
formamongst the gas turbine engines in respect to establish-
ing novel mathematical models. Design, development and
analysis of such engines can be improved and accelerated
by deriving new, simple and closed-form expressions with
high accuracy for determining optimum operational condi-
tions. Hence, an advanced thermo-dynamical model was
developed for single spool turbojet engines – considering
РД-9Б and АЛ-21Ф3 types in the analysis – which includes

i. a new closed-form expression to determine the
critical pressure and

ii. a new equation for determining the optimum com-
pressor total pressure ratio at maximum thrust.
These two equations mentioned in i. and ii. are valid
at realistic thermodynamic (viscous flow) conditions
via efficiencies and pressure recovery factors and at
material and temperature dependent specific heats.

iii. The expression for critical pressure in case of choked
flow in converging nozzle at viscous flow condition
provided higher pressure by 9.3 % than the original
equation (without considering efficiencies and pres-
sure recovery factors and at constant gas properties).

iv. The plausibility of the new equation for the optimum
total pressure ratio was verified by determining the
extreme value of the pressure ratio-thrust functions
numerically. The new equation for the optimumpres-
sure ratio provides 3.39 % and 3.63 % thrust incre-
ment for the РД-9Б and АЛ-21Ф3 jet engines.

v. The presented modeling process and the new equa-
tions provide not only more accurate results for
physical and technical processes but decrease the
time for design, development and analysis of turbo-
jet jet engines beside providing common platform
for extending them for other type of engines too.
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