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Abstract: The nozzle admittance is very important in the
theoretical analysis of nozzle damping in combustion
instability. The linearized Euler equations (LEE) are used
to determine the nozzle admittance with consideration of
the mean flow properties. The acoustic energy flux through
the nozzle is calculated to evaluate the nozzle damping
upon longitudinal oscillation modes. Then the parametric
study, involving the nozzle convergent geometry, conver-
gent half angle and nozzle size, is carried out. It is shown
that the imaginary part of the nozzle admittance plays a
non-negligible role in the determination of the nozzle
damping. Under the conditions considered in this work
(f*=1,000 Hz, de*=0.18 m), the acoustic energy flux
released from the nozzle with a 30° convergent half angle
is highest (30°:6.0x10%kgs >, 45°5.2x10%kgs 3, 60°:
4.9 x10%kgs ~3). The change of nozzle convergent geometry
is more sensitive for the large size nozzle to increase the
nozzle damping.

Keywords: nozzle admittance, nozzle damping, combus-
tion instability, linearized Euler equations
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1 Introduction

Combustion instabilities have been frequently observed
in solid rocket motors and liquid rocket engines, particu-
larly in the rockets with high design requirement on the
performance. Thus, the prediction of combustion instabil-
ity becomes and for a long time will be a major challenge
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in the development of rocket motors and engines.
However, performing a meaningful stability analysis of
a rocket motor or engine is extremely complicate,
requiring an evaluation of the energy balance between
the various unsteady energy gains and losses, including
the pressure-coupled response, the velocity-coupled
response, the distributed combustion, the nozzle damp-
ing, the particle damping and so on [1]. Among them, the
nozzle damping plays the predominant role, as it is
usually the largest damping mechanism in rocket motors
and engines with longitudinal and mixed transverse/
longitudinal modes [2]. Literally, the nozzle damping
allows rocket motors and engines to exhaust unsteady
energy from the interior. In the past decades, numerous
researches have been done to examine the nozzle damp-
ing from different aspects, such as the scaling of the
nozzle admittance or response [3-5], the determination
of the linear nozzle damping coefficient which can then
be used for the prediction of overall stability [6, 7], and
the nonlinear acoustic behavior of the nozzle and its
effect on chamber acoustic modes [5, 8, 9]. After the
efforts of decades, the stability models are progressively
improved, which in return requires more accurate evalua-
tion of the unsteady energy loss, especially the energy
loss through the nozzle damping. Therefore, the method
to evaluate the nozzle damping with satisfied accuracy is
predominant important and necessary. Furthermore, the
nozzle shape is an important consideration in the nozzle
design. Because nozzle damping is one of the principle
damping mechanisms, the nozzle damping capability and
motor stability are sensitive to the change of the nozzle
shape [2]. Janardan et al. [10] experimentally concluded
that the cavity of the submerged nozzle and the nozzle
convergent section geometry have an obvious influence
on the nozzle damping capability. However, there are few
researches concerning on this subject. In practical appli-
cation, further investigations are required to help to find
effective ways to suppress combustion instability.

The nozzle damping mechanism is closely related to
the transformation and transmission process of the per-
turbation in the nozzle. The perturbation from the
unsteady combustion produces the acoustic waves, and
when the acoustic waves enter the nozzle, some are
reflected back to the chamber, but most are out of the
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nozzle with the mean flow, as well as the acoustic energy.
The acoustic waves can be also generated by the interac-
tion of entropy waves with the accelerated mean flow in
the nozzle, which could propagate upstream with the
acoustic wave from the chamber and affect the chamber
acoustic modes [11]. However, in a real combustion cham-
ber the dissipative effects of turbulence in the mean flow
reduce the strength of entropy waves to some extent [12].
Hence the contribution of this process to combustion
instability is insignificant, and its evaluation is still con-
troversial. Thus, in this work, only the acoustic waves
generated from the combustion are concerned.
Numerous efforts have been dedicated to the analysis
of nozzle damping in the past decades. Due to the differ-
ent flow characteristics between the chamber and the
nozzle, to make the analysis simple the nozzle is often
considered separately from the chamber, and the acoustic
admittance at the nozzle entrance, so called nozzle
admittance, is commonly used to characterize the acous-
tic propagation in the nozzle. Various experiment techni-
ques under the cold-flow condition for measuring the
nozzle admittance have been developed, including the
direct technique [13], the wave attenuation technique
[14], the frequency response technique [14], and the mod-
ified impedance tube technique [15],and the modified
impedance tube method appears to be the most suitable
[16]. Although experiments can provide us the basic
understanding of the nozzle admittance and are conve-
nient to deal with complex nozzle designs, to yield
enough accurate information about the shape of the
standing wave pattern from which the nozzle admittance
can be determined, as many pressure measurements as
possible at different axial locations along the tube are
required, for example 10 examine spots are used in Bell’s
experiments [15], resulting in an increased amount of
data and a large cost. Besides, the experimental errors
are inevitable, and in some cases small experimental
errors in the measurement parameters can result in
large errors in the admittance values [15]. Alternatively,
with the fast development of the modeling and the com-
puter technology, the numerical method becomes more
and more popular due to its accuracy and low cost. To
compute the nozzle admittance is essentially to calculate
the acoustic wave propagation in the nozzle. Considering
the short, rapidly converging nozzles in solid rocket
motors, Crocco [17] considered the case where the length
of the nozzle convergent section is much shorter than the
wavelength of the oscillation. The nozzle satisfying this
condition in general is referred to as being “quasi-
steady,” and its nozzle admittance is predicted by analyz-
ing the steady-state conservation equations neglecting
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the influence of the mean flow in the nozzle, known as
the short nozzle theory. The short nozzle theory is used
widely in the determination of the nozzle damping coeffi-
cient in the prediction of combustion instability in solid
rocket motors [18]. However, the short nozzle theory
always underestimates the nozzle admittance [1], and
ignores the effect of the incident wave frequency and
the nozzle geometry on the nozzle admittance. To achieve
the nozzle admittance calculation with enough accuracy,
the influence from the flowfield is worth to deal with
caution. Sigman and Zinn [19] described the mean flow
in the nozzle through a two dimensional compressible
model and used for the following computation of the
admittance. The flow field is assumed to be homentropic
and non-rotational, and the acoustic velocity potential
equation is used to predict the nozzle admittance. The
acoustic velocity potential is a versatile parameter that
can be used to obtain other acoustic values [6], but it is
no longer appropriate to describe the acoustics when
dealing with the interaction of acoustic wave and entropy
wave in thermoacoustic instability [11]. In summary, com-
pared to the mature experimental techniques for measur-
ing the nozzle admittance, to compute the nozzle
admittance, the short nozzle theory is still widely used,
which is subjected to strict hypotheses and not accurate
enough to meet the requirement of the improved nozzle
damping models. For the prediction of combustion
instability of engineering level, an accurate and quick
method is required to determine the nozzle admittance.

In the present work, the nozzle admittance is pre-
dicted using the LEE method taking the effect of the mean
flow properties into account. The LEE method is becom-
ing more popular to describe the acoustic wave propaga-
tion since viscous contributions are negligible, and it can
be extended to modeling the thermoacoustic instability
by adding appropriate combustion models. An experi-
mental case [15] is used for the validation of the compu-
tational model. Then the damping capability of the
nozzle with different geometric parameters is investi-
gated. In the present study, the acoustic energy flux
through the nozzle is chosen to evaluate the nozzle
damping to simplify computation.

2 Mathematical model

The nozzle is considered finite length and the nozzle
admittance is computed by the LEE method. The nozzle
damping coefficient is used to evaluate the nozzle damp-
ing in most analysis. Morgenweck et al. [20] calculated
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both the nozzle damping coefficient and the acoustic
energy flux through the nozzle to investigate the attenua-
tion of chamber acoustic modes. Results from the acous-
tic energy flux are in accordance with the ones from the
nozzle damping coefficient. Thus the acoustic energy flux
through the nozzle is used to evaluate the nozzle
damping.

2.1 Numerical evaluation of nozzle
admittance

Nozzle admittance describes the acoustic properties of
a nozzle. It is not only the essential parameter in the
determination of nozzle damping coefficient, but also
the important boundary condition for chamber acoustic
modes computation [6, 21]. Here, the following definition
of nozzle admittance (Y,) is used as some previous
work [20]:
« 2 U oM

Ye=prCc,—— )
e=PoCo I

where py, cg, u;, and p] are the mean flow density, sound
velocity, acoustic velocity and acoustic pressure at the
nozzle entrance, respectively.

2.1.1 The LEE method

To establish the mathematical model to calculate the

nozzle admittance, several assumptions are adopted:

(1) The nozzle is assumed quasi one-dimensional and
only longitudinal waves are considered.

(2) Viscous effects are neglected, and this is consistent
with the most acoustic propagation models [22].

(3) Only acoustic waves are considered.

All variables are non-dimensioned through the eq. (2):

u* p* p* * (C:))s
u= * s P = * s p = * ’ t=t * (2)
(o) (Po)s ¥(Po)s Te

where (cp), is the stagnation sound speed, (pg), is the
stagnation density, (p;), is the stagnation pressure, y is
the specific heat ratio, and r; is the nozzle entrance
radius.

Then the non-dimensional Euler equations are used,
which can help us to find the essential factors affecting
the nozzle admittance, and they are generated as:
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Following the standard procedure for small perturbation
analyses, all variables ¢ (velocity, pressure or density)
are assumed to consist of a mean value ¢y (x), which only
varies with space, and a small perturbation ¢(x,t),
which depends on both space and time:

©=1p0(x) +p1(x,t) 5)

For the perturbation, exponential variation in time is
assumed:

p1(x, ) = (x)e (6)

where ¢ is the amplitude, and w is the non-dimensional
angular frequency:

% 7

Introducing eqs (5) and (6) into eqs (3) and (4), the Euler
equations are linearized in the frequency domain:
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2.1.2 The mean flow field

The mean values ¢o(x) are determined by the steady
solution of eqs (3) and (4). The Mach distribution in the
nozzle is obtained by the following the equation:

+1
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Then the mean pressure and the mean density can be
determined with isentropic flow relations:
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The sound velocity of the mean flow ¢y and the mean
velocity uy are:

(12)

2.1.3 The numerical resolution

For eqs (8) and (9), the numerical solution method
introduced by Lamarque & Poinsot [23] is adopted. In this
method, for a given w, the space is discretized
(x={x®} _._,), shown in Figure 1. For chocked nozzles,
since the small perturbation cannot travel upstream in
supersonic flows, only the convergent section is considered.
The finite difference scheme is used for discretization.
The mean value ¢o(x) and the perturbation ¢;(x,t) are
discretized as follows (h is the space step):

i i-1 i+1 i i-1 i
L s S T2 AN S

ox 2h ) h

The egs (8) and (9) can thus be written in a compact form:

NZL )
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(13)

(14)

The entrance Iteration

The throat

N N-1 i 21

Figure 1: The discretization for computation.

2.1.4 The boundary condition

At the throat, the acoustic wave is not reflected, and the
admittance is [24]:

(y-1) % —ju

Y, =
C2m jy

(15)

DE GRUYTER

The system (14) can then be iterated from the throat (x=x
(1)) to the nozzle entrance (x=x (N)) and the nozzle
admittance is obtained.

2.2 Nozzle damping evaluation

In the nozzle, the acoustic energy is lost though the pure
acoustic propagation and the convection of the mean
flow. The acoustic energy flux (I) through the nozzle is
used to evaluate the nozzle damping, as showing below
[20, 25]:

* 1 £+T *\2 x K
(nIg)= FL n-|(co) i
(C:))z *\2 % * *  * * * *
+ P (P1) U + (Pouy +pyttg) (g - ;) | dt

0

(16)

A nozzle with a lager acoustic energy flux is expected to
have a larger damping capability. Here, the dimensional
acoustic energy flux is adopted, and this could clearly
show whether the change of nozzle geometric parameters
has a great influence on the nozzle damping for a specific
nozzle and incident wave frequency range. Introduce the
nozzle admittance, and then the acoustic energy flux can
be rewritten in the following form:

2

A%
De
* x

0~0

* l
<n'Ia>=§

[Re(Ye) + Mo +Mo| Y2 +M(2)Re(Ye)]

17)

where p;, is the amplitude of the acoustic pressure at the
nozzle entrance. Re(Y,) in the above equation indicates
the acoustic energy loss through the pure acoustic
propagation, and the remaining terms are due to the
convection of wave energy by the mean flow. It can be
seen that the nozzle damping capability mainly depends
on the nozzle admittance, especially the real part of
nozzle admittance. In the previous studies, it is believed
that the real part of the nozzle admittance determines the
nozzle damping capabilities, thus the larger real part
means the stronger damping capability [19]. However,
later we will see that the imaginary part of the nozzle
admittance also plays an important role and its effect is
included in the term M0|Ye|2.

3 Model validation

The nozzle admittance is the essential parameter to
evaluate the nozzle damping. The LEE method described
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in Section 2.1 eliminates the short nozzle assumption to
compute the nozzle admittance used previously, but it is
still based on strong assumptions and can only be
verified by the comparison with experimental results.
Bell [15] performed several experiments to measure the
nozzle admittance. The non-dimensional axisymmetric
nozzle considered by Bell is shown in Figure 2.
Figure 3 shows the correlations between the admittance
and the angular frequency from experiments and simu-
lation. In general, the computed values by the LEE
method match well with experimental results, and it
confirms that the LEE method can predict the nozzle
admittance with satisfied accuracy. Only one exception
appears around the maximum of the imaginary part of
the nozzle admittance in Figure 3 (b). A mathematical
model of higher dimensions can offer an improvement
in the accuracy of the computed values. Experimental
errors may also result in the differences since the two
groups of the experimental results also have significant
differences.

<

55° <
>
<
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0.3711lre

1.325re

Figure 2: The experimental nozzle configuration [15].
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4 Effects of nozzle geometry
parameters on nozzle damping

In this section, for a specific choked nozzle, the effects
of nozzle geometry parameters on nozzle damping in
the intermediate-frequency range (100 Hz-1,000 Hz)
are investigated. As mentioned above, the perturbation
cannot travel upstream in supersonic flow, thus only
nozzle convergent sections are considered. Effects of
nozzle convergent geometry, convergent half angle
and nozzle size on the nozzle damping are investigated
respectively. For each case, the same incident wave at
the nozzle entrance is introduced, which means both
the frequency and the acoustic pressure amplitude are
the same. Then the acoustic energy flux is calculated to
evaluate nozzle damping capability. The physical para-
meters for computation are shown in Table 1.

Table 1: Physical parameters for computation.

Parameters Values
Mean temperature at the nozzle entrance (Té)e 3,500 K
Mean density at the nozzle entrance (o), 4 kg/m?
Specific heat ratio y 1.18
Acoustic pressure at the nozzle entrance p,, 0.1 Mpa

4.1 Effects of convergent geometry

In this section, the effects of convergent geometry on the
nozzle damping are investigated. Three geometries of
nozzle, the conical nozzle, concave nozzle and convex
nozzle are used, and their configurations are shown in
Figure 4. The entrance diameter (de*), throat diameter
(dt*) are 0.18 m and 0.045 m, respectively. The Mach
number at the nozzle entrance is thus 0.0366 according
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Figure 3: Comparison between
the experimental results and
computed values. (a) The real
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(a) (b) (©

Figure 4: Configurations of three typical geometries. (a) Conical
nozzle, (b) Concave nozzle, (c) Convex nozzle.

to the contraction ratio. The convergent length of the
three nozzles is the same. For the conical nozzle, its
convergent half angle (a*) is 30°. For the concave nozzle,
its converging section is made up of two circular arcs
having a smooth transition at the joint. There can be
various combinations of the radiuses of the two circular
arcs theoretically, and in the present work the radiuses
are chosen to be the same and the value (r1*) is 0.0675 m.
The convergent section of the convex nozzle is made up
of a circular arc and the radius (r2*) can only be 0.135 m

6.0x10*' | |-~ Conical nozzle :
- - - -Concave nozzle 7
sex10'-| ———Convex nozzle R

5.6x10" -
5.4x10"

2 5.2x10"

Acoustic energy flux / kgs ™

5.0 x10*

4.8x10"

— 1 r - 1+ 17
500 600 700 800 900 1000 1100

Frequency / Hz

——r——r—
100 200 300 400

Figure 5: Effects of nozzle geometry on the acoustic energy flux.
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since the convergent length is fixed to be same with the
other two nozzles.

Figure 5 shows that with the increasing incident
wave frequency more acoustic energy is out of the nozzle,
indicating that the nozzle has a stronger damping cap-
ability at high frequencies. The conical nozzle always
provides the most damping along with the whole fre-
quency range in consideration, which is in accordance
with what was found in Janardan’s experiments [10]. The
difference of the nozzle damping capability is due to the
different mean flow properties in the nozzle, which
affects the acoustic propagation in the nozzle and then
the acoustic energy lost through the nozzle.

The nozzle admittance describes the acoustic propa-
gation in the nozzle and the values of the three nozzles
are shown in Figure 6 (a: real part; b: imaginary part).
Consisted with the trend of the acoustic energy flux in
Figure 5, with the increasing incident wave frequency in
the scope of investigation, the nozzle admittances of the
three nozzles also increase. It is believed that a nozzle
with a larger real part of the nozzle admittance has a
stronger damping capability, but our results show that
the nozzle with a largest real part of the nozzle admit-
tance does not provide the most damping, indicating the
imaginary part of nozzle admittance also plays a non-
negligible role. For the conical nozzle, both its real part
and imaginary part of the nozzle admittance are rela-
tively high. Thus a large acoustic energy is lost though
both the pure acoustic propagation, indicated by the real
part of the nozzle admittance, and the convection of the
mean flow, affected by both the real part and the ima-
ginary part of the nozzle admittance. For the convex
nozzle, though its real part of the nozzle admittance is
the largest, its imaginary part of the nozzle admittance is
smallest, thus it provides less damping than the conical
nozzle. It can be concluded that the real part of the
nozzle admittance is considered to dominate the nozzle
damping capability, but the imaginary part also shows
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—-~--Conical nozzle = gg:g:;‘:‘zzzﬁel g
001 T2~ Soneave nozzle 0.30 4 |— Convex nozzle | 4
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0013 .
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the obvious correlation, and its impact depends on the
Mach number at the nozzle entrance.

4.2 Effects of convergent half angle

For the conical nozzle, three convergent half angles are
adopted, 30°, 45° and 60° to investigate the effect of
convergent half angle on nozzle damping. The entrance
diameter and throat diameter are 0.18 m and 0.045 m
respectively.

As shown in Figure 7, nozzles still damp acoustic
energy more efficiently at high frequencies. The smaller
the convergent half angle, the more acoustic energy car-
ried out of the nozzle, which is due to the fact that with the
incident wave frequency increasing, both the real part and
imaginary part of the nozzle admittance of the nozzle with
a smaller convergent half angle increase more rapidly
according to Figure 8. The change of convergent half
angle essentially leads to the change of nozzle convergent
length. It implies that for a fixed contraction ratio, a nozzle
with a longer convergent length provides more damping.
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Figure 7: Effects of half convergent angle on acoustic energy flux.
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4.3 Effects of nozzle size

In Section 3, it is clear that the nozzle admittance varies
quickly in high non-dimensional angular frequencies. This
includes two basic cases: the incident wave is at a high
frequency or the nozzle entrance radius is large.
Discussions above show that at high incident wave fre-
quencies, the nozzle provides more damping and the
effects of nozzle convergent geometry on nozzle damping
are more significant. The entrance radius is a characteriza-
tion of nozzle size. This section is to study on whether a
nozzle of a large size provides more damping and whether
its damping capability is more sensitive to the change of
nozzle geometry. The conical nozzle, concave nozzle and
convex nozzle in Figure 4 are used, but the geometric
parameters de*, dt*, r1*, r2* are 0.36 m, 0.09 m, 0.135 m
and 0.27 m, respectively. The convergent half angle is 30°.

According to Figure 9, at a same incident wave fre-
quency, the nozzle of large size dissipates more acoustic
energy. Still, the conical nozzle provides the most damp-
ing, but the differences among the three nozzles are
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Figure 9: Comparison between the acoustic energy fluxes of nozzles
of two sizes.
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much larger. When the incident wave frequency is 1,000
Hz, for the large size nozzle, the acoustic energy flux
through the conical nozzle is 18.3% higher than the con-
cave nozzle, while it is 2.8% for the small size nozzle.
This proves that the change of nozzle geometry is more
effective for large nozzles to suppress combustion
instability.

It should be noted here that in our analysis, we
introduced an incident wave that the acoustic pressure
amplitude is the same at the nozzle entrance. In a real
rocket motor, the incident acoustic wave is determined by
the chamber acoustic structure, which depends on the
boundary condition at each end, especially the aft end
connected to the nozzle defined by the nozzle admit-
tance. For nozzles with different geometries, their nozzle
admittances also change and thus the acoustic pressure
amplitude at the nozzle entrance may be different.
However, for the acoustic modes of low orders which
are most concerned, the nozzle admittance has slight
effects and the chamber acoustic pressure structures are
like the classic acoustic structures of a chamber closed at
both ends. Thus, this treatment is reasonable. For acous-
tic modes of higher orders, to investigate nozzle damp-
ing, the accurate chamber acoustic structure needs to be
taken into consideration. The value of acoustic pressure
amplitude also has no effects on the conclusions in the
linear regime.

5 Conclusions

The nozzle admittance is computed by the LEE method
taking the mean flow properties into consideration,
which allows investigating the effects of the incident
wave frequency and the nozzle geometry on the nozzle
admittance and the nozzle damping. The computed
values by LEE are consistent with the experimental
results. Then the acoustic energy flux through the nozzle
is calculated to estimate the damping characteristics of
nozzles with different geometries. It is shown that the
imaginary part of the nozzle admittance plays a non-
negligible role in the determination of the nozzle damp-
ing. Among the conical, concave and convex nozzle, the
conical nozzle always provides the most damping. With
the increasing convergence half angle, the nozzle damp-
ing capability significantly decreases. Nozzles of bigger
sizes damp acoustic energy more efficiently and are also
more sensitive to the change of nozzle geometry. This
proves that the change of nozzle geometry is more effec-
tive for large nozzles to suppress combustion instability.
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Nomenclature

a convergent half angle

[A] complex matrix

[B] real matrix

[ sound velocity, m/s

d the diameter, m

f the incident wave frequency, Hz
j V-1

h space step, m

acoustic energy flux, kgs™>

~
Q

Im the imaginary part

M Mach number

N number of discretization nodes
n normal surface vector

p pressure, Pa

Re the real part

r1 radius of the concave nozzle, m
r2 radius of the convex nozzle, m

r the radius, m

T period of oscillation, s

t time, s

u velocity, m/s

X space coordinate

Y admittance

® variables

p density, kg/m>

y specific heat ratio

W angular frequency, rad/s

O time averaging of one period

Superscripts

* =dimensional values

A =amplitude

Subscripts

0 =mean values

1 = perturbation values

e =at the nozzle entrance
s =stagnation values

t =at the nozzle throat
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