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Abstract: In this article, we introduce the concept of fuzzy (n-fold) obstinate filter on hoop algebras and study
some of the properties. We define and study fuzzy prime filter and fuzzy n-fold implicative filter on hoop
algebras. Also, the relationship between fuzzy obstinate filter and some other fuzzy filters likeness fuzzy prime
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1 Introduction

Naturally ordered commutative residuated integral monoids (hoop algebra) introduced by Bosbach in [8,9]. It
is well known that in various logical systems, filters play a fundamental role and filters correspond to sets of
provable formulas closed with respect to Modus Pones. In last years, the hoop theory was enriched with deep
structure theorems. Several researchers investigated the theory of filters on hoop algebra and in 2014, Bor-
zooei and Aaly Kologani studies filter theory on hoop algebras and several characterizations of filters, impli-
cative, positive implicative and prime filters are derived. Furthermore, the relation between these filters on
hoop algebras is established. In the study by Namdar et al. [11], obstinate filter on hoop algebra defined and
some relations between these filter and (positive) implicative filters, maximal filters, prime filters, fantastic
filters, and perfect filters on hoop algebras were investigated. In the fuzzy approach, fuzzification ideas have
been applied to some fuzzy logical algebras. In previous studies [2,4,6], fuzzy filters on hoop algebras were
studied. In particular, several types of fuzzy filters such as fuzzy implicative filters, fuzzy positive implicative
filters, fuzzy Boolean filters, and fuzzy fantastic filters were introduced. Several researchers investigated the
theory of filter and n-fold filters on hoop algebra, and in 2017, Luo et al. studied n-fold filters theory on hoop
algebras, and several characterizations of n-fold filters, implicative and positive implicative, are investigated.
They show that if A is a n-fold (positive) implicative hoop algebra, then every filter of A is an n-fold (positive)
implicative filter and A/F is an n-fold (positive) implicative hoop. Furthermore, the relation between these n-
fold filters on hoop algebras is established. n-fold obstinate filter on hoop algebra defined and some relations
between these filter and (positive) implicative filters, maximal filters, prime filters, fantastic filters, and perfect
filters on hoop algebras were investigated [7]. In the fuzzy approach, fuzzification ideas have been applied to
some fuzzy logical algebras. In the study by Alavi et al. [4], fuzzy filters on pseudo hoop algebras were studied.
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In particular, several types of fuzzy filters such as fuzzy implicative filters, fuzzy positive implicative filters,
fuzzy Boolean filters, and fuzzy fantastic filters were introduced.

Nowadays, filters are tools of extreme importance in many areas of classical mathematics. Considering the
notion of (n-fold) obstinate filters [7,11], we present the notion of fuzzy obstinate filters and fuzzy n-fold
obstinate filters in hoop algebras. The relationship between fuzzy (n-fold) obstinate filters and other types
of fuzzy filters on hoop algebras is established, and we obtained the condition equivalent to the fuzzy obstinate
filter. We define and study the notion of fuzzy prime filter on v-hoop and study properties of them and show
that quotient of hoop algebra with respect to fuzzy obstinate filter is a Boolean algebra.

In Section 2, some basic concepts and properties are recalled, and some new notions about the thresholds
are introduced to represent fuzzy filters like fuzzy filters, which are convenient to study the properties of fuzzy
filters. In Section 3, the relationship between fuzzy obstinate filters and other types of fuzzy filters on hoop
algebras is established, and we obtained the condition equivalent to the fuzzy obstinate filter. We define and
study the notion of fuzzy prime filter on v-hoop and study properties of them, and we show that quotient of
hoop algebra with respect to fuzzy obstinate filter is a Boolean algebra. In Section 4, the relationship between
fuzzy n-fold obstinate filters and fuzzy n-fold filters on hoop algebras is established, and we obtained the
condition equivalent to the fuzzy n-fold obstinate filter.

We show that extension theorem of fuzzy n-fold obstinate filter on hoop algebra is established, and the
preimage of a fuzzy n-fold obstinate filter ¢ under f is a fuzzy n-fold obstinate filter on hoop algebra. In special
case, we prove that if u, is an n-fold obstinate filter, then y is a fuzzy n-fold obstinate filter of A. Also if y is a
fuzzy n-fold obstinate filter of A, then level subset u,, is an n-fold obstinate filter of A. In Section 5, we introduce
the concept of fuzzy n-fold implicative filters and we prove some related results and obtained some conditions
equivalent with fuzzy n-fold implicative filters and study the relation between fuzzy n-fold obstinate filter and
fuzzy n-fold implicative filter. Finally, we show that the quotient of n-fold obstinate hoop algebra with respect
to fuzzy filter is an n-fold obstinate hoop algebra.

2 Preliminaries

In this section, we recollect some definitions and results that will be used, not cite them every time they
are used.

Definition 2.1. [3] A hoop algebra or hoop is an algebra (4, ® , —,1) of type (2, 2, 0) such that, for all x, y, z € A:
(HP1) (4, ©®,1) is a commutative monoid,

(HP2) x - x=1,

HP3) x@y)—~z=x~>(y~ 2),

HPY) xox-y)=yo (y - x).

On hoop A, we define x < y ifand only if x —» y = 1. Itis easy to see that < is a partial order relation on A. A
hoop A is bounded if there is an element 0 € A such that 0 < x, for all x € A. In this case, we define a negation
“» on A by, x’=x - 0, for all x € A. If (x’)’ = x, for all x € A, then the bounded hoop A is said to have the
doublenegationproperty, or (DNP), for short. An element a in A is called dense if and only if a” = 0.

Definition 2.2. [4] Let A be a bounded hoop, and for any x,y € A, we define x vy =((x > y) » y)A
((y = x) = x). If v is the join operation on A4, then A is called a v-hoop.

A hoop A is prelinear if (x - y) v (y » x) =1, for all x,y € A.
Proposition 2.3. [8,9] Let A be a bounded hoop. Then the following properties hold, for all x,y,z € A:

@ (4, =) is a meet-semilattice with x Ay = x ® (x = y),
@ x<x—-y)—y,



DE GRUYTER Study hoop algebras by fuzzy (n-fold) obstinate filters = 3

(@) 1-x=X,X0y<X,),
(iv) ifx<y,thenz—->x<z—-yandy—-z<Xx~ z,
W) xvy—-z=x-2)AY~->2),x<y-X.

Definition 2.4. [5,11] Let F be a nonempty subset of A such that 1 € F. Then for any x, y,z € A:
() F is called a filter, if x, x > y € F, then y € F.

(i) F is called an implicative filter of A, if x > ((y > z) >y) €E Fand x € F, then y € F.

(iii) F is called a fantastic filter of A,ifz > (y > x) € Fandz € F,then((x > y) > y) > x € F.

(iv) F is called an obstinate filter of A, if F is a proper filter and for any x,y € F,x >y € Fand y > x € F.
(v) A proper filter F of a v-hoop A is called a prime filter of A,if x vy € F impliesx E For y € F.

(vi) F is called an n-fold implicative filter of A, if x - (y" - z) »y) € Fand x € F, then y € F.

(vii) F is called an n-fold obstinate filter of A, if F is a proper filter and for any x,y ¢ F, X" >y € F

and y" - x € F.

If A is a bounded hoop, then a filter is proper if and only if it is not containing 0.
Proposition 2.5. [11] Every obstinate filter of A is a (prime, implicative, positive implicative, fantastic) filter of A.

Definition 2.6. [7] Let A and B be two bounded hoops. A map f: A — B is called a hoop homomorphism if and
only if for all x,y € 4, f(0) =0, f(1) =1, f(x © y) = f(x) © f(¥), and f(x > y) = f(x) = f(¥).

If f is a hoop homomorphism, then f(x" — y) = f(x") = f(y).

Definition 2.7. [4] Let u be a fuzzy subset of A and u(x) < u(1), for all x € A. Then y is called:
() fuzzy filter if u(x - y) A pu(x) < u(y).

@) fuzzy implicative filter if u(x - ((y = z) = y)) A u(x) < u(y).

(iii) fuzzy positive implicative filter if u(x — (y = z)) A u(x = y) < u(x - z).

(iv) fuzzy fantastic filter if u(z - (x = y)) A u(z) < u(((y = x) = x) = y).

Theorem 2.8. [4,10]
() u is a fuzzy implicative filter if u(x" - x) < u(x).
(i) Leta € [0,1]. Then u be a fuzzy (positive implicative, fantastic, implicative) filter if and only if u, * @ is a
(positive implicative, fantastic, implicative) filter.
(iii) A is an n-fold implicative bounded hoop if and only if {1} is an n-fold implicative filter.
(iv) Let u be a fuzzy filter of A and x < y. Then u(x) < u(y).

Theorem 2.9. [2] Let i be a fuzzy filters of A, and we define a relation ~,  on A as follows:
Xy Y if and only if x>y € Hyay Y = X € Uy

Then ™ gty is a congruence relation on A. Also Alu = (Alu, A, ® , —,ub) is a hoop algebra.

Definition 2.10. [4] Let u be a fuzzy filter of A and A/u = {¢*|x € A}. For all u*, u¥ € A/u, define p* - p¥ =
Wy, p* o w = p*®, and u* : A - [0, 1], which is defined by p*(y) = u(x = y) A u(y = x).

Definition 2.11. [7,10]
(i) A bounded hoop A is called an n-fold implicative bounded hoop if (x* —» 0) - x = x for any x € A.

(ii) A bounded hoop A4 is called an n-fold obstinate hoop if x™ = 0 for any x # 1.

Notation: From now one, we let (4, ®,—,1) or A is a hoop, unless otherwise state.
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3 Fuzzy obstinate filters

In this section, we introduce the notion of fuzzy obstinate filter and fuzzy prime filter on a hoop algebra and
investigate some properties of them.

Definition 3.1. A fuzzy filter u of A is called a fuzzy obstinate filter if for any x,y € A4,
A= uC) A QA= u@y) < px = y) Auly = X).

In the following example, we show that any fuzzy filter may not be a fuzzy obstinate filter.

Example 3.2. (i) Let (A = {0, a, b, 1}, <) be a chain. Define the operations ® and — on A as follows:

-0 a b1 ©l0abi
01111 00000
ajlal 11 al0 0 aa
b|0 a1li1 b0 a b b
110 a b 1 110 a b 1

Then (4, ®, —,1, 0) is a bounded hoop algebra.

(1) Leta, B € [0, 1] that B < 1/2 < a and u be a fuzzy subset on A such that u(b) = a = u(1), u(0) = u(a) = .
It is clear that p is a fuzzy filter but not a fuzzy obstinate filter. Because, (1 - u(a)) A (1 — u(0)) >
u(a — 0) A u(0 = x).

(2) Let A be a fuzzy filter such that A(0) = 2/3, A(a) = A(b) = 4/5,A(1) = 1. It is clear that A is a fuzzy
obstinate filter of A.

(ii) Let (A ={0,a,b, c,1}, <) be a poset with 0 < c<a,b <1, but a and b are incomparable. Define the
operations ® and ~ on A as follows:

-|0 c abli ©l0cabi
0|1 1111 0]00O0O00O0
cj01111 cl0cccec
al0 b1Db1 al0 cac a
b|0aalli1l b|0 cc b b
1/0 ca b1 1/0 ca b 1

Then (4, ©®, —,1, 0) is a bounded hoop algebra. Let ¢ be a fuzzy filter such that u(0) = 1/2, u(c) = 4/7 = u(a),
u(b) = 5/7, and u(1) = 6/7. It is clear that u is a fuzzy obstinate filter.

Proposition 3.3. Any nonempty subset F of A is an obstinate filter if and only if the characteristic function y; is a
fuzzy obstinate filter.

Proof. Assume that F is an obstinate filter of A. We show that y; is a fuzzy obstinate filter.
Let x,y € A. We show that
A=) A A=) < )p(x = y) A Jp(y = X).
Caseone:Ifx € For y € F, then (1 - y(x)) A (1 - xx(¥)) = 0 and
A=xCN A QA=) S xr&X = Y) A Yp(y = X).

Case two: If x € F and y € F, then (1 - xz(x)) A (1 - xz()) = 1. Since F is an obstinate filter and obtain
x—y€Fandy—x€F,then y,(x > y) A x(y » x) = 1. Hence,

A-x;ONAA- ;O 2= A ey = X).

Conversely, if y; is a fuzzy obstinate filter, then we show that F is an obstinate filter of A. Let x, y & F. Then
Xr(X) = 0 = xz(¥). Since y; is a fuzzy obstinate filter, thus
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1=QAQ- 0D AA- ;0 = xpx = Y) A ey = X).
We obtain y;(x = y) = xz(y = x) = 1. Therefore, x >y € Fand y > x € F. d

Theorem 3.4. Let i1 be a fuzzy obstinate filter of A for any a € [0, 1/2]. Then level subset 1, = {x € Alu(x) = a} is
an obstinate filter of A.

Proof. Let u be a fuzzy obstinate filter of A. If a = 0, then u, = A and g, is an obstinate filter of A.
Let a € (0,1/2] and x,y & u,. Then u(x) <a and1-a <1 - u(x). Also u(y) <a and 1 -a <1 - u(y).
Since u is a fuzzy obstinate filter, thus

T-a<@-u0)) Ad-p)spix—=y) Auply = x).
Since a € (0, %], we obtain a < u(x — y) and a < u(y — x). Hence,
X->y€yu, and y-—Xx€y,

Therefore, level subset u, is an obstinate filter of A. O

In the following example, we show that the aforementioned theorem for a € (1/2, 1], and the converse of
Theorem 3.4, is not true, in general.

Example 3.5.

(@) In Example 3.2(i) part(2), let a = 1/3. Then Ay;3 = A and 43 is an obstinate filter.

(b) In Example 3.2(ii), let a = 3/4. Then y;,, = {1, a, b} and 0 = b — a & yu;,. Hence, u;, is not an obstinate
filter.

(c) In Example 3.2(i), let u(a) = u(0) = 1/3, u(b) = u(1) = 2/3, and a = 1/3. Then u, = {0, a, b, 1} is an obstinate
filter, but u is not fuzzy obstinate filter. Because (1 — u(a)) A (1 — u(0)) > u(a - 0) A u(0 — a).

Theorem 3.6. Let u be a fuzzy filter of A. Then u is a fuzzy obstinate filter if and only if for any
x€A1-ukx) < ux).

Proof. Let for any x € 4,1 - u(x) < u(x’). Then 1 - u(y) < u(y’). Hence, 1 — u(x) < u(x » 0) and 1 - u(y) <
u(y — 0). By Proposition 2.3(iv), x - 0 < x » yand y - 0 <y — x. Since p is a fuzzy filter, u(x - 0) <u(x - y)
and u(y ~ 0) <= u(y > x).So1 - u(x) < u(x »y)and 1 - u(y) < u(y — x). Hence,

A-pux)AQ@-upuy)spx->y) AuQy = x).

Then u is a fuzzy obstinate filter of A.
Conversely, let u be a fuzzy obstinate filter of A. Then for any x,y € A, (1 - u(x) A 1 - u(y)) <
ux = y) A p(y = x). If y = 0, then 1 - u(x) < u(x — 0). Therefore, 1 — u(x) < u(x"). ]

In the following example, we give an example for Theorem 3.6.

Example 3.7. In Example 3.2(ii), we have 1 - p(0) < u(0"), 1 — u(a) < u(a’), 1 - w(b) < u(d"), 1 - u(c) < u(c),
and 1 — u(1) < u(1). Hence, for any x € A, 1 - u(x) < u(x’).

Definition 3.8. Let A and B be two hoop algebras and u be a fuzzy subset of A and A be a fuzzy subset of B such
that f: A — B be a hoop homomorphism. Then image u under f denoted by f(u) is a fuzzy subset of B that for
any y € B:

sup u(x) if fU(y) =@
f@) = <
0 if f(y) = @.

The preimage of A under f denoted by f~1(2) is a fuzzy set of A denoted by for any x € 4, f1(A)(x) = A(f(x)).
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Definition 3.9. [1] Fuzzy subset i of A has sup property if for any nonempty subset Y of A, there exists y, € ¥
such that u(y,) = supyey(y)-

Example 3.10. In Example 3.2(i), let ¥; = {0, a}, a € ¥; such that u(a) = supyeyly(y). Also Y, = {0, b}, b € Y, such
that u(b) = supye,u(y).

Proposition 3.11.

(i) Let f: A — B be an onto hoop homomorphism. Then preimage of a fuzzy obstinate filter A under f'is a fuzzy
obstinate filter of A.

(ii) Let f: A — B be an onto hoop homomorphism and u be a fuzzy obstinate filter of A with sup property. Then
f(u) is a fuzzy obstinate filter of B.

Proof.
(i) Itis clear.
(ii)) We show that

A-fWwWy)) A A - fFWWW,)) < fWO; = ¥y) A FWQ, = y).

Let y;,y, €B and x € f7(y), % € f7(y,) such that 1 - u(4) =1 - sup,epiy (@) and 1 - p0p) =1~
SUPep1, (@), Then fO(; = Yy) = SUPuepicy, -y (@) 2 H0G = X)) and FU(, = ;) = SUepy, -y, M
(@) 2 u(x; — x). Hence,
WO = y.) A W@, = 31)
2(u0a = X)) A (U0 ~ %))
2(1 = uGa)) A (1 - ().
Also,(1 - () A (1 - u(e)) = A - fF()) A A - f(u)(y,)). Therefore, f(u) is a fuzzy obstinate filter of B. I

Theorem 3.12. Let u, A be two fuzzy filters of A, which satisfy u € A, u(1) = AQ). If u is a fuzzy obstinate filter,
then A is a fuzzy obstinate filter of A.

Proof. Let u be a fuzzy obstinate filter and A is not fuzzy obstinate filter of A. Then by Theorem 3.6,
1 - p(x) < ux’). Also u(x) < A(x) and u(x’) < A(x’). Hence, 1 — A(x) <1 - u(x) < u(x") < A(x"). Therefore, A
is a fuzzy obstinate filter. O

Definition 3.13. Let u be a nonconstant fuzzy filter of v-hoop A. Then u is called a fuzzy prime filter of A if for
each a € [0,1], u, = @ or u, is a prime filter of A.

Example 3.14. In Example 3.2(ii), let u(a) = u(c) = u(0) = 1/5, u(b) = u(1) = 4/5. Then for a = 3/5, u, is a prime
filter.

Proposition 3.15. Let i be a nonconstant fuzzy filter of v-hoop A. Then u is a fuzzy prime filter of A if and only if
ux v y) < u(x) v u(y), for any x,y € A.

Proof. Let u be a fuzzy prime filter of A and for any x,y € A, a = u(x v y). Then yu, is a filter of A and
XVYy€u,.Ifu, =A, then x,y € u,, and thus, u(x vy) < u(x) v u(y). If u, # A, since u, is a prime filter,
then x v y € u, implies x € y, or y € u,. Hence, a < u(x) or a < u(y). Thus, u(x v y) < u(x) v u(y).
Conversely, for any a € [0, 1], if u, # &, then u, is a filter. If y, # Aand x Vy € u,, thena < u(x v y). So
a < u(x) v u(y). Hence, x € u, or y € u,. Therefore, u is a fuzzy prime filter. |
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Corollary 3.16. Let i be a nonconstant fuzzy filter of vV-hoop A. Then u is a fuzzy prime filter of A if and only if
Hx v y) = ux) v uy), for any x,y € A.

Proof. Since fuzzy filter u is order-preserving, and x,y < x Vv y, hence u(x) v u(y) < u(x v y). O

Proposition 3.17.
(i) Let u be a nonconstant fuzzy prime filter of v-hoop A. Then y,,, is a prime filter of A.
(i) If A is a prelinear V-hoop and i, is a prime filter of A, then y is a fuzzy prime filter of A.

Proof.

(i) Let u be a nonconstant fuzzy filter. Then (0) < u(1) and 0 & p,q). Hence, g, is a prime filter of A.

(i) Since (x> y) vV (y = x) =1 € ), then x > y € y,qy Or y = X € ,q for any x,y € A. By Proposition
23(v), XVvy)=>y=x-y€, or (XVy)~>x=y~-Xx€,. Hence, u((xvy)—-y)=ul) or
u((x vy) = x) = u1). We obtain u(y) 2 u((x vy) = y) A ux vy) = u(x v y) or u(x) = u((x v y) = x)A
ux vy)=puxvy). So ux)v u(y) = u(x v y). Therefore, by Proposition 3.15, p is a fuzzy prime
filter. O

Corollary 3.18.

(i) Let A be a prelinear v-hoop. Then (i, is a prime filter of A if and only if u is a fuzzy prime filter of A.

(it) Let A be a prelinear v-hoop. Then a nonempty subset F is a prime filter of A if and only if x; is a fuzzy prime
filter of A.

Theorem 3.19.
() Let u be a fuzzy prime filter of v-hoop A. Then u(x — y) = u(1) or u(y - x) = u(1).
(ii) Let A be a prelinear v-hoop and u(x = y) = u(1) or u(y - x) = u(1). Then u is a fuzzy prime filter of A.

Proof.

(i) By Proposition 3.17(), 4, is a prime filter, then x =y € ) or y ~ x € 4, for any x, y € A. Hence,
u(x = y) = u(l) or u(y — x) = u(l).

(i) Let A be a prelinear v-hoop and u(x - y) = u(1) or u(y — x) = u(1). Then X = y € y,; or y = X € il .
Hence, (1, is a prime filter. By Proposition 3.17(ii), u is a fuzzy prime filter. O

Proposition 3.20. Let A be a v-hoop and u be a fuzzy prime filter of A and a € [0, u(1)). Then u v a is a fuzzy
prime filter of A, where (u v a)(x) = u(x) v a, for any x € A.

Proof. Let x,y,z€ A and x©y<2z. Then u(x)Au(y)<uz) and (uVv a)z) = k) Auly))Vva=
(uva)x)A(uv a)y). Hence, u v a is a fuzzy filter of A. Since a < u(1), then (¢ v a)(1) = u) va=
u@® # (@ v a)0), so uva is a nonconstant fuzzy filter. Then (Vv a)xVvy)=uxVvy)Vvas=
ux) vu@) va=@vax) v (uv a)y). Therefore, by Corollary 3.16, ¢ vV a is a fuzzy prime filter. O

Theorem 3.21. Let u be a nonconstant fuzzy filter of v-hoop A. Then there is a fuzzy prime filter A of A such
that u < A.

Proof. If 11 is a nonconstant fuzzy filter, then we have 1, ;, is a proper filter of A. So there is a prime filter F such
that ¢, ;)  F. By Corollary 3.8 (ii),  is a fuzzy prime filter. Let A = . vV @ and @ = Vyea-r f(x). Then Ais a

fuzzy prime filter and u < A. O

Theorem 3.22. Let u and A be two fuzzy filters of A, which satisfy u € A, u(1) = AQ1). If u is a fuzzy prime filter,
then A is a fuzzy prime filter of A.
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Proof. Let 1 be a fuzzy prime filter. Then u(x - y) = (1) or u(y - x) = u(1) forany x, y € A. If u(x - y) =u(1),
by u < A and u(1) = A(1), then A(x = y) = A(1). Similarly, if u(y = x) = u(1), then A(y - x) = A(1). Therefore, A
is a fuzzy prime filter. O

Proposition 3.23. Every fuzzy obstinate filter u of A such that u(x) <1/2 is a fuzzy implicative filter, for
any x € A.

Proof. Let 1 be a fuzzy obstinate filter and x € A such that u(x) < 1/2. Since u is a fuzzy filter, then
u(G)" = x) A u((x)) < u(x).

By hypothesis and Theorem 3.6, u((x)" = x) A (1 = pu(x)) < u(x). If u((x)" = x) A (1 = u(x)) =1 - u(x), then
u(x) = 1/2, which is the hypothesis. So u((x)" = x) A (1 - u(x)) = u((x)" = x) and u((x)" = x) < u(x). There-
fore, by Theorem 2.8(i), u is a fuzzy implicative filter. O

Corollary 3.24. Let A be a v-hoop with (DNP) and p be a fuzzy obstinate filter of A and a € [0,1/2]. Then A/u is a
Boolean algebra.

Proposition 3.25. Let u be a fuzzy obstinate filter of A and a € [0, %]. Then:
() u is a fuzzy positive implicative filter of A.

(i)) u is a fuzzy fantastic filter of A.

(ii)) u is a fuzzy prime filter of A.

Proof.
(i) By Proposition 2.5, Theorem 2.8(ii), and Theorem 3.4, it is clear.
(i) By Proposition 2.5 and Theorem 2.8(ii), it is clear.
(iii) By Proposition 2.5, it is clear. O

In diagram (1), let u be a fuzzy filter on A and x € A. We show the relationship between fuzzy (positive
implicative, implicative, fantastic, obstinate) filters on hoop algebra, where the condition

(" =0,1- pu(0) = (1)}

(= y) = y) <@~ x) ~ 0k

fuzzy obstinate

fuzzy positive ______ | fuzzy implicative —— fuzzy fantastic

2% = x, fuzzy positive

diagram(1)

4 Fuzzy n-fold obstinate filter

In this section, we introduce the notion of fuzzy n-fold obstinate filter on hoop algebra and investigate some
properties of them.

Definition 4.1. A fuzzy filter u of A is a fuzzy n-fold obstinate filter if for any x,y € A and n € N:
A= u0)) A QA= u) < px" = y) A uQy" = x).
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In particular, fuzzy 1-fold obstinate filters are fuzzy obstinate filters.

In the following example, we show that any fuzzy filter may not be fuzzy n-fold obstinate filter.

Example 4.2. Let A = {0, a, b, ¢, d, 1} and define the operations ® and — on A as follows:

-0 abcdi ©0abcdl
0|1 11111 0[00O0O0O0TU
alc1bcbl al0 adO0da
b|d albal b{0dccODb
claallal c|l00ccOc
dib11b11 dl{0dooOo©O0d
110 a bcdl1 110 a b cdi1

Then (4, ®, —,1, 0) is a bounded hoop algebra.

(i) Itis easy to see that u(x) = 1/2 for any x € A and is a fuzzy n-fold obstinate filter.

(ii) Let u(0) = u(a) = u(c) = u(b) = u(d) = 1/3, u(1) = 2/3. Then u(x) is a fuzzy filter, but is not a fuzzy
two-fold obstinate filter. Because (1 - u(b)) A (1 - u(0))=2/3=1A-1/3) A (1 -1/3) £ u(a) A u1) =
u(b? = 0) A u(0? - b).

Theorem 4.3. Let u be a fuzzy filter of A. Then p is a fuzzy n-fold obstinate filter if and only if for any
X €A 1= pu(x) < p((x").

Proof. Let for any x € 4, 1 — u(x) < u((x")"). Then 1 - p(y) < u((y")’). Hence, 1 — u(x) < u(x® - 0) and
1-u(y) <u(y™ — 0). By Proposition 2.3(v), x" > 0<x"—>y and y" - 0<y" —» x. Since u is a fuzzy
filter, by Theorem 2.8(iv), u(x™ - 0) < u(x™ - y), and p(y™ — 0) < u(y" - x). So, 1 — u(x) < u(x™ - y) and
1-u(y) < u(y™ - x). Hence,

(1 - uC)) A (1 -u(y) < uix > y) A pQy" = Xx).

Thus y is a fuzzy n-fold obstinate filter of A.
Conversely, let u be a fuzzy n-fold obstinate filter of A. Then for any x,y € A, 1 - u0C)) A (1 - u(y)) <
ux™ = y) A uy™ - x). If y = 0, then

1-p00) =1 -uGx)) A 1= u0)) < p(x" - 0).
Therefore, 1 — u(x) < u(x™)'. ]

Theorem 4.4. (Extension theorem of fuzzy n-fold obstinate filters) Let u, A be two fuzzy filters of A such that
U € A If u is a fuzzy n-fold obstinate filter, then A is a fuzzy n-fold obstinate filter of A.

Proof. Let 1 be a fuzzy n-fold obstinate filter such that g € A. Then by Theorem 4.3, 1 - u(x) < u((x™)"). Also
ux) < A(x) and p((x™)") < A((x™)"). It follows that
1=-2(x) = 1= p00) < p((x™)) < A(X")).

Hence, 1 - A(x) < A((x™)"), for all x € A. Therefore, A is a fuzzy n-fold obstinate filter of A. ]
Theorem 4.5. If u is a fuzzy n-fold obstinate filter of A, then u is a fuzzy (n + 1)-fold obstinate filter of A.

Proof. Let u be a fuzzy n-fold obstinate filter of A. Then
(1= u0)) A A= u@) < uix™ = y) AuQy" = x).
We show that
= u0)) A (A= u) < @™ = y) A (O™ = x)).
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By Proposition 2.3(iii,iv), x® = y < x"1 > y and y"* - x < y*! - x, Since u is a fuzzy filter, thus u(x" - y) <
p(x™! > y) and u(y" - x) < u(y™*! - x). By hypothesis,

1 = u0O) A (1= p) < p(™t = ) A ™ = X).
Therefore, y is a fuzzy (n + 1)-fold obstinate filter of A. O
By finite induction, we can prove that every fuzzy n-fold obstinate filter is a fuzzy (n + k)-fold obstinate
filter for any integer k = 0.

The following example shows that any fuzzy (n + 1)- fold obstinate filter may not be a fuzzy n-fold
obstinate filter of A.

Example 4.6. Let (A = {0, a, b, 1}, <) be a chain. Define the operations ® and — on A as follows:

-0 a b1 ©l0ab1
0(1 111 0j]00O0O
alal1l1 al0 0 a a.
b|0a1ll1l b0 a b b
1/0a b1 1/0a b 1

Then (4, ®,—,1,0) is a bounded hoop algebra. Define a fuzzy set on A by u(b) = 8/10 = u(1), u(0) =
3/10 = u(a). By using Theorem 4.3, for n = 2, it is easy to see that u is a fuzzy two-fold obstinate filter of A
but is not a fuzzy 1-fold obstinate filter of A. Because 7/10 = 1 — u(a) £ u(a”) = u(a) = 3/10.

Proposition 4.7. Any nonempty subset F of A is an n-fold obstinate filter if and only if the characteristic function
Xr is a fuzzy n-fold obstinate filter.

Proof. Assume that F is an n-fold obstinate filter of A. We show that y; is a fuzzy n-fold obstinate filter.
Let x,y € A. We show that

A= X0 A A=)z ) < ;X" =) A g Y" = X).
Caseone:If x € For y € F, then (1 - y;(x)) A (1 - xx(¥)) = 0 and
A= x,00) A A=)z O)) < ), (X" = y) A YO = X).

Casetwo:Ifx € Fand y € F,then(1 - y,(x)) A (1 - xz(¥)) = 1. Since F is an n-fold obstinate filter and obtain
x"—>y€Fand y" - x €F, then (f(x" = ¥)) A ()z(y" — x)) = 1. Hence,

A= x0D A QA= xxO) < ;X =) A e (Y" = X).

Conversely, if x; is a fuzzy n-fold obstinate filter, then we show that F is an n-fold obstinate filter of A. Let
X,y € F. Then yp(x) = 0 = yz(y). Since y; is an n-fold fuzzy obstinate filter, thus

1= =)0 A0 -0 <0G =3) A Ot = X))
We obtain y(x" = y) = yz(y" — x) = 1. Therefore, x" >y € F and y" - x € F. O

Theorem 4.8.

()) Let u be a fuzzy n-fold obstinate filter of A for any a € [0, 1/2]. Then level subset u, = {x € Alu(x) = a} is an
n-fold obstinate filter of A.

@) If u, # @ is an n-fold obstinate filter and a € (1/2, 1], then u is a fuzzy n-fold obstinate filter of A.

Proof. (i) Let u be a fuzzy n-fold obstinate filter of A. If a = 0, then y, = A and y, is an n-fold obstinate filter
of A.

Let a € (0,1/2] and x,y & u,. Then u(x) <a and 1 - a <1 - u(x). Also u(y) <a and 1-a <1- u(y).
Hence,
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l-a<1l-ux) and 1-a<1-u®).
Since u is a fuzzy n-fold obstinate filter, thus
T-a<@-p0)) A= u®y) s pix™ = y) A" = x).
Since a € (0, 1/2], we obtain a < u(x™ - y) and a < u(y" — x). Hence,
x"->y€u, and y'->x€y,

Therefore, level subset u, is an n-fold obstinate filter of A.

(ii) Assume that for every a € (1/2,1], u, # & is an n-fold obstinate filter of A. We will prove that u is a
fuzzy n-fold obstinate filter of A. It is easy to prove that for all x € A, u(x) < u(1). Let x, y € A. Then we show
that (1 - u(x) A 1 - u(y)) < u(x™ = y) A u(y™ — x). If not, there exist a, b € A such that

u@@* = b) A ud" — a) < (1 - @) A 1 - ub)).
Let ap = 1/2(fu(a" = b) A u(b" = a)} +{(1 - p(a)) A (1 - u®d))}).

Then u(a™— b) A u(b™ - a) <apg< (1 - u(a)) A (1 - u)). We conclude that wu(a*—b)<ay or
u" - a) < ap. Also ap <1 - u(a) and ap < 1 - u(b). We consider two cases:

Case 1: If ag > 1/2, then we conclude that u(a) <1 - ag < apand u(b) <1 - ap < ap.Soa & u, andb & y, .
Also, since p(a" = b) < ag or u(b™ - a) < ay, hence a” - b & u, or b" - a & y, . Since y, is an n-fold obsti-
nate filter of A, which is contradiction.

Case 2: If ag < 1/2, since 1/2 <1 - qg, then u(a* - b) <ap<1/2<1-ag or u(b" —» a) < qp < % <1-a.
Also, u(a) <1 - ao and u(b) <1 - ao, thena & y,_, and b & y,_, . Hence,a" - b & yy_, orb" > a & y,_,.
Since y,_,, is an n-fold obstinate filter of A, which is contradiction. O

Corollary 4.9. Let u be a fuzzy n-fold obstinate filter of A and for any u(1) € [0,1/2]. Then level subset
I = {x € Alu(x) = {1}} is an n-fold obstinate filter of A.

Definition 4.10. Let A and B be two hoop algebras and u be a fuzzy subset of A and A a fuzzy subset of B such
that f: A — B is a hoop homomorphism. Then image y under f denoted by f(u) is a fuzzy set of B that for any

Y € B: f()(y) = sup,ep10,yu() if f7(y) # @ and f)(y) = 0 if 7 (y) = @.
The preimage of A under f denoted by f™'(1) is a fuzzy set of A denoted by for any x € A,
A = AF ).

Definition 4.11. Fuzzy subset u of A has sup property if for any nonempty subset Y of A, and there exists
Yo € Y such that u(yy) = sup,cyu(y).

Example 4.12. In Example 4.6, let ¥; = {0, a}, a € ¥; such that u(a) = supyeyl,u(y). Also Y, = {0, b}, b € Y; such
that u(b) = supyc,u(y).

Proposition 4.13.

(i) Let f: A — B be an onto hoop homomorphism algebra. Then preimage of a fuzzy n-fold obstinate filter u
under fis a fuzzy n-fold obstinate filter of A.

(ii) Let f: A — B be an onto hoop homomorphism algebra and u be a fuzzy n-fold obstinate filter of A with sup
property. Then f(u) is a fuzzy n-fold obstinate filter of B.

Proof. (i) Let u be fuzzy n-fold obstinate filter of B. Then for any x,y € A, we have

A= FW) A A= FIWHY) = - u(fo) A Q- u(fO)) < u(fOM = y) A @FO" = X)) =
(F 1™ = y) A (fFLw)(Y™ = x)). Therefore, f~1(u) is a fuzzy n-fold obstinate filter of A.

(ii) We show that

A - A A - fFWW,)) < FWO" = y)) A FWQ, = y)).
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Let y;,y, € Band x € f7(y,), % € f7(),) such that
1-utq)=1- sup w(a),1-uBx)=1- sup u(a).

agf(y) asf1(y)

Then

FWO ~y,) = sup p(@) 2 p(x' = x),

asf oy ~yy)

fwOy =y = aefjg?ﬁyl)y(a) 210G~ x).

Hence,
WO = y)) A FWO, = y) 2 Wid = %) A Og = x)) 2 (1 - uGa) A 1 - u0xe).
Also,
(- uGa) A (- ule) =1 - f)) A QA= fFUd,).

Therefore, f(u) is a fuzzy n-fold obstinate of B. O

Proposition 4.14. Let A be an n-fold obstinate hoop algebra and u be a fuzzy filter.
() If for any x € A, u(x) < 1/2 < u(1), then any fuzzy filter is a fuzzy n-fold obstinate filter of A.
(i) A/u is an n-fold obstinate hoop algebra.

Proof. (i) Let A be an n-fold obstinate hoop algebra and u(x) < 1/2 < u(1). Then for any x,y € A, (1 - u(x))A
1 -u(y) <1/2 and u(x® = y) A u(y" = x) = u(1) 2 1/2. Hence, (1 - uCO)AL - u(y)) £ 1/2 < u(x™ = y)A

U™ - x). Therefore, u is a fuzzy n-fold obstinate filter of A.
(i) Let A be an n-fold obstinate hoop algebra. Then for any 1# x € A, x" = 0. Hence, for any

x # 1, (W) = w*" = u°. Therefore, A/u is an n-fold obstinate hoop algebra. (I

Corollary 4.15. By Example 4.2(i), condition n-fold obstinate for hoop A is necessary in Proposition 4.14.

5 Fuzzy n-fold implicative filter

In this section, we introduce the notion of fuzzy n-fold implicative filter on hoop algebra and investigate some
properties of them. We obtained some equivalent conditions for fuzzy n-fold implicative filters.

Definition 5.1. Fuzzy subset u of A is called fuzzy n-fold implicative filter of A if u(x) < u(1) and
pox = (" = 2) = ) A ux) < py).

Example 5.2. In Example 4.6, let u(0) = u(a) = u(b) = u(c) = u(d) = 1/3, u(1) = 1/2. Then u is a fuzzy two-fold
implicative filter

Proposition 5.3. Every fuzzy n-fold implicative filter of A is a fuzzy filter of A.

Proof. Let 1 be a fuzzy n-fold implicative filter of A. Then u(x) < p(1). If z = 1, then u(x = (Y™ = 1) = y)A
p(x) < p(y). Then u(x = y) A p(x) < p(y). O

Theorem 5.4. u is a fuzzy n-fold implicative filter of A if and only if u, # @ is an n-fold implicative filter of A, for
any a € [0, 1].



DE GRUYTER Study hoop algebras by fuzzy (n-fold) obstinate filters = 13

Proof. Let u be a fuzzy n-fold implicative filter of A and x,x - ((y" - z) = y) € u,. Then u(x) 2 a and
ux - (Y" = z) »y)) za,so u(y) = a. Hence, y € u, and y, # @ is an n-fold implicative filter of A. The
proof of converse is similar. O

Theorem 5.5. Let u be a fuzzy filter of A. Then for any x,y € A, the following conditions are equivalent:
() u is a fuzzy n-fold implicative filter of A,

@@ u((x* = y) = x) < ux),

(@) p(((x" = y) = x) = x) = u(D),

) p((x"Y = x) = x) = pu).

Proof. (i) = (ii) Let u be a fuzzy n-fold implicative filter of A. Then u(x) < u(1) for any x € A. By Proposition
2.33i), x" > y) > x=1- ((x"— y) = x). Hence, u((x" = y) = x) = u(1 = ((* = y) = x)) A u(@) < u(x).

(it) = (i) Let u be a fuzzy filter of A. Then p(x) < u(D) and u(z) A u(z —» (x* = y) = x)) <u((x® - y) - x)
for any x € A.

By Proposition 2.3(v), x < (x"—-y)—x, then u(x)<u((x®—->y)— x). By assumption, we have
(" = ) = X) = ().

Hence, u(z) A u(z ~ (X" = y) = X)) < u(x).

Therefore, p is a fuzzy n-fold implicative filter of A.

(iti) = (i) Let u be a fuzzy filter of A. Then u(x) A u(x - ((y" = z) = y)) < u((y™ - z) — y). Since
u(QO" = 2) = y) A" ~ 2) » y) » y) < u(y) and by assumption u(1) = ()" - 2) = y) — y), we have
@ A u(O" = 2) = y) < uy).

Hence, u(x) A p(x = (" = 2) = y)) < u(y).

Therefore, p is a fuzzy n-fold implicative filter of A.

(ii) = (iv) Put y = 0 in part (iii). Then pu(((x* = 0) - x) = x) = u((x™)" = x) — x) = p(1).

(iv) = (iii) By Proposition 2.3(iii), since 0 < y, then (x™)" < x" - y.

By Proposition 2.3(iv),

X'=y)->x<s(x") ->x and (XY = x)>xs((X"-y)—->Xx) X

Hence,
p(((x") = x) = x) < (X" = y) = x) = x).

Since p(((X™)" = x) = x) = p(D), thus u((x" = y) = x) = x) = u(d).
(i) = (@) u((x" = y) = x)=u((x" = y) = x) A ) =p(x"=>y) = x) Apu(((x" - y) = x) > x)<px). O

Proposition 5.6. If fuzzy set u of A is defined by

0 x#1

ulx) = a x=1

for a € (0, 1], then the following are equivalent:

() A is an n-fold implicative hoop algebra,

(ii) Any fuzzy filter is a fuzzy n-fold implicative filter of A,
(ii)) u is a fuzzy n-fold implicative filter of A.

Proof. (i) — (ii) Let A be an n-fold implicative hoop algebra and u be a fuzzy filter of A. Then (x" —» 0) - x = x
and pu((x™ = 0) » x) = u(x) < u(x). By Theorem 5.5, u is a fuzzy n-fold implicative filter of A.

(1) — (iii) First, we show that u is a fuzzy filter. By definition of g, for any x € A, u(x) < u(1). We consider
two case for y.

If y =1, then u(x = y) A u(x) < a = u(l) = u(y)

If y # 1, then we consider two following cases for x. If x = 1, then

ux = y) A u(x) = u(l = y) A u(l) = uy) A pd) = u(y) < u(y),
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If x # 1, then
px = y) A px) = p(x = y) A0 =0 < puy).

Therefore, p is a fuzzy filter, and by part (ii), is a fuzzy n-fold implicative filter of A.
(iit) — (i) Since u is a fuzzy n-fold implicative filter, then by Theorem 2.8(iii), y; = {x € Au(x) = 1} = {1} is
an n-fold implicative filter and by Theorem 2.8(iv), and A is an n-fold implicative hoop algebra. O

Theorem 5.7.
(D) u is a fuzzy n-fold implicative filter if and only if u((x™ — 0) - x) < u(x), for any x € A.
(i) u is a fuzzy n-fold implicative filter of A if and only if u((x™ —» y) - x) = u(x), for any x € A.

Proof. (i) If u is a fuzzy n-fold implicative filter, then by Theorem 5.5(ii), u((x™ = y) = x) < u(x).If y = 0, then
it is clear.

Conversely, let u((x™ = 0) —» x) < u(x). Then u(((x™)" = x) = x) = u(1). Therefore, by Theorem 5.5(iv), u is
a fuzzy n-fold implicative filter.

(i) Let i be a fuzzy n-fold implicative filter of A. Then by Theorem 5.5(2), u((x" = y) — x) < u(x). By
Proposition 2.3(v), x < ((x" = y) = x), so u(x) < u((x™ = y) = x). Hence, u((x" = y) = x) = u(x).

Conversely by Theorem 5.5 is true. (I

Theorem 5.8. Let u be a fuzzy n-fold implicative filter of A. Then u((x" - y) = y) = u((Y" - x) = x), for
any x,y € A.

Proof. Let u be a fuzzy n-fold implicative filter of A. Then by Theorem 5.4, i, # & is an n-fold implicative filter
of A, for any a € [0, 1]. Suppose a = u((x" = y) = y). Then (x" = y) - y € u,.

By Proposition 2.3(ii), y" < (y" = x) = x.

By Proposition 2.3(iv), x" = y) > y < (x" = y) - (" - Xx).

Hence, (x" = y) = (" = Xx) = X) € u,.

By similar way, x < (y" — x) — x, then by Proposition 2.3(iv), (y" »x)>x)>y<x—-y and
X =Y) = (" = X) = X) (" = X)=Xx) =) = (" = X) = X).

Hence, ()" »x) > x)~>y) = (" = x) » X) € u,. Since p, is an n-fold implicative filter, by
Proposition 2.3(ii), 1 = (Y™ = x) = x) = y) = (Y" = X) = x)) €y,

Also, 1 € u,, " = x) = x € y,. Then a < u((y" - x) - x). Hence, u((x" = y) = y) < u((y™ - x) - x).
By similar way, we have u((y"* - x) = x) < uy((x" = y) - y). (I

Proposition 5.9. If 1 is a fuzzy n-fold implicative filter of A, then u is a fuzzy (n + 1)-fold implicative filter of A.
Proof. Let u be a fuzzy n-fold implicative filter of A. Then by Proposition 2.3(iii), x™*! < x", thus x* - 0 <
X - 0, so (X! - 0) - x < (x" — 0) - x. Hence, (x"* = 0) = x) - x < (x™! - 0) - x), and by Theorem
5.5@v), u(1) = u(((x™ = 0) = x) = x) < u((x™! - 0) —» x)) — x. Therefore, by Theorem 5.5(iv), ¢ is a fuzzy
(n + 1)-fold implicative filter of A. O

The following example shows that the converse of Proposition 5.9 is not true in general.

Example 5.10. Let (A = {0, a, b, 1}, <). Define the operations ® and — on A as follows:

-|0ab1l ©0abil
0/1111 oloo0o0o0
alb111 a000a
blab11 bl00ahb
110ab1 1/0ab1



DE GRUYTER Study hoop algebras by fuzzy (n-fold) obstinate filters == 15

Then (4, ®, —,1, 0) is a bounded hoop algebra. Define a fuzzy set in A by u(0) = u(a) = u(b) = 1/4, u(1) = 3/4.
By using Theorem 5.7, for n = 3, it is easy to see that u is a fuzzy three-fold implicative filter of A but is not a
fuzzy two-fold implicative filter of A. Because u((b> = 0) — b) = u(1) £ u(b).

Proposition 5.11. If u is a fuzzy filter and u(x) < u(x”), then p is a fuzzy n-fold implicative filter of A.

Proof. Let u(x) < u(x’). Then by Proposition 2.3(iii), x" < x and by Proposition 2.3(iv), x” < (x")". So u(x) <
u(x’) < p((x™y). Since u is a fuzzy filter, then

u((x"y = x) A p((xX")) < Qo).
Hence, u((x™)" = x) < p(x). Therefore, by Theorem 5.7(i), u is a fuzzy n-fold implicative filter. O

Proposition 5.12. Every fuzzy n-fold obstinate filter u of A such that u(x) < 1/2 is a fuzzy n-fold implicative filter,
for any x € A.

Proof. Let u be a fuzzy n-fold obstinate filter and x € A such that p(x) < 1/2. Since y is a fuzzy filter, then
u((x"y = x) A p((x")) < Qo).
By hypothesis and Theorem 4.3, u((x™)" = x) A (1 - u(x)) < u(x).
If u(x™ > x) A0 -pux))=1-uk), then u(x) 2 1, and by hypothesis, u(x) =1/2. Hence, 1/2 =
1 - u(x) £ u((x™)), and by fuzzy filter, u((x™)" = x) A p((x™)") < u(x). So u((x™)y" - x) < u(x).

IFu(() = x) A (1= u00) = u((x™)" ~ x), then u((x™)” = x) < u(x).
Therefore, by Theorem 5.7(i), u is a fuzzy n-fold implicative filter. O

The following example shows that the converse of Proposition 5.12 is not true in general.

Example 5.13. In Example 5.10, let #(0) = p(a) = u(b) = 1/4, u(1) = 2/4. Then y is a fuzzy three-fold implicative
filter of A but is not a three-fold fuzzy obstinate filter. Because 1 — u(0) = 3/4 £ u((0%)) = 2/4.

6 Conclusion

In this article, first, we investigated fuzzy obstinate filter and fuzzy prime filter in hoop algebras and studied
properties of them. Then we obtained relation between fuzzy obstinate filter with fuzzy (implicative, positive
implicative, fantastic, and prime) filters. The relationship between them summarized in diagram (1). Hence, we
investigated fuzzy n-fold obstinate filter and fuzzy n-fold implicative filter on hoop algebras and obtained
relation between fuzzy n-fold obstinate filter with fuzzy n-fold implicative filters. Thus, A is an n-fold impli-
cative hoop algebra if and only if any fuzzy filter is a fuzzy n-fold implicative filter if and only if y is a fuzzy n-
fold implicative filter. We show that every fuzzy n-fold implicative filter is a fuzzy filter, and we investigated
the following conditions equivalent for fuzzy n-fold implicative filters. In our opinion, these definitions and
main results study other fuzzy n-fold filter on hoop algebra and can be extended to some other algebraic
systems such as Cl-algebras and EQ-algebras.
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