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Abstract: A topological group is strongly realcompact if it is topologically isomorphic to a closed subgroup of
a product of separable metrizable groups. We show that if H is an invariant Cech-complete subgroup of an
w-narrow topological group G, then G is strongly realcompact if and only if G/H is strongly realcompact. Our
proof of this result is based on a thorough study of the interaction between the P-modification of topological
groups and the operation of taking quotient groups.
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1 Introduction

The concepts of strong realcompactness and strong Dieudonné completeness arise as an adaptation of the
well-known topological notions of realcompactness and Dieudonné completeness. We say that a topological
group G is strongly realcompact if it is topologically isomorphic to a closed subgroup of a product of second
countable topological groups. Similarly, G is strongly Dieudonné complete if it is topologically isomorphic to
a closed subgroup of a product of metrizable topological groups (see [5, 8]).

It is clear that strongly Dieudonné complete groups are w-balanced, while strongly realcompact groups
are w-narrow. Also, strong realcompactness implies strong Dieudonné completeness. Evidently, any discrete
group is metrizable and hence strongly Dieudonné complete, but it is strongly realcompact if and only if it is
countable. Therefore uncountable discrete groups are examples of strongly Dieudonné complete groups that
fail to be strongly realcompact. Let us note that both classes of topological groups are productive and stable
with respect to taking closed subgroups.

In this paper we analyze whether the classes of strongly realcompact or strongly Dieudonné complete
groups are closed with respect to taking quotients and P-modifications. Our arguments are based on the study
of the question of when the P-modification of a quotient group G/H is naturally equivalent to the quotient
group G, /H, corresponding to the P-modifications of the groups G and H. It turns out that the groups (G/H)w
and G /H are topologically isomorphic provided that H is completely metrizable (Lemma 4.3) or if G is w-
balanced and H is Cech-complete (Theorem 5.2).

It is shown in Theorem 4.5 that both classes of topological groups contain quotients with respect to Cech-
complete subgroups. In fact, we prove a more symmetric result: If G is an w-narrow (w-balanced) topolog-
ical group and H is an invariant Cech-complete subgroup of G, then G is strongly realcompact (strongly
Dieudonné-complete) if and only if the quotient group G/H is strongly realcompact (strongly Dieudonné-
complete). We also show in Example 4.6 that an extension of a compact group by a separable metrizable
group can fail to be strongly realcompact or even Dieudonné complete. It turns out that there exists a pseu-
docompact non-compact Abelian topological group G containing a closed separable metrizable subgroup H
such that the quotient group G/H is compact.
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In Section 5 we present conditions on a topological group G implying that every closed metrizable in-
variant subgroup H of G such that (G/H)w ¥ Guw/Hy is completely metrizable, i.e. the completeness of H
in Lemma 4.3 is necessary provided H is metrizable. In particular we show in Corollary 5.5 that if H is a
closed, invariant, metrizable subgroup of a pseudocompact group G, then (G/H)y = Gy /H, if and only if H
is compact. We also prove that the topological isomorphism (G/H)w = Gw/Hw holds true provided a closed
invariant subgroup H of G is either Cech-complete or pseudocompact (see Theorem 5.2 and Corollary 5.6).

2 Notation and terminology

We use I for the unit interval [0, 1], T for the unit circle, N for the set of positive integers, Z for the integers,
Q for the rational numbers, and R for the set of real numbers.

Let X be a space. As usual, we denote by w(X), nw(X), x(X), ¥(X), d(X) the weight, network weight,
character, pseudocharacter, and density of X, respectively.

The boolean two-element group is denoted by Z,, while w and ¢ stand for the cardinality of N and R,
respectively.

Let G be a topological group with identity element e. We denote by N (e) the family of open sets U in G
with e € U. We use oG to denote the Raikov completion of G. The union of a family of G4-sets in G is said
to be Gg-open. A Gg-closed set is the complement to a Gg-open set. We denote by cls(A) the G4-closure of a
subset A of X, i.e. the set of all x € X such that every Gs-open set in X containing x intersects A. We say that a
subset A of a space X is Gs-dense in X if clg(A) = X. The Gg-closure of a topological group G in gG is denoted
by 0w G. Clearly p,, G is a subgroup of pG.

Let (X, 7) be a topological space. The topology on X generated by G4-subset of (X, 7) is denoted by 7.
The space X, = (X, Tw) is known as the P-modification of X.

We say that a property P is a three space property if for every topological group G and every closed invari-
ant subgroup H of G such that H and G/H have P, the group G also has P.

3 P-modifications of strongly realcompact and strongly Dieudonné
complete groups

Many topological properties are not preserved under taking the P-modification. As examples we can mention
density, cellularity, compactness, connectedness, and so on. However it is proved in [4, Theorem 8] that the
P-modification of a Raikov complete topological group is again Raikov complete. In this section we charac-
terize strong realcompactness and strong Dieudonné completeness of topological groups in terms of their
P-modifications.

Let us start with a lemma.

Lemma 3.1. Let G be an w-balanced topological group. Then the group G, the P-modification of G, is balanced.

Proof. Let U be an open neighborhood of the identity element e in G,. We can assume that U = ., Un,
where Uy, is an open subset of G, for each n € w. As G is w-balanced, for each n € w there is a countable
family », of open neighborhoods of e in G such that for each x € G one can find O € ~y satisfying xOx™! c Up.

Let Vi = (). For each n € w, Vy is a Gs-set in G with the property that for every x € G, xVax™! C Un.
Let V = (,c, Vn. Itis clear that V is a Gs-set in G containing e. Hence V is an open neighborhood of e in G
satisfying xVx~! ¢ U for each x € G. Thus the group G,, is balanced. O

Let us note that there exists a topological group G such that G is balanced, but G fails to be w-balanced.
Indeed, Pestov in [6] presents an example of a group G of countable pseudocharacter which is not w-balanced.
Clearly the P-modification of G is discrete and hence balanced.
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It was proved in [4, Theorem 8] that if a topological group X is Raikov complete, then X, is also Raikov
complete. In the lemma below we describe the Raikov completion of the P-modification of a given topological
group.

Lemma 3.2. Let X be a topological group. Then p(X,,) is topologically isomorphic to the P-modification of the
Gg-closure of X in X, i.e. 0(Xw) ¥ (0w X)w.

Proof. It is clear that X is Gg-dense in g X and g X is Gs-closed in pX. Hence X, is dense in (9w X)» While
the latter group is closed in (0X)w.

According to [4, Theorem 8] the group (0X), is Raikov complete, and so is (0w X)w. As X, is dense in
(owX)w, we conclude that p(Xw) = (0wX)w. O

The next two results show that the Raikov completeness of G, is an essential component in our characteri-
zations of strongly Dieudonné complete and strongly realcompact groups G.

Theorem 3.3. An w-balanced group X is strongly Dieudonné complete if and only if X, is Raikov complete.

Proof. Suppose that X is strongly Dieudonné complete. By [8, Theorem 3.3], the equality X = g, X is valid. It
follows from Lemma 3.2 that 9(X) = (9wX)w = Xw. Hence the group X, is Raikov complete.

Conversely, if X, is Raikov complete, then X, = 90(X») = (0w X)w, whence it follows that X = g, X. Finally,
as X is w-balanced, [8, Theorem 3.3] implies that X is strongly Dieudonné complete. O

Unlike the case of w-balancedness, the P-modification of an w-narrow group can fail to be w-narrow. The
topological group R with the usual topology is w-narrow, but R, is an uncountable discrete group, so it is
not w-narrow.

The proof of the following fact is very similar to the proof of Theorem 3.3 and hence is omitted.

Theorem 3.4. An w-narrow topological group X is strongly realcompact if and only if X, is Ratkov complete.

It was proved in [8, Theorem 3.16] that an R-factorizable topological group G is strongly realcompact if and
only if G is a realcompact space. Since R-factorizable groups are w-narrow and precompact groups are R-
factorizable [1, Corollary 8.1.17], Theorem 3.4 implies the following corollaries.

Corollary 3.5. An R-factorizable group G is realcompact if and only if the P-modification of G is Raikov com-
plete.

Corollary 3.6. For every precompact topological group G, the following conditions are equivalent:
(i) Gisrealcompact.
(ii) The P-modification of G is Raikov complete.

4 Quotients of strongly realcompact and strongly Dieudonné
complete groups

It is shown in [1, Corollary 7.6.19] that any topological group is a quotient of a zero-dimensional topological
group with countable pseudocharacter. Since every w-balanced topological group of countable pseudochar-
acter is strongly Dieudonné complete [8, Theorem 3.4], we see that the properties of being strongly Dieudonné
complete or strongly realcompact are not invariant under taking quotient groups.

It turns out that quotients with respect to compact subgroups inherit both properties. According to [8,
Theorem 3.17], if H is a compact invariant subgroup of a topological group G, then G is strongly realcompact
(strongly Dieudonné complete) if and only if G/H is strongly realcompact (strongly Dieudonné complete).
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Our aim in this section is to extend this result to Cech-complete subgroups H. This requires several auxiliary
facts.
Our first lemma is evident and its proof is omitted.

Lemma 4.1. If H is an arbitrary subgroup of a topological group G, then the identity mapping of H,, onto the
corresponding subgroup of G is a topological isomorphism.

The next result is a key fact for the proof of Lemma 4.3.

Lemma 4.2. Let H be an invariant completely metrizable subgroup of a topological group G with identity e. Let
also {Vyn : n € w} be alocal base for H at e and {U, : n € w} a sequence of open symmetric neighborhoods
of ein G such that U2,, C Uy and Un N H C Vy, for each n € w. Then the subgroup P = Un of G satisfies
the equality PH = (., UnH.

ncw

Proof. It follows from the properties of the sequence {Un : n € w} that P =, ., Un is a subgroup of G. It is
also clear that PH C (), UnH. So it suffices to verify the inverse inclusion.

Take an arbitrary element x € (., UnH. For every n € w, choose elements y, € Un and hn € H such
that x = ynhn. We claim that {hn : n € w} is a Cauchy sequence in H. Indeed, let V be an open neighborhood
of ein H. There exists N € w such that V)y C V.Takem, n € w withm > N and n > N. We can assume without
loss of generality that n < m. It follows from ymhm = x = ynhy that

Yniym = hnhpt € HN U U = HN UnUp CHNUZ CHN Upq C Vy.

Since H is invariant in G, a similar argument shows that y;,y,' € Vy provided that m, n > N. This proves our
claim.

As the group H is completely metrizable, it follows from [1, Theorem 4.3.7] that H is Raikov complete.
Hence the sequence {h, : n € w} converges in H, i.e. there exists h~ € H such that h, — h« forn — oo,
Therefore, the elements y, = xh,' converge to xh: . Since y, € U, whenever k > n, we conclude that xh:! ¢
Uy for each n € w, whence it follows that xh:* € (,cp, Un = Npew Un = P. We have thus proved that
x € Ph« C PH, which implies the required equality. O

The following lemma prepares ground for the proof of Theorem 4.5.

Lemma 4.3. Let H be an invariant completely metrizable subgroup of a topological group G. Then the identity
mapping of Gy [Hy onto (G/H) is a topological isomorphism.

Proof. Denote by ¢ the identity mapping of G, /H, onto (G/H)y. It is clear that ¢ is continuous, so it suf-
fices to verify that ¢ is open. Let m: G — G/H be the quotient homomorphism. The same homomorphism
considered as a mapping of G onto G /H, will be denoted by m1,. Clearly 7 and 1, are continuous open
homomorphisms. Then p = ¢ o 71y is a continuous homomorphism of G onto (G/H). The conclusion of
the lemma will follow if we prove that p is open since the latter means that ¢ is open as well. To this end it
suffices to present a local base B at the identity e of the group G, such that p(W) is open in (G/H),, for each
W e B.

Let {Vn : n € w} be alocal base at the identity e in H. Take an arbitrary open set Q in G, containing
e. Then there exists a sequence {On : n € w} of open neighborhoods of e in G such that (", ., On C Q. 1t
is easy to define by induction a sequence {Un : n € w} of symmetric open neighborhoods of e in G such
that U2,; € Un C Onand Un N H C Vy foreachn € w. Then P = Mhew Un C Q and Lemma 4.2 implies
that PH = (), UnH. The set R = N, ., 1(Un) is an open neighborhood of the identity in (G/H)w». We have
that p™}(R) = ﬂnewp‘l(n(Un)) = Npeow UnH = P, whence it follows that R = p(P). Hence p(P) is open in
(G/H)w. We have thus proved that for every open neighborhood Q of e in G, the image p(Q) contains an
open neighborhood of the identity in (G/H),. Therefore the homomorphism p is open and ¢ is a topological
isomorphism, as claimed. O

Combining Lemma 4.3 and several results from [7, 8] we prove the following theorem:
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Theorem 4.4. Let G be an w-balanced (w-narrow) group and H a completely metrizable invariant subgroup
of G. Then G is strongly Dieudonné complete (strongly realcompact) if and only if G/H is strongly Dieudonné
complete (strongly realcompact).

Proof. It suffices to prove the theorem in the case of strong Dieudonné completeness, the argument in the
case of strong realcompactness is almost the same. So we assume that that the group G is w-balanced. Then
the quotient group G/H is also w-balanced. According to [8, Theorem 3.3] we have to verify that if one of the
groups G or G/H is Gs-closed in its Raikov completion, then so is the other.

Let ¢: 0G — (0G)/H be the quotient homomorphism. If G/H is Gs-closed in (9G)/H then G = ¢~ *(G/H)
is Gs-closed in pG and, by [8, Theorem 3.3], G is strongly Dieudonné complete.

Now assume that G is Gs-closed in gG. It follows from Lemma 3.2 that 9(Gy) = (QwG)w = Gw, SO the
group G, is Raikov complete. Since H is metrizable, the group H,, is discrete and hence Cech-complete. By [7,
Theorem 11.18], the quotient group G /Hy, is also Raikov complete. Hence Lemma 4.3 implies that (G/H)y =
Gw/Hy is Raikov complete and, therefore, the group G/H is strongly Dieudonné complete by Theorem 3.3.
The latter means that G/H is Gg-closed in o(G/H) =~ (0G)/H. O

Theorem 4.5. Let X be an w-balanced (w-narrow) group and H a Cech-complete invariant subgroup of X. Then
X is strongly Dieudonné complete (strongly realcompact) if and only if so is X/ H.

Proof. As in the proof of Theorem 4.4 we consider only the case of strong Dieudonné completeness. Let ¢
be the canonical homomorphism of pX onto (9X)/H. Since H is Cech-complete, the quotient group (0X)/H is
Raikov complete [7, Theorem 11.18]. So (pX)/H is the Raikov completion of X/H. If X/ H is strongly Dieudonné
complete, then it is Gg-closed in (0X)/H by [8, Theorem 3.3] and hence X = ¢~ *(X/H) is Gs-closed in pX. So
the same theorem implies that X is strongly Dieudonné complete.

Conversely, assume that X is Gg-closed in pX. Since the group H is Cech-complete, it follows from [1,
Corollary 4.3.5] that there exists a compact subset C of H with a countable neighborhood base in H which
contains the identity element e of H. Let {Oy, : n € w} be a family of open neighborhoods of e in X such that
{OnNH:n € w}isabase for Cin H. Then C = HN[),c, On. Since X is w-balanced, every neighborhood of
the identity e in X contains a closed invariant subgroup of type G in X (see [1, Theorem 3.4.18]). Therefore, for
every n € w, there exists a closed invariant subgroup Py, of type G4 in X satisfying Pn C On.ThenP =, Pn
is a closed invariant subgroup of type G5 in X with PN H C C.

Itis clear that PN H is a closed G4-setin H and in C. Since both C and its closed subset PN H are compact,
the set P N H has a countable neighborhood base in C. By the transitivity of character in Hausdorff spaces
we conclude that the compact subgroup N = P N H of H has a countable neighborhood base in H. Since H
and P are invariant subgroups of X, so is the subgroup N. Hence the quotient group H/N is metrizable by [1,
Lemma 4.3.19].

The quotient homomorphism of H onto H/N is a perfect mapping, while perfect mappings preserve Cech-
completeness according to [2, Theorem 3.9.10]. Hence the group H/N is Cech-complete. Since the space H/N
is metrizable, we conclude that it is completely metrizable.

The quotient group X/N is strongly Dieudonné complete by [8, Theorem 3.17], and H/N is an invariant
completely metrizable subgroup of X/N. Hence Theorem 4.4 implies that the group X/H =~ (X/N)/(H/N) is
strongly Dieudonné complete. O

Suppose thatn = {Gq : @ € A} is a family of topological groups and ITn =[], 4 Ga is the topological product
of the family . Then the X-product of n, denoted by X117, is the subgroup of ITn consisting of all points g € IIn
such that [{a € A : ma(g) # ea}| < w, Where 74 : ITn — G is the natural projection of ITn onto the factor Gq
and e, is the neutral element of Gq, for every a € A. Similarly, the o-product of 5, denoted by olIn, is the
subgroup of ITn consisting of all points g € IIn such that |[{a € A : m4(g) # ea}| < w. Itis easy to see that both
XIIn and oIIn are dense subgroups of ITn. A description of properties of these subgroups can be found in [1,
Section 1.6].

The following example shows that the properties of being strongly realcompact or strongly Dieudonné
complete are not three spaces properties.
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Example 4.6. There exists a pseudocompact non-compact topological Abelian group G containing a closed
separable metrizable subgroup H such that the quotient group G/H is compact. Hence G fails to be strongly
realcompact.

Proof. Let X be the group Z$, where ¢ = 2, and let Y be the group Z¢'. Denote by [¢]** the family of all non-
empty countable subsets of c. It is clear that |[c]*“| = c. For every A € [c]** and u € Z3, let C(A, u) = m;}(u),
where 4 : Z$ — 74 is the natural projection. Observe that the family & = {C(4,u) : A € [cJ*?, u € Z5}
is of cardinality c¢. Let F be the product £ x Y. It is clear that any point of Y is a G4-set and that |F| = ¢. Let
{(Ea, ya) : @ < ¢} be an enumeration of F. By recursion on a < ¢ we define a subset {xq : a < ¢} of X such that
the following conditions hold for each a < ¢:

(i) xa € Eq;

(ii) xa & ({xp: B <a}).

Condition (ii) is possible because |E4| = 2°. For any y € Y, the cardinality of the set {a : ya = y} is equal
toc. Let X = {xq : a < c¢}. Define a mapping f : X — Y by f(xa) = ya for each a < c. The set X is linearly
independent by (ii), so we can extend f to a homomorphism g of (X) to Y. Since every subgroup of the Boolean
group X is a direct summand in X, g extends to a homomorphism ¢: X — Y.

Let P = {(x, p(x)) : x € X}. Observe that Pis a Gs-dense subgroup of X x Y. Indeed, let U be a non-empty
Gg-subsetof Xx Y. Then thereexisty € Y, A € [¢]*“,and u € Z4 such that C(4, u)x{y} C U.Thereexistsa < ¢
such that (Eq, ya) = (C(4, u), y). Then (i) implies that (xa, ya) € U and, by our definition of @, ¢(xa) = ya,
whence (xq, ya) € UNP.

Letus put Z = 0Z4 and H = {e} xZ, where e is the identity element of X. Then H is a separable metrizable
subgroup of X x Y. We define a subgroup G of X x Y as the sum G = P + H. Let p be the restriction to G of the
natural projection of X x Y onto the first factor X. Observe that G N ({e} x Y) = H, so H is a closed subgroup of
G. In particular G is a proper subgroup of X x Y. Since H is dense in {e} x Y, p is an open homomorphism of
G onto X (see [3, Lemma 1.3]). Therefore, the quotient group G/H is topologically isomorphic to the compact
group X.

As Pis a Gg-dense subgroup of the compact group X x Y, we see that P is pseudocompact. Since P ¢ G C
X x Y, the group G is also pseudocompact. Finally, a pseudocompact space is realcompact iff it is compact,
so the group G cannot be either realcompact or strongly realcompact. O

5 Quotients and P-modifications

It was shown in Lemma 4.3 that for any invariant completely metrizable subgroup H of a topological group
G, the quotient groups (G/H), and G, /H,, are naturally isomorphic as topological groups. In this sections
we are going to extend this result to the case when H is Cech-complete.

We start with considering the case of a compact subgroup H of G.

Lemma5.1. If K is a compact invariant subgroup of a topological group G, then the identity isomorphism of
Gw/Ky onto (G/K), is a topological isomorphism.

Proof. As in the proof of Lemma 4.3 it suffices to show the canonical homomorphism of G, onto (G/K)w, say,
p is open. Clearly p coincides pointwise with the quotient homomorphism 77: G — G/K.

Let Q be a G4-set in G containing the identity e in G, say, Q = ﬂne » On, where Op is open in G for each
n € w. We define by induction a sequence {Uy : n € w} of symmetric open neighborhoods of e in G such
that U2,, € Un C Onforeachn € w.Then C = Nhew Un is a closed subgroup of G satisfying C C Q. We claim
that p(C) = (,c,, P(Un). Indeed, the inclusion p(C) C ,, p(Un) is evident. Conversely, take an arbitrary
elementy € p(N,¢, Un). Then pY(y) N Un # 0 for each n € w. Since K is compact, so is the fiber p~1(y).
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Clearly Up.1 C Un foreachn € w, s0 p™'(y) NN, Un # 0 o1, equivalently, p~(y) N N,c,, Un # 0. We
conclude thaty € ., P(Un), whence our claim follows.

It follows from N, ., p(Us) = p(C) C p(Q) that the image p(Q) contains the open neighborhood
Mnecw P(Un) of the identity in (G/H)w, so the homomorphism p is open. This proves the lemma. O

Theorem 5.2. Let H be an invariant Cech-complete subgroup of an w-balanced topological group G. Then the
identity mapping of G, /Hw onto (G/H) is a topological isomorphism.

Proof. The argument that follows is close to the proof of Theorem 4.5. Since the group H is Cech-complete, we
can apply [1, Corollary 4.3.5] to find a compact subset C of H with a countable neighborhood base in H which
contains the identity element e of H. Let {Oy, : n € w} be a family of open neighborhoods of e in G such that
{OnNH:nc w}isabase for Cin H. Then C = HN[),, On. Since G is w-balanced, every neighborhood of
the identity e in G contains a closed invariant subgroup of type G in G (see [1, Theorem 3.4.18]). Therefore, for
every n € w, there exists a closed invariant subgroup Pr of type G; in G satisfying Pn C On.ThenP =1, , Pn
is a closed invariant subgroup of type G5 in G with PN H C C.

Itis clear that PN H is a closed G4-setin H and in C. Since both C and its closed subset PN H are compact,
the set P N H has a countable neighborhood base in C. By the transitivity of character in Hausdorff spaces
we conclude that the compact subgroup K = P N H of H has a countable neighborhood base in H. Since the
subgroups H and P of G are invariant in G, so is the subgroup K. Hence the quotient group H/K is metrizable
[1, Lemma 4.3.19]. The quotient homomorphism of H onto H/K is a perfect mapping, while perfect mappings
preserve Cech-completeness according to [2, Theorem 3.9.10]. Hence the group H/K is Cech-complete. Since
the space H/K is metrizable, we conclude that it is completely metrizable.

The final step in our argument is to apply the Second Isomorphism Theorem for topological groups which
implies that G/H ¥ (G/K)/(H/K). Since the subgroup K of G is compact, the identity mapping of G /K, onto
(G/K)y is a topological isomorphism, by Lemma 5.1. Similarly, the groups (H/K)y and H, /K, are topologi-
cally isomorphic. Let H" = H/K and G* = G/K. Using this notation we have that G/H =~ G"/H", H,, = Hy/Keo
and G, = Gy/Ky. We now apply Lemmas 4.3 and 5.1 along with the Second Isomorphism Theorem to con-
clude that

(G/H)o ¥ (G /H)w = (Gu/Kw)/(Hu/Kw) ¥ Gu/Ho.

Thus the groups (G/H), and G /H,, are topologically isomorphic. O

In Lemmas 4.3 and 5.1 the corresponding subgroups H and K of a topological group G are Raikov complete. It
is also known that every Cech-complete group is Raikov complete [1, Theorem 4.3.7]. Hence the subgroup H
of G in Theorem 5.2 is Raikov complete as well. However, the natural equivalence of the groups (G/H)y and
Gw/Hy does not imply the Raikov completeness of H, even if H is separable and metrizable:

Proposition 5.3. If H and K are arbitrary topological groups and G = H x K, then the identity mapping of
Gw/Hy onto (G/H),, is a topological isomorphism.

Proof. Itisclear that G/H ~ K, so (G/H)y =~ Ky.Since G, =~ Hy, xK,, weseethat Gy /Hy =~ (HyxKy)/Hy &
K. Therefore the groups G /Hy and (G/H), are topologically isomorphic. O

Under certain circumstances, the Raikov completeness of a closed invariant subgroup H of a topological
group G becomes a necessary condition for the validity of the equivalence G, /Hy = (G/H)y. In the following
proposition we show that this is the case when the group G is locally pseudocompact.

Proposition 5.4. Let H be a closed metrizable invariant subgroup of a locally pseudocompact topological
group G. Then the identity mapping of G, /H onto (G/H), is a topological isomorphism if and only if the group
H is locally compact.

Proof. First we note that a locally compact metrizable group is completely metrizable. So the sufficiency part
of the propostion follows from Lemma 4.3, even without the assumption that G is locally pseudocompact.
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Hence we assume that the groups G /Hy and (G/H), are topologically isomorphic, where the subgroup H
of G is metrizable. The Raikov completion of G, pG, is a locally compact group. Since the group gH is topo-
logically isomorphic to the closure of H in oG and this closure is an invariant subgroup of oG, we see that the
canonical embedding of G/H to pG/pH is a topological isomorphism from G/H onto its image (see [1, Theo-
rem 1.5.16]). Notice that the group gH is metrizable and locally compact, so it is completely metrizable. Hence
Lemmas 4.1 and 4.3 imply that (G/H) is a topological subgroup of the group (0G/gH)w = (0G)w/(0H)w.
Since the groups Gy /Hw and (G/H), are topologically isomorphic, we see that the natural embedding of
Gw/Hw to (0G)w/(0H)y is a topological isomorphism from G /H, onto its image or, equivalently, the restric-
tion to G of the quotient homomorphism 71, : (0G)w — (0G)w/(0H)w, Say, ¢ is an open mapping of G onto
the subgroup 74, (Gw) of (0G)w/(0H)w and 14(Gw) ¥ Guw/Hy.

Finally, the locally pseudocompact group G meets every non-empty G4-set in oG (see [1, Problem 3.7]]),
i.e. Gy is a dense subgroup of (9G)y. Since the homomorphism ¢ is open, [1, Theorem 1.5.16] implies that
Hy = (0H)w N Gy is dense in (9H),. Notice that the group (gH) is discrete since pH is metrizable. Hence
Hy = (0H)w, i.e. H = pH. In other words, the group H is Raikov complete. Hence H = gH is a closed subgroup
of the locally compact group oG, whence the local compactness of H follows. O

Let us note that every precompact Abelian group is topologically isomorphic to a closed subgroup of a pseu-
docompact (connected) Abelian group [9]. Hence the following corollary describes quite a common situation.

Corollary 5.5. Let H be a closed metrizable invariant subgroup of a pseudocompact topological group G. Then
the identity mapping of G, /H onto (G/H),, is a topological isomorphism if and only if the group H is compact.

Proof. According to Proposition 5.4, the groups G, /H, and (G/H),, are topologically isomorphic iff H is lo-
cally compact. The group H is precompact as a subgroup of the pseudocompact group G. The required con-
clusion now follows from the fact that precompact locally compact topological groups are compact. O

The corollary below extends Lemma 5.1 to a slightly more general case.

Corollary 5.6. Let K be a closed invariant pseudocompact subgroup of a topological group G. Then the identity
mapping of Gy /Ky onto (G/K) is a topological isomorphism.

Proof. Let pG be the Raikov completion of the group G. Then the closure of K in gG is a compact group
topologically isomorphic to pK. Denote by 7 the quotient homomorphism of oG onto pG/gK and let G* =
7 n(G). Then G ¢ G* C pG. Since K is pseudocompact it meets every non-empty Gg-set in oK. Hence G
meets every non-empty Gg-setin G* = G - K. Since K is dense in pK, the restriction of 77 to G is a continuous
open homomorphism of G onto 77(G) = G/K and, similarly, G*/oK =~ n(G) = G/K. The group oK is compact,
so Lemma 5.1 implies that

(6/K)w = (G /0K)w = (6)u/(0K)o- )

We know that G is Gs-dense in G" and K is Gs-dense in K, i.e. Gy is dense in (G")w and K, is dense in
(0K)w. Hence (G")w/(©K)w = Guw/Ky by virtue of [1, Theorem 1.5.16]. The latter fact and (1) together imply
that (G/K)w = Gu/Ky. O
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