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Abstract: We consider multi-period cost-of-capital valuation of a liability cash flow subject to repeated cap-
ital requirements that are partly financed by capital injections from capital providers with limited liability.
Limited liability means that, in any given period, the capital provider is not liable for further payment in the
event that the capital provided at the beginning of the period turns out to be insufficient to cover both the
current-period payments and the updated value of the remaining cash flow. The liability cash flow is modeled
as a continuous-time stochastic process on [0, T]. The multi-period structure is given by a partition of [0, T]
into subintervals, and on the corresponding finite set of times, a discrete-time cost-of-capital-margin process
is defined. Our main objective is the analysis of existence and properties of continuous-time limits of discrete-
time cost-of-capital-margin processes corresponding to a sequence of partitions whose meshes tend to zero.
Moreover, we provide explicit expressions for the limit processes when cash flows are given by Itd diffusions
and processes with independent increments.
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1 Introduction

1.1 Multi-period cost-of-capital valuation

This paper focuses on multi-period cost-of-capital valuation of a cumulative liability cash flow L = {Lt}t¢[o,1]
subject to repeated capital requirements at the beginning of each time period, where the time periods form
a partition of [0, T]. Here T is a time after which no cash flow occurs. In line with current regulatory frame-
works, the time periods may be one-year periods. However, we will investigate the effects of varying the
number and lengths of the periods and consider sequences of partitions of [0, T] whose meshes tend to O.
That is, we will analyze continuous-time limits of discrete-time cost-of-capital valuations of the liability cash
flow L. In what follows, all cash flows are discounted by a given numéraire, or equivalently, denoted in units
of this numéraire. A classical bank account numéraire, a rolling one-period bond, may be a natural choice.
The valuation approach presented in this paper can be applied to arbitrary liability cash flows, includ-
ing those that depend on the values of traded financial instruments, by considering (partial) replication by
an appropriate choice of replicating portfolio. The value of the liability cash flow is then the sum of the
market price of the replicating portfolio and the cost-of-capital margin for the residual liability cash flow
(corresponding to the replication error). Market-consistent valuation requires that if the liability cash flow is
fully replicable, then the replicating portfolio must replicate the liability cash flow perfectly. Consequently,
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for such liability cash flows, the residual liability cash flow is zero at all times, and the value is simply the
market price of the replicating portfolio. Replication is not the focus of this paper. Therefore, the liability cash
flow should in what follows be interpreted as either the residual liability cash flow that remains after partial
replication or a liability cash flow that is not replicable by financial replication instruments.

In order to clarify the economic motivation of the valuation setup, let T be a positive integer, and consider
times 0, 1, ..., T. The multi-period cost-of-capital margin for the liability cash flow L = {L}¢[o,T) is based
on considering a hypothetical transfer of the liability cash flow at time O from the company currently liable
for this cash flow to another company whose single purpose is to manage the run-off of the liability. The
company receiving the liability cash flow has no own funds but receives an amount Vy together with the
liability. In order to meet the externally imposed capital requirements associated with the liability, according
to the regulatory environment, the receiver of the liability cash flow requests capital injections from a capital
provider who will make the capital injection if the expected return is good enough. The mathematical problem
arising is the determination of Vj: this value is not a priori given but rather a value implied by the repeated
financing of the capital requirements by a capital provider demanding compensation for providing capital
injections.

Let V; denote the cost-of-capital margin for the liability cash flow {Ls}sc, 17, that is beyond time ¢.
In particular, Vr = 0. Assume that the amount V; is available at time ¢ and that the required capital is
VaR¢ p(-ALty1 — V1) > Vi, where AL¢yq := Lgq — Ly is the accumulated cash flow during the time period
(t,t+1] and VaR; is the risk measure value-at-risk conditional on the information available at time ¢.
A capital provider is asked to provide the difference VaR; ,(-ALty1 — V1) — V¢ between the required and
the available capital. If this capital is provided, then, in return, the capital provider receives the amount
(VaR¢,p(=ALts1 — Vig1) = ALgp1 — Vigr)4 at time ¢ + 1, where (x), := max{x, O}. The rationale for the amount
(VaR¢,p(=AL¢s1 — V1) = ALey1 — Vigq)+ is the following. The capital provider is entitled to any excess capital
at time t + 1 above what is needed for the one-period payment AL, plus V¢,; that is needed to match the
cost-of-capital margin for the remaining liability cash flow from time ¢ + 1 onwards. If at time ¢ + 1 there is
a deficit of capital so that ALt,1 + Ve > VaRy p(—AL¢rq — Vi), then the VaRy p(~ALty1 — Viy1) units of the
numéraire asset are paid to the creditors/policyholders and the iterative procedure for managing the run-off
of the liability cash flow stops.

A capital provider will accept providing the capital at time ¢ if the expected return is good enough, in the

sense that
]Et[(vaRt,p(—ALHl - Vt+1) - ALt+1 - Vt+1)+]

VaR¢ p(=ALti1 = Vi) = Vi
where E; denotes conditional expectation with respect to the information at time ¢, and 1; > 0 is the excess
expected rate of return (above that of the numeéraire asset) at time ¢ on the capital provided until time ¢ + 1.
In what follows, we will simply consider {ﬂt}th_ol to be a given stochastic process.

Given the liability cash flow {L¢}¢¢[o, 1) and a discrete-time stochastic process {n t}tT:‘Ol, and assuming com-
petition between potential capital providers so that better than acceptable conditions are not granted, the
acceptability condition (1.1) immediately gives the following backward recursion for {Vt}tT=0:

> 1+, (1.1)

Ve =VaR¢ p(-ALty1 — V1) - E¢[(VaR¢,p(=AL¢r1 — Vig1) = ALgy1 = Vegr)4],  Vr=0.

1+n;
Notice that the values {V;} tT:O are not a priori given but rather the solution to the above recursion given a model
for both {Lt}te[o,77 and {m}tT;Ol. We refer to Remark 4 for comments on other more elaborate acceptability
criteria for risk averse capital providers.

The above approach to valuation of insurance liabilities is based on the framework presented in [15]
establishing a theoretical basis for the current regulatory frameworks for the insurance industry, in particular
Solvency 2. A balance sheet interpretation of the involved quantities is as follows. Suppose that at time ¢ the
liability cash flow in run-off corresponding to obligations to policyholders can be decomposed into a sum of
a fully replicable cash flow with market price 71; and a nonhedgable residual liability cash flow with value V.
At time ¢, after the capital provider has invested capital to ensure continuation of the run-off, the value of
the assets of the reference undertaking is the sum of the market price 71; of the portfolio replicating the repli-
cable part of the liabilities and the buffer capital VaR; ,(~AL¢t+1 — V¢41) for nonhedgable risks prescribed by
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the regulator. The difference between the asset value and the value of the liabilities to policyholders is thus
SCR¢ := VaR¢ p(-ALts1 — V1) — Ve which matches precisely the capital investment. Including the value SCR;
of the reference undertaking’s liability to the capital provider we see that the asset value balances the liability
value. We refer to [15] for further details.

1.2 Related literature

The valuation framework presented in Section 1.1 is based on [15] aiming to establish the theoretical basis
for the current regulatory frameworks for the insurance industry. The approach to multi-period cost-of-capital
valuation above was studied in [7] for general risk measures and acceptability criteria. The choice of one-year
periods corresponds to the current regulatory solvency frameworks under which both banks and insurance
companies operate, and is in line with accounting practice. However, it is quite reasonable to consider the
financing of liability cash flows subject to repeated capital requirements by capital injections at a higher
frequency. Moreover, by letting the length of the time periods tend to zero, we may derive explicit continuous-
time formulas for the limiting cost-of-capital-margin process whereas solutions to discrete-time backward
recursions of the above type can often only be obtained numerically. It is also interesting to analyze which
features of a liability cash flow vanish and which persist in the limit process from discrete-time valuation to
continuous-time valuation as the mesh of the partition of time periods tends to zero.

There are similarities with our objectives here and works, such as [14, 16, 22], analyzing continuous-
time dynamic risk measures (or risk-adjusted values) which can be represented as limits of discrete-time risk
measures in multi-period models. However, there are also major differences. A detailed comparison of our
setup with that considered in [16, 22] is found in Remark 3. The aim in [14] is different from ours: there the
objective is the construction and analysis of dynamic risk measures expressed in terms of backward stochastic
differential equations (BSDEs) that arise as limits of iterated spectral risk measures. Notice that a spectral risk
measure is a form of coherent and convex risk measure.

The vast majority of works on dynamic risk measurement consider coherent or convex risk measures,
and many of them aim for a representation of the risk measure in terms of a solution to a BSDE. See [1-
4, 8,10, 13, 18-20] and references therein. The discrete-time cost-of-capital-margin process {V;} tT:O from the
multi-period cost-of-capital framework above shares most of the properties of the multi-period risk-adjusted
values in [2]; precise statements are found in [7]. In particular, the properties called time-consistency and
recursiveness hold. However, the limited liability of the capital provider, which is an essential economic prop-
erty, makes the cost-of-capital margin Vj, seen as a functional applied to a cumulative liability cash flow, lack
the sub/super-additivity property in general. This fact holds irrespectively of whether VaR; , is replaced by
a coherent alternative. Therefore, the general representation results for dynamic coherent or convex risk mea-
sures, or similarly for multi-period risk-adjusted values, are not available in our multi-period cost-of-capital
valuation setup. This fact makes the mathematical analysis here very different from that in works on dynamic
coherent and convex risk measures.

1.3 Outline

Section 2 presents basic results for discrete-time cost-of-capital-margin processes for a given continuous-time
liability cash flow. In this setting, the cost-of-capital-margin process is defined on a time grid

O=19<-<Tp=T

corresponding to an arbitrary partition 7 of [0, T].

Section 3 presents the main results of this paper on existence and properties of continuous-time limits of
a sequence of discrete-time cost-of-capital-margin processes for a given continuous-time liability cash flow.
The continuous-time limit, defined in Definition 4, arises by considering an arbitrary sequence {7, };,_; of
partitions whose meshes tend to O.
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Theorem 2 gives mild conditions under which the continuous-time cost-of-capital margin of a sum of
two cash flows decomposes into a sum of the corresponding two continuous-time cost-of-capital margins.
Moreover, it gives mild conditions under which the continuous-time cost-of-capital-margin process of a cash
flow degenerates into a process of conditional expectations of the remaining cash flow.

Theorem 3 presents a wide class of Itd processes that satisfy the conditions of Theorem 2 under which
the continuous-time cost-of-capital-margin process is a process of conditional expectations of the remaining
cash flow.

Theorem 4 derives the continuous-time limit of discrete-time cost-of-capital-margin processes when the
underlying liability cash flow is given by an additive process with a jump component, with Lévy processes
and compound Poisson processes driven by inhomogeneous Poisson processes as special cases.

All proofs of the main results are found in Section 4. Section 5 contains technical lemmas used in the
proofs of the main results that may also be of independent interest.

2 Discrete-time cost-of-capital-margin processes

In this section, we will present the mathematical framework for the multi-period cost-of-capital margin for
a continuous-time cumulative liability cash flow.

Fix T > 0, and consider a filtered, complete probability space (Q, F, F, P), where F := {F}¢e[o, 1) Satisfies
the so-called usual conditions; see e.g. [17, Chapter 1]. Write L°(F;) (L' (F;)) for the set of F;-measurable (inte-
grable) random variables. Write L°(IF) (L1 (IF)) for the set of F-adapted stochastic processes X with X; € L°(F;)
(Xt € LY(Fy)) for every t € [0, T]. Moreover, X € LO(FF) is said to be cadlag if, for all w in the complement of
a null set, the sample paths t — X;(w) are right-continuous with left limits. For t < u and Y F,,-measurable,
we use subscript t to denote conditioning on F,

Fey(y) =Pu(Y <y):=P(Y <y |TFy), E[Y]:=E[Y]|T].

Relations between random variables are to be understood in the IP-almost sure sense. We consider an arbitrary
partition of [0, T] into subintervals and discrete-time value processes evaluated at the time points correspond-
ing to the given partition. We will call a set of points T := {Tk}fzo with 0 = 79 < --- < Tjy = T a partition of the
time interval [0, T]. For any such partition, we denote by 6y := Tx+1 — Tk the lengths of the subintervals, and
mesh(7) := maXo<k<m-1 Ok-

For Y € L°(J;,45,), value-at-risk of Y at the level 1 - ag, € (0, 1) conditional on 7, is defined as

VaRy,,1-45, (V) := F, _y(as,) = essinf{m € L°(I7,) : Fr,,_y(m) > ag,}.

The discrete-time cost-of-capital-margin process for a liability cash flow is defined in Definition 2 below in
terms of a backward recursion of the kind presented in Section 1.1 and the following one-step valuation
mapping.

Definition 1. For Y ¢ Ll(fr"rk+5k), as, € (0, 1) and a nonnegative 1, € LO('J"Tk), the one-step valuation map-
ping is defined as

8 1
(PT:(Y) :=VaRq,,1-g; (-Y) — ——— E¢, [(VaRy,,1-0; (-Y) - V)]
k 1 + rlTk k
Remark 1. Notice that the backward recursion for the discrete-time cost-of-capital-margin process {Vt}tT:0 in
Section 1.1 may be expressed as V; = (p}(LHl — L¢ + V¢y1), Vo = 0, and corresponds to partitioning [0, T] into
subintervals of lengths one.

In relevant applications, 1 - as, , 17, are both close to 0: 17, is the expected excess rate of return, above that
for the numeéraire asset, for the capital provider on the provided capital ensuring solvency at time 7, as, is
(typically, noting that F t_y(Ft’,l_Y(a(;k)—) <as <F t_y(Fgl_Y(ag;k))) the probability that the provided solvency
capital at time 7y is found sufficient at time Ty, = T + k.
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An alternative expression for (pff (Y), see Lemma 2, is

1
q)f:(y) = W(IET;{[Y] - (1 - aék) ESTk,l—D(gk (_Y) + (1 - aﬁk + rlTk)VaRTk,l—agk (_Y))’
k

where ES;, 1_4, denotes the expected shortfall conditional on F;, defined as
ko 1-as; k

1-as

S 1oas(-V) = 1o | VaRep(-V)dp.
0

Theorem 1. Consider a partitiont of [0, T],0 = Tg < --- < T, = T. Foreachk, <pf£ is a mapping from L1(§Tk+5k)

to L*(J;,) satisfying

e ifAeLN(Fy)and Y € LX(F,,,), then B (Y + A) = p2X(¥) + A,

e ifY,YelLY(Fy,,)andY <Y, then (pﬁ’k‘(Y) < goff(f/),

. ¢%0)=o0.

Based on the statement of the above theorem, we may define the discrete-time cost-of-capital-margin process
{V{(L)}¢ter of a continuous-time cumulative liability cash flow L € L(F). By Theorem 1,

{Vi(L)}ter € L' ((Fehter)-

Definition 2. Given L € L(FF) and a partition 7 of [0, T], 0 =17 < - < Ty = T, the cost-of-capital-margin
(CoCM) process { V7 (L)}ser of L with respect to the partition r and filtration IF is defined in terms of a sequence
of one-step valuation mappings defined in Definition 1 as follows:

Vi (L) := (pff(ALm1 +Vr (L), Vi(L):=0, (2.1)
where AL, :=Lq,,, — Ly,.
Remark 2. From Theorem 1, it follows that
VE(L) = @ o0 ot (Ly),

where - denotes composition of mappings. In particular, if L, L € L*(F) satisfy L < Lr, then V{(L) < V{(L).
Moreover, since each (pf’k‘ inherits positive homogeneity, i.e. (pf’,j(cY) = C(pf’k‘(ﬂ for ¢ > 0, from VaRy,,1-q5,
Vi(cL) = cVE(L) for c = 0.

In order to analyze continuous-time limits of sequences of discrete-time CoCM processes, we will need a stabil-
ity property with respect to small perturbations of as, in the conditional risk measure VaR, 14 ser T herefore,
we introduce the notion of lower and upper one-step CoCM mappings and, in Definition 3, lower and upper
discrete-time CoCM processes.

ForB e (0,1)and Y € L! (Fz,+6,), the lower and upper one-step valuation mappings are defined as

. 6k, 1-as +

Prc 0 = @O0 + = (VAR 1 () = VaRe, s, (1)),
Tk

bk, 1-as +

PP () = (1) + #’“(Vamk,l_aﬁk_ggﬁ(-n ~ VaRe,,1-aq, (~Y)-
Tk

By the same arguments as in the proof of Theorem 1, gbfi’ﬂ and q”)fi’ﬂ are mappings from L1 (F7,45,) to L1(F7,).
In particular, the lower and upper CoCM process {Vf’ﬁ (L)}ter and {Vf’ﬁ (L)}ter are defined as follows.

Definition 3. Given L € L'(FF) and a partition 7 of [0, T], 0 = 7¢ < --- < Tpy = T, the lower and upper CoCM
processes {V:’ﬁ (L)}ter and {V:’B (L)}¢er of L with respect to the partition T and filtration IF are given by

Ly, VP :=o,
@), Vifw =o.

~ T, V& s ~T,
vEP(Ly = 2P (AL, + VEF

Th+1

~ s A& s ~ S
VoA W) = 2P ALy, + VTP

Tk+1

Notice that V(L) < VI(L) < VP (L) forall ¢ € 7.
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The purpose of this paper is to study the behavior of the discrete-time CoCM processes when varying the
partition 7 of [0, T] and in particular the convergence to and properties of continuous-time limit processes
appearing when letting the mesh of the partition tend to zero. Serious modeling of the random sequence
s },’:':‘01 of cost-of-capital rates requires modeling of how the risk aversion of the capital provider varies over
time and also mechanisms for competition between capital providers. This aspect of the multi-period cost-of-
capital margin is outside the scope of the current paper. We will throughout the remainder of this paper make
the simplifying assumption that ,, = 175, is nonrandom and depends only on the length 6 of the subinterval
[Tk, Tk+1) and not on 7.

Assumption 1. 1., = 15, is nonrandom and depends only on the length 6y of the subinterval [Tk, Tk+1).
We will consider sequences {T,;};,.; of partitions of [0, T], 0 = Tj,0 < -++ < Ty,m = T, with

lim mesh(t,;) = 0.
m—o00

With 8,k := Tm,k+1 — Tm,k, We further assume the existence of sequences {()q;m,k},’(':o1 and {ngm,k},’f:})l, of non-
random elements as,, ., s, € (0, 1) such that, for some a, 11 € (0, 1),

lim sup ’ﬂ + log(a)’ = lim sup l% ~log(1+n)|=0 (2.2)
m—=00 79l Bm,k m=00 o1l 8m,k ' '
In order to make economic sense, the limits
m-1 m-1
A, [T asns Jim, [100+ 76,0

should exist finitely and be strictly positive. For the first limit, the interpretation is that the probability that the
repeated capital injections are sufficient throughout the time period [0, T] is some number strictly between
zero and one. Similarly, for the second limit, the interpretation is that the capital provider’s aggregate
expected return on the repeated capital injections is finite. It is shown in Lemma 11 that (2.2) implies

m-1 m-1
i, B) a5, =, lim E)(l + 5,0 = L+

Remark 3. In our setup, as well as in [16, 22], discrete-time multi-period risk-adjusted values, given a parti-
tion 7 = {14}}, of [0, T], may be expressed as

@7, (X) = P11, (@7, (X)),  DT(X) = X7,
where the mapping ¢+, r,,, is a mapping from a subspace of L°(J7,,,) to a subspace of L°(J7,). In our setting,

X=L, O X)=Le+VL(L), Qoo =0,

where 6 = Tyy1 — T and

@ri(Y) = VaRe, 10, (-Y) - Ex,[(VaRe,,1g5, (1) = V), ]

1+ns,

= m(ETk[Y] - (1 - aﬁk) ESTk,l—ab‘k (_Y) + (1 - aék + rlak) VaRTk,l—lXEk (_Y))

k
with 1 — a5 ~ -6loga and ns ~ 61og(1 + ) as 6 — 0. Notice from the last expression above for (pfi(Y) that,
for very small values 7ns,, <pf£(Y) < E¢,[Y]. This inequality is a consequence of the limited liability for the
capital provider. Notice also that (pfl’j (Y) > E, [Y] is equivalent to

15y

ESTk,l—agk (_Y) - VaRTk,].—a5k (_Y) <
— aék

(VaRey,1-a5, (=) — E¢, [Y]),

which, for 1 - as, € (0, %) small and reasonable models for Y, holds for moderately large values s, .
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In [16], actuarial valuation rules are extended from discrete to continuous time. Modified to our setting
where financial values are expressed in the numéraire, the valuation rule most similar to the one considered
here is

(ka’Tk+1(Y) = IETk[Y] + ’1\/5—kV3Rrk,1—a(—Y - ]Erk[_Y])
= (1= 180 Ex, [Y] + 06k VaRe, 1-a(-Y), 2.3)

where 1, a € (0, 1) are fixed constants. Notice that ¢, r,,,(Y) > E;, [Y] if VaR, 1-a(-Y) > E, [Y]. Although
the expressions for ¢+, r,,, may appear similar, they are fundamentally different. The mapping ¢, ,,, in [16]
is a priori given by an actuarial valuation rule whereas, in our case, it is the result of the capital providers’
acceptability condition for financing the repeated capital requirements, taking the capital providers’ limited
liability into account.

In [22], a negative liability value corresponds to a positive value in our setting, and vice versa. The
mappings ¢r,,r,,, in [22], modified to our sign convention, are of the form

Y
Pries (1 = (1= (B0 B (1] - 6¢F (- )
and Fr, may be chosen as
Fr,(Y) = Eg,[Y] - n VaRe; 1-a(Y — E¢, [Y]),
which gives
Prpvrr (V) = (1= N\[6) By [Y] + 061 VaRe,, 1a(- 1),

which coincides with (2.3).

Notice that, in [16, 22], the quantities E;,[Y] and VaRy,,1-4(-Y) appearing in the mapping ¢, ,r,.,(¥)
are scaled appropriately in order to obtain convergence of discrete-time value processes to continuous-time
value processes, and a and n are constants that do not depend on the partition of the time interval [0, T].
In our setting, the sequences {as,} and {ns,} are chosen so that, regardless of the partition of [0, T], there
is a reasonable nontrivial probability of successful financing of the capital requirements through the entire
time period and a reasonable expected excess return to the capital providers for providing capital.

Remark 4. There are natural alternatives to the capital provider’s acceptability criterion (1.1) considered in
this paper. Consider a sequence {Ut}tT;O1 of so-called conditional monetary utility functions, where, for each t,
Uy is a mapping from L1 (F 1) to L1(F) satisfying
(i) ifAe LY (F)and Y € L1(Frr1), then U(Y + Q) = UL(Y) + A,
(i) if Y, Y € L'(J¢,,,) and Y < ¥, then Ux(Y) < Un(Y),
(iii) U¢(0) = 0.
Assume that, at time ¢, the capital provider will accept providing capital if the utility of the excess capital at
timet + 1,

Ut((vaRt,p(—ALHl - Vu,t+1) - ALt+1 - Vu,t+1)+)a

is not smaller than the utility of the capital asked for at time ¢,
Ut(VaRt,p(_ALHl - Vite1) — Vu,t)-

Equating these expressions and solving for V,, ; gives the backward recursion

Vit = @u,t(ALpy1 + Vi 1),

where
Pu,t(Y) = VaRe p(-Y) — Ug((VaR; p(-Y) - Y),).

It is shown in [7, Proposition 1] that ¢, ; satisfies ¢, (0) = 0, the monotonicity property @, ((Y) < ¢, ((¥) if
Y < Y, and the translation-invariance property: if A € L(F;) and Y € LY (F¢11), then @y, (Y + A) = @y ¢(Y) + A,
i.e. the analogue of Theorem 1 holds.
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One example of a conditional monetary utility function is the certainty equivalent Y — u; THEud()])
when u; is an exponential utility function u(y) = -y exp{——} In general, certainty equivalents obtained
from (strictly increasing and concave) utility functions u¢ do not satisfy the translation invariance property
in Remark 4 (i) of conditional monetary utility functions; see e.g. [9, Proposition 2.46].

3 Continuous-time cost-of-capital-margin processes

This section contains the main results of the paper. We first define the continuous-time limit of a sequence of
discrete-time CoCM processes for a given continuous-time liability cash flow, where the sequence of discrete-
time CoCM processes corresponds to a sequence of partitions of [0, T] with meshes tending to zero.

Definition 4. Let {t,},._, be a sequence of partitions of [0, T], 0 = Tj,0 < -++ < Ty,m = T, such that
lim mesh(t,) =0
m—00

Let L € LO(FF). If there exists {V¢(L)}tc[0,1) € LO(FF) that is cadlag such that

sup|V;"(L) - V¢(L)| > 0 a.s. asm — oo,

tety,
then {V¢(L)}te[o,17 is the continuous-time limit of the sequence of discrete-time CoCM processes {VtT "(L)}ter,, -
The cadlag property of the limit {V¢(L)}teo,) in Definition 4 ensures uniqueness of the limit for a given
sequence of partitions. This is shown in Remark 5. Typically, we want a continuous-time limit that does not

depend on the choice of sequence of partitions. This stronger property of the limit will be established in the
results that follow.

Remark 5. Consider a sequence of partitions {1,,}},_, and two corresponding cadlag continuous-time limits
{Vi(L)}te[o, 17 and {Vt(L)}tE[O,T]. Clearly, V(L) = V(L) = 0. Take any t € [0, T) and a sequence {km}meq Of
natural numbers such that 7, «,, | t as m — co. From Definition 4,

W @)= Ve, (-0, |V, (L)-Vq,, (L) >0 as. asm— oo,
and by the cadlag property,
Vei, (L) = Vi) =0, |V, (L)-V{(L)] -0 as. asm — co.
For all m,

[Ve(L) = VD)l < |Ven, (L) - V(L)

< Ve (D) = Ve, (D] + Ve, (L) = V(L)
Ve (L) = Ve (DI + 1V, (L) = V(L)

(L) = Ve()| + V7,

Tm,km

Letting m — oo establishes uniqueness of the continuous-time limit.

Remark 6. If L € L1(IF), then {IE¢[L1]}tc[0,17 is @ martingale with a unique cadlag modification [17, p. 8]. In
particular, if L € L1(IF) is cadlag, then {IE;[Lt — L;] }te[o, 17 is a possible candidate for the continuous-time limit
of discrete-time CoCM processes. This particular limit will appear naturally for a wide class of processes L;
see Theorem 2 below.

Recall from Section 2 that

1

Om,
P (Y) = m(ETm'k[Y] -(1-as,,)ESr,, ;,1-05, , (=Y)

+ (1 - @, + M6,,,) VaRe,, 1, 1-a5, , (1))

and, by (2.1), 5
ka(L) ¢r$ﬁ°"'°<ﬂr$$i(h Lz,.). (3.1)
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Motivated by economic arguments, we have assumed that 1 — as,,, and 175, are both of order 6, x. For some
stochastic processes, precise details are provided below; the aggregate contribution to the value V7 (L) from
ES:, i1-as,, and VaRr,  1-a, . fori > k will be asymptotically negligible as m — co. In this case, asymptoti-
callyas m - 00, (3.1) collaps;es into a composition of conditional expectations which, by the tower property
of conditional expectations, is simply a conditional expectation of the remaining cash flow. Heuristically, cash
flow models of e.g. diffusion-process type give asymptotically negligible risk (VaR and ES) contributions to the
cost-of-capital margin, whereas cash flow models allowing for jumps (with sufficiently high probability) give
nonnegligible risk contributions to the cost-of-capital margin. Precise statements are found in Theorems 2, 3
and 4 below.

Notice also from the representation of the one-step CoCM mapping (pf:j that a discrete-time CoCM is
not additive, Vﬁm,k(X +L) # Vﬁm,k(X) + V;m‘k(L), and not even subadditive in general. Theorem 2 below gives
sufficient conditions under which the continuous-time limit is additive, i.e. V¢(X + L) = V¢(X) + V¢(L). This
property does not hold in general.

The following technical result, Lemma 1, is a key result for proving convergence of a sequence of discrete-
time CoCM process to a continuous-time limit process. Its main feature is that it enables explicit control of
error terms appearing in the sequence of recursions leading to the continuous-time limit process. The reason
why this result is placed here and not in Section 5 is that it is instructive to highlight the statement of Lemma 1
which provides the induction step that is key to proving Theorem 2 below.

We use the notation f(8) € o(6) and g(8) € o(1) for functions f, g satisfying

éig(l)ﬂTS) =0 and é%g(5) =0.
Lemma 1. Let L = {L¢}tefo,17, X = {Xt}tefo,r) With L, X € L(IF). Suppose that there exist constants 8 € (0, %),
Yy €(0,2),& € (0,1) and Cy, C> > O such that, for § € (0, 8y) and for any y > §V=¥V/2 and any t € [0, T - 6],

Pi(Xevs — Xel > y(1+1Xe)) < C16%y 27, (.2)

P(1X7,5 — X71 > y(1+1X:))%) < C16%y 720, (3.3)

Pi([Bers[XT - Xevo] - Be[Xr - Xd]| > y(1 +1Xe)) < C1 8%y, (3.4)

|Ee[X7, 5 — X711 < C26(1 + X7). (3.5)

Let T beapartitionof [0, T|,0 =Tg < --- < Ty = T,andlet0 < " < &' < &.1f, forsomei € {0, ..., m — 1}, there

exists a constant A+,,, > 0 such that

Vii (X + L) < Bryy (X7 — Xepy |+ Ar,, (L4 X2 )+ V5 (D), (3.6)

Tiv1
V5 (X + L) 2 Er,,, [Xr - Xr,,] - A, (14 X2, ) + VEE (L), (3.7)
then, for ti.1 — 7; sufficiently small,
VoS (X + L) < By [X1 - Xo,] + Ary(1+ X2) + VEE (L),
VoS (X + L) 2 By [X1 - Xr,] - Ary(1+ X2) + VEE (L),
where, for some constant B > 0 and f(6) € o(6),

Ar; = Ag,,(1+ B(Tiv1 — T3) + f(Tiv1 — T3).

The following result, which relies strongly on Lemma 1, gives mild sufficient conditions under which
the continuous-time CoCM process V(X + L) of a sum of two cash flows X and L decomposes into a sum
V(X) + V(L) of the continuous-time CoCM processes of the two cash flows. Moreover, by considering the
special case L = 0, it gives sufficient conditions under which the continuous-time CoCM collapses into a con-
ditional expectation of the remaining cash flow: V{(X) = E¢[Xt — X;]. Notice that, in Theorem 2 below, we
make no assumptions about independence or some form of dependence between the processes L and X.
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Theorem 2. Let L = {L¢}tejo,1) and X = {X¢}tejo, ) With L, X € L1(FF) and cadlag. Suppose that there exist con-
stants 8¢ € (0, 1),y € (0,2), € € (0, 1) and C1, C, > O such that, for § € (0, 8o) and for any y > 67~¥"/2 and
any t € [0, T - 6], X satisfies conditions (3.2)—(3.5) in Lemma 1. Suppose that, for some 8, € (0, €) and any
sequence {Ty};_; of partitions of [0, T], 0 = T,0 < -++ < Ty,m = T with limy,_o, mesh(t,,) = 0,

sup|Vi™(L) - V¢(L)] - 0 as. asm — co,
tety,

sup|I7f’"’ﬁ2(L) - Vf’"’BZ(L)| -0 as. asm — co.
tety,

If further sup;¢(o, 1) th < 00 a.s., then, for any B1 € (B2, €) and any sequence {Ty},,_, of partitions of [0, TJ,
0=1Tmo<-<Tmm=T,suchthatlimy_,o, mesh(ty) =0,

sup|V;"(X + L) - E¢[X1 - X¢] - V«(L)l > 0 as. asm — oo,

tety,

sup|[ VP (X + L) - VP X+ L) > 0 as. asm > co.

tety
Notice the following consequence of repeated application of Theorem 2.

Corollary 1. Let L = {L¢}¢ejo, 1) and X0 = {Xﬁk)}te[o,n, k=1,...,n,withL, X® ¢ LY(F) and cadlag such that
the requirements of Theorem 2 hold for each pair (L, X%, k=1, ..., n. Then

sup
tety,

n n
V?'"(Z x® +L> - Y EAXP - xP1- VD) -0 as. asm - co.
k=1 k=1

Next we present an example of a wide class of stochastic processes X which satisfies conditions (3.2)—(3.5)
in Lemma 1 and Theorem 2. These processes are strong solutions to stochastic differential equations driven
by Brownian motion; see (3.10) below.

Letpu, 0: [0, 00) x R — R be jointly measurable and satisfy the uniform Lipschitz type growth conditions

u(t, x)% + o(t, x)* < K1(1 + x?), (3.8)
[u(t, x) = u(t, y)l + |o(t, x) — o(t, y)| < Kilx - y| (3.9)

for some constant K; > 0. Let W be an RR-valued IF-adapted Brownian motion, and consider the stochastic
differential equation

dX(=,Ll(t,Xt)dt+O'(t,Xt)th, Xo = Xo. (310)

Conditions (3.8) and (3.9) ensure that (3.10) has a unique strong solution which is a strong Markov process
(see [5, Appendix E, Theorem E7]). Moreover, (3.8) and (3.9) together imply that the solution X to (3.10) is
in L1(F).

The following result gives sufficient conditions on the process {X;}¢c[o, 1], which is the strong solution
to (3.10), under which {X¢}s¢[o,r) satisfies the conditions in Theorem 2.

Theorem 3. Let {X;}cjo0,1) be the strong solution to (3.10) with u and o satisfying (3.8) and (3.9), and set
u(t, x) := E[X7 | X¢ = x]. If there exists K, > O such that u satisfies either

[u(t, x) — u(s, y)| < Ka(lt = s[*>(1 + x]) + [x — y]) (3.11)

forall (t, x), (s,y) € [0, T] x Rwith |t —s| < 1, or

liu(t, x)l < K> (3.12)
ox
forall (t, x) € [0, T] X R, then {X;}¢ejo,1; Satisfies (3.2)-(3.5) fory = % and any € € (0, 1).

Below, we give an example of a fairly general class of It6 processes for which both (3.11) and (3.12) hold.
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Example 1. Consider a process X given by the SDE
dX; = (a(t) + b()X¢) dt + o(t, Xp) AW,  Xo = Xo.

The functions a and b are assumed to be continuous, and ¢ is assumed to satisfy the usual Lipschitz and
linear growth conditions, ensuring existence of a strong solution. Then u(t, x) is given by the Feynman-Kac
equation

ou ou o%(t,x) ou

— +(a(t) + b(t)x) — - — =0,

at+( O+ b(0) )ax+ 2 ox?
which has the easily verifiable solution u(t, x) = A(t) + B(t)x, where

T T
B(t) = exp{— J b(s) ds}, A(t) = J a(s)B(s)ds.
t t
Clearly, u satisfies (3.12). Furthermore, u satisfies (3.11):

[u(t, x) —u(s,y)| < |A(t) — A(s)| + |B(s)||x — y| + |B(t) - B(s)Ix]|
< Ko(Jt = sI(1 + Ix]) + Ix = y) < Ko (1t = sY2(1 + |x]) + [x — y])

for |t — s| < 1, where K := max{Ku, Kp, max[o,7|B(t)|} with K4, Kp denoting the Lipschitz constants for A
and B.

Due to the independent-increment property, additive processes (see [21, Chapter 2]) provide examples of
stochastic processes {L}co,1) for which the sequence of discrete-time CoCM processes converges to an
explicit continuous-time limit {V¢(L)}¢e[o, 1], Where V(L) is not equal to E¢[Lt — L¢].

Theorem 4. Let {L¢}tcjo, 1) be an R-valued additive process in LO(FF) with the system of generating triplets
{(of, Vt, Yt)}tefo,1)- For each t € [0, T], let (7[2 and y; be constants, and let v; be a measure on R\ {0} whose
restrictions to sets bounded away from 0 are finite. Consider the following statements.

(i) Foreacht e [0, T],

2

1 oo
5085 — 02, V46— Vs, Vss6 = Vs) = (07, Ve, ¥r) as810,s >t

where the convergence in the second component means that
. 1 .
lim < [ fowes-vo@ = [ foovn
10,5t 8
R\{0} R\{0}

for bounded and continuous functions vanishing in a neighborhood of 0.

(ii) Foreacht € [0, T),

lim lim sup J le(vsﬂs - vg)(dx) = 0.

€l0 10,5t 6

[-¢,¢€]

(iii) [0, T]x (0, 00) > (t, x) — V¢(x, 00) € (0, 00) is continuous, and x — V(x, co) is strictly decreasing on (0, co).
(iv) For some g € (0, o) and for each t € [0, T), there exists q; € (g, 00) solving v¢(q;, 0o) = —log a.
(V) SUPse(0,7) SUPefo,7-6) 8 El(ALe+5)*] < 00
Let {Tm}5,-1 be a sequence of partitions of [0, T],0 = Tpo < -+ < Tyym = T, such that lim,_,o, mesh(t,;) = 0.
Let {Vtr’" (L)}ter,, be given by (2.1) for T = T, with sequences {as,, .} and {ns,,,} satisfying (2.2). If (i)-(v) hold,
then L € LY(F) and

—0 as. asm — oo, (3.13)

T
sup|V;"(L) - E[LT - L¢] - J Ki(s)ds
tety, :

where Ky (t) is given by

Ky (t) =1og(1 +n)q: - Jvt(x, 00) dx. (3.14)
qt

Moreover, for € (0, c0),
suplf/f’"’ﬂ(L) - Vf’"’ﬁ(L)| -0 as. asm — oo.

tety,
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For the special case of Lévy processes or processes obtained by nonrandom time changes of Lévy processes,
Theorem 4 simplifies considerably. Notice that a Lévy process is an additive process with system of generating
triplets {(07, v¢, ye)} = {(ta?, tv, ty)}.

Corollary 2. Let {I:t}te[o,oo) be an R-valued Lévy process with generating triplet {(62, v, y)} and with respect to
a filtration G = {Gt}te[0,00). Consider the following statements.

® j]R x?v(dx) < co and limg|o f[_m] x2v(dx) = 0.

(ii) x = v(x, 00) is continuous and strictly decreasing on (0, co).

Let A: [0, T] — (0, c0) be continuous, let u: [0, T] — (0, co) be given by u(t) = fé A(s)ds, and let {L¢}tefo, 1]
be given by L; = Ly (). Now consider {L}te[o, 1) With respect to the filtration T := {Gyp)}tefo, 1) Let {Tm}peey be
a sequence of partitions of [0, T],0 = Tjy,0 < -++ < Tm,m = T, such thatlimy_,o, mesh(tp) = 0. Let{Vf’" (L)}tery,
be given by (2.1) for T = T, with sequences {as, .} and {ns, .} satisfying (2.2). If (i) and (ii) hold and, for
some g € (0, c0) and for each t € [0, T), there exists g > q solving A(t)v(qt, co) = —log a, then (3.13) holds,
where

Ki(®) = log(1 + )qs - A(t) j V(x, 00) dx.
qt

Example 2. A compound Poisson process driven by a Poisson process N with mean-value function t — u(t)
is an additive process with representation L; = Z,’il Zx, where N is independent of the iid sequence {Z;}.
The Lévy measure of L; is u(t)Pz, where Pz is the common distribution of the variables Z. In the setting of
Corollary 2, Lisa compound Poisson process driven by a homogeneous Poisson process N with unit intensity

and representation L = Z;L‘l Zy. If further 1 + 1;%" >0 forall t € [0, T), then (3.13) holds, where

T_ 5 log a
Ki() = 1081+ ma = A0 | F0dx, qe=F(1+ 355,
qe
where Fz(z) = Pz(-c0, z] and F; = 1 — F5. For illustration, if we let L be a compound Poisson process with
jumps uniformly distributed on [0, 1] occurring according to a homogeneous Poisson process with intensity
Asuchthatq:=1+ 1"% > 0, then

K (t) =1log(1 +n)g _)[(% g+ %qz),
Ve(L) = (T - t)(log(l +1)q +Aq —A%qZ) =(T- t)q(log(1 +1) +}l(1 - %q))_

Remark 7. Since the statements in Theorems 2, 4 and Corollary 2 are a bit technical, it may be useful to
discuss the heuristics underlying these results.

If {L¢}¢ejo, 1) is @ process with independent increments, then the cost-of-capital margin V7, (L) is nonran-
dom for each 7, and therefore, due to the translation-invariance property in Theorem 1,

m-1 m-1 i
_ (ALq,,, - E[ALq,,,])
Vi)=Y @2(ALr,,) =E[Lr L]+ Y 6 Lk 5 L
i=k i=k t

If
@%(Ltss — Lt = E[Les — Le])
6
converges uniformly in ¢ to some integrable function K (¢) as § | 0, then there exists a limit process {V¢}¢e[o, 1]
satisfying

T
Vi(L) =E[Lt - L¢] + JKL(S) ds.
t

The conditions in Theorem 4 are sufficient to ensure the uniform convergence, and showing this is the main
difficulty in the proof.
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The heuristics explaining why the continuous-time value for an Itd diffusion {X¢}:c[0,7] should be the
expectation E¢[X71 — X¢] revolves around the fact that, for Brownian motion (a special case of an additive
process),

1
= VaRt,l_aé(WH_& -W;) -0 as 6 1L 0.

1
Suppose VI (X) = E[X1 - X¢,,, | Xr,.,] and that we want to verify that also VI, (X) = E[X7 - X¢, | X¢,]. Set

u(t, X¢) := E[X7 | X¢], and notice that, by [t&’s lemma and by Feynman—Kac, du(t, X;) = uy(t, X¢)o(t, X¢) dWs.
Then it seems likely, using the translation-invariance property in Theorem 1 and positive homogeneity of gofi,
that

Ve, (X) = 9% (Xe,, — Xr, + V5, (X))
= U(T, X¢) — Xgp + <pf§ (Xrpy + U(Thr1, Xppr1) — Xy, — U(Th, X7p))
= U(Ty, Xr,) — Xr + Q2 (U(Thr1, Xrpr1) = U(Th, Xr,)
~ U(Tk, Xr,) = Xr, + Q2 (U (Th, X )O(Tie, Xr ) AW, )

U(tk, Xry) = Xe, + U (Thy Xe)0(Tie, Xr )9O (AW, )

u(ti, Xr) — Xy

0

In the first approximation, we used the assumption, in the second, we used an Euler-Maruyama approxima-
tion and, in the third, the fact that (pff (AW¢,,,) = 0. Making these approximations precise requires detailed
analysis of the remainder terms in the argument of the mapping (pff. Essentially, this is done in Lemma 1. The
fact that value-at-risk is not subadditive complicates the analysis and contributes to the need to introduce the
upper and lower CoCM processes in Definition 3.

4 Proofs

Proof of Theorem 1. The statements in Theorem 1 are immediate consequences of [7, Proposition 1] once
it is verified that VaRy,,p (for an arbitrary p € (0, 1)) is a mapping from L' (J7,+s,) to L1 (F7,). However, the
verification follows from [7, Proposition 4] upon choosing M in [7, Proposition 4] as the probability mea-
sure assigning unit mass to the singleton {1 — p}. For completeness, we present the argument showing this
property of VaR, ,. Notice that VaR;, ,(|Y]) < VaR;, ,(Y) < VaR;, ,(-|Y]) and that

1 1

PEIF; ,(1-p)]< IE[ j F.l iy du] < IE“ F;k{m(u)du] = E[E,[|Y]]] = E[|Y]] < co.
1-p 0

Therefore,
E[|VaRs, p(-IYDI] = E[VaR¢, p(-Y))] = ]E[F-,_-kl’|y|(1 -p)] < oo,

lE[lVaRTk,p(lYl)l] = E[_F;:’_|y|(1 _p)] = E[F;;,|Y|(p+)] < 0. O
Proof of Lemma 1. To ease notation, lett := 74, 6 := §; = Tiy1 — Ti, A := Ar,,,, Ut := E¢[X1 — X¢]. By Lemma 2,
VP (X + L) - Ef[Xr - X,]

~8,¢e'

=97 (AX + L)es + V5 (X + L) - U,

1 o
= T%(IE,[A(X + L) + V5 (X + L) - U] o (4.1)
— (1 - a5) ESt 105 (~(AX + L)ys + V25 (X + L) - Up)) (4.2)
+ (1 - a5 +15) VaR, ;_g,_gueet (~(AX + L)pys + V5 (X + L) - Up)) (4.3)

If we replace * by ~, term (4.3) is replaced by

(1-as+n5)VaR, 1, siver (~(AX + L)gys + V()5 (X + L) - Up)). (4.4)
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We now bound (4.1)-(4.4) individually. We will use bounds (3.6) and (3.7) repeatedly throughout the argu-
ments.

Term (4.1). Anupper bound for (4.1) is constructed as follows:
E¢[A(Xt+65 + Less) + V 15 (X +L) = U] < Be[ALtss + V 75 (L)] + E¢[AXty5 + Utrs — U + A(1 + XH{;)]
= E¢[AL¢.s + ijs (L)] + A + X7 + E[AX] 5])
< E¢[ALgys + VH& (L)) +A(1 + X2 + C26(1 + X2))
= B[ALps + V55 ()] + A(1 + C26)(1 + X2),

where (3.6) was used for the first inequality, the tower property of conditional expectations was used for the
equality and (3.5) was used for the second inequality. Similarly, a lower bound for (4.1) if we replace * with ~
is

E[ALps + V5 (L)] - AL + C26)(1 + X2).

Term (4.2). We first construct an upper bound for (4.2). Using (3.6) and monotonicity and subadditivity of
expected shortfall,

ESt,1-a; (-A(Xt45 + Lt+s) — :+£5 X +L)+Up)
< ESt1-q5(-AL¢rs — f}j; (L) = AX¢rs — Upes + Ur — A(L + X7,5))
< ESt1-a5(-ALtss - t+5 "(L)) + ESt,1-a5 (~AXer5 — Upss + U — A(1 + X;.s)
<ESt1-a5(-DLtrs — V(5 (L)) + ESt,1-a5(—~AXt45) + ESt,1-a5(—Utss + Up) + ESt 105 (-A(1 + X, 5))
< ESt1-a5(-AL¢ss - ng (L)) + ESt,1-a,(~IAXt451) + ESt,1-a,(~1Utss — Uel) + ESt,1-a,(~A(1 + X7, 5))

Notice that
ESt,1-as(-XZ,5) = ESt,1-a5 (-AX% 5 — X7) < X7 + ESt1-a, (—-|AXZ, 41).

Applying Lemma 3 gives, for some function g(8) € o(1) as § — 0,
ESt,1-a; (-A(Xt+5 + Lt+6) — VT"Z X+L)+Up)
< ESt,1-a5(-ALess - V5 (1)) + 28(8)(1 + X7) + A(1 + g(8))(1 + X2).

We now construct a lower bound for (4.2), replacing - with 7. Using (3.7) and monotonicity and subadditivity
of expected shortfall,

ESt 1-a5(=A(Xt+s + Levs) — :_,fg X +L)+Up)
> ES¢,1-a5(=AL¢4s - ::3 (L) = AXtr5 = Upys + Ur + A(L + X7, )
> ES¢ 15 (ALt - Lfg (L)) — ES¢,1-05(AXtrs + Uprs — Ur = A(1 + XH&))

An upper bound for ES¢ 1_4;(AXt+6 + Ut — Ur — A(1 + Xt .5))» derived as above, gives the lower bound for
(4.2):

ESt1-as(-AXevs + Lews) — V35 (X + L) + Up)
> ESy1-a,(-ALs — V5 (L)) - 28(8)(2 + X7) — A(1 + g(8))(1 + X7).

Notice that lims_,o 671 (1 — ag) = — log a. Therefore, there exists a function f(8§) € o(8) such that, forall § > 0
sufficiently small,

(1 - as) ES¢,1-a5(~A(X¢45 + Levs) — :Jj; (X+L)+Up)

< (1 - ) ESt,1-05(—ALt1s — :}j; (L) + ((1 - log @)8A + f(8))(1 + X7),
(1 - as) ES¢,1-a5 (-A(X¢45 + Ltvs) — ;j; (X+L)+Up)

> (1 - as) ESt,1-05(—ALt1s — :-_;_85 (L)) - ((1 - log @)8A + f(6))(1 + X7).
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Term (4.3). Now we construct an upper and a lower bound for (4.3). Using (3.6) and monotonicity of value-
at-risk,
VaR, ;_o, _sie (-AX 15+ Les) = Vs (X + L) + Up)
< VaR; ;_p, g1+’ (-ALt1s - V:;f; (L) = Uts — Ul = A1 + Xfﬂs) - |AX¢ys0)
<VaR; |, gt (~ALers = Vi (L) = |AXtes| = [Upss — Url = AIAX] ) + A(1 + X7).
Similarly,
VaR; g, 4510 (AKX ers + Levs) = Vi, (X + L) + Up)
> VaR, ;_g, 51+ (-ALt1s — V:;f; (L) + [AX¢1s] + |Upss — Ul +A|AXf+§|) - A(1+X}).

Applying Lemma 4, for § sufficiently small, yields the upper bound

VaR, ;_,_giee! (~ALtss — V5 (L) = |AX¢16] = |Urys — Ul — AIAX7 4])
<VaR, |y _gue (-ALers — V15 (L) + 5600/2(1 + A)(1 + X7).

Similarly,

VaR, | g, g1 (<ALtys = V5 (L) + DX 15| + [Urs - Ul + AIAXG, 51)
> VaR, |y, ,gue (-ALers — V15 (L)) = 5600/2(1 + A)(1 + X7).

Notice that lims_0 6 1(1 — a5 + n1s) = log(1 + 1) — log(a), and therefore, there exists a function f(8) € 0(6)
such that, for all § > 0 sufficiently small,

(1- a5 +16) VaR, ;_y,_guset (~A(Xers + Lers) = VI, 5(X + L) = Uy)
< (1-as+ns) VaR, 1, grer (~ALers ~ V5 (L))
+A(1 +log(1 +n) —loga)8(1 + X?) + f(6)(1 + X7),
(1-as+ns) VaRt’l,aﬁJrgus’ (=A(Xt45 + Less) — VtT+5(X +L)-Up)
> (1 - a5 +n5) VaR, 1y gusen (~ALgys — V5 (L))
—~ A1 +1log(1 + 1) —log @)8(1 + X?) - f(6)(1 + X?).
Summing up, there exists a function f(8) € o(8) such that, for any sufficiently small § > 0, defining
B:=C;+logn+2-2loga,

we have

VIS (X + L) < Be[Xr - X(] + @0 (AL + V25 (L) + A(1 + (C; +logn + 2 — 2log a)6) + f(6)
= E([X7 - X;] + V"¢ (L) + A(1 + B8) + f(6),
VI(X + L) > Be[X1 - Xl + 92 (ALeys + V25 (L)) = A(L + (Cy + logn + 2 — 21og )8) + f(6)

= E([X7 - X¢] + V'€ (L) - A1 + B6) + f(6).
The proof is complete. O

Proof of Theorem 2. Consider any sequence of partitions {1}, . Take m sufficiently large so that mesh(7,)
is small enough for the statements of Theorem 1 to hold for each t € 7,,, with respect to the triple 8, < 1 < €
and a function f(8) € 0(6). We show via backward induction that

Vi X+ L) < Eqy (X7 - Xe ) + A, (L4 X2 )+ VinP(D), (4.5)
VP (X + L) 2 Eq, (X1 - Xe) - A, (L+ X2 ) + VP (@), (4.6)



94 —— H.EngsnerandF. Lindskog, Limits of multi-period cost-of-capital margins DE GRUYTER

However, since the induction base i = m is trivial and the induction step follows immediately from Lemma 1,
(4.5) and (4.6) immediately follow. Now we note, by Lemma 5, that there exists h(8) € o(1) such that, for

each mlarge enoughand k =0, ..., m, A, , < h(mesh(ty)). Hence,

sup| V(" (X + L) = Ee[X1 - X¢] = V(L)

teTn
< tSUP max(|V;™ BI(X + L) - E¢[XT - X¢] = Ve(L)], |V:m’ﬁ1 (X + L) - E¢[X7 — X¢] - Vi(L)I)
€Tm
< supmax(|V;"" (L) - V@)L V" (@) - Ve@)l) + sup Ar,, (14 X2, )
tetm ke{o,...,m}
< sup max(| V(L) - VL)l VTP (L) - Vi(L)]) + h(mesh(ty))(1 + s[up]th).
€Ty te[0, T

Similarly,

sup| VP X+ L) - VP (x4 L) < supIVT'" Py = VP (L)) + 2h(mesh(t,))(1 + sup X?)
€Ty t€[0,T]

Now, if sups(o, 11 X 2 < co almost surely, then
5 TmsB2 7 Tms B2
sup max(|V,""* (L) - Vi(L)I, [V,""* (L) = V(L)])
€T
+ h(mesh(ty,))(1+ sup X?) —»0 as. asm — co,
te[0,T]
and

supr " BZ(L) T'" BZ(L)| + 2h(mesh(ty,))(1+ sup X?) -0 a.s. asm — co.
tety, te[0,T]

This completes the proof.

O

Proof of Theorem 3. Consider any ¢ € (0, 1). By Lemma 6, forall y > §(1-8/% and t € [0, T — 6], for § > O suf-

ficiently small,
2
Pi( sup |Xs—X¢l >y(d+1Xe]) < Cq exp{ y }
se(t,t+6] C 6
2
Py( sup |X2 - X2|>y(1+|X)?) < Cy exp{—%}.
se(t,t+6] 2
Notice that
Yz €1 2
C exp{ 5} < <2068
C2 1+ & + zcy 52

from which it is clear that we may bound C; exp{- £ } from above by C62y~2/Y for ally > §Y1-9)/2 for y =

and C = 2C1C,. We have therefore verified that cond1t10ns (3.2) and (3.3) in Lemma 1 hold.
Suppose first that the function u satisfies (3.11). Then

Pi( sup lu(s,Xs) — Xs —u(t, Xe) + X¢l > y(1 +1X¢]))

se(t,t+6]
< Py( ?UPE](Kz +1)(62(1 + 1Xe)) + 1Xs = Xel) > y(1 + X))
se(t,t+
= sup |Xo- Xl > (g - 82 )+ 1XeD).
se(t,t+6] K
Forany f € (0, €),
5(1-e)/4
_ 512 5 §A-B/4
Kz +1

(4.7)

for & sufficiently small. Hence, by Lemma 6 and (4.7), condition (3.4) holds for y > §1-#)/4_ Since € € (0, 1)
was arbitrary, we have verified that (3.4) in Lemma 1 holds for y > §(1-9/4, Now suppose instead that the
function u satisfies (3.12). Then the verification of (3.4) in Lemma 1 follows from combining Lemma 8 and

(4.7). Finally, the verification of condition (3.5) in Lemma 1 follows from Lemma 7.

O
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Proof of Theorem 4. First notice that, by (v), E[|L¢|] < E[L?]*/? < 0o, and therefore L € L?(F) ¢ L!(IF). Write
AL¢ys = Livs — Le, and notice that ALy, s is infinitely divisible with Lévy measure v¢, 5 — v¢. We first show the
statement

lim |F ~q=0. 4.8
sim |Fa1..,(@5) = qil (4.8)

Write Faz,,,(x) := 1 - Far,,(x), and notice that
_ . . 1 —
FAiM(ag) =min{x : Far,;(X) > as} = mln{x : exp{g log(1 - FALS+5(X))]> > aé/‘s}

= min{x : %log(l —I_TALM(X)) > l log(l -(1- a5))}.

Notice that -y — y2 <log(1 - y) < -y for y € [0, 1), and recall that lims_,q “5 = —log a. By Lemma 9, Corol-
lary 3 and the continuity of x — v¢(x, co) for x > 0,

1—
lim —=F x) = ve(x, for every x > 0. 4.9
pm 5 ALg,5(X) = V¢(x, 00) ry (4.9)
Moreover, by combining assumptions (iii) and (iv), there exists a unique g; > 0 such that v,(g;, co) = —log a.
Statement (4.8) now follows.
We next show the statement

E[ALg,s]

lim o ) - KL(t)‘ -0, (4.10)

Jim |6(¢§(ALS+5) -

where K| (t) is given in (3.14). Notice that, due to the independent increments of additive processes, (pg (ALgys)
is independent of Fs and

1
vy ELFa,, (@) = ALsis).]

(1-Far,,(Fyr, (@) + M6)Fyp  (@5) B[ALsysI{ALsss < Fy7 (5)}]
= +

1 1
505 (BLss) = <Fpp (@) -

(1+ns)6 (1+ns)6
Notice that
1 1 _
= ]E[ALS+61{ALS+6 < FAL 5(“6)}] = 5 E[ALsys] - 5 E[ALsysI{ALsys > FA]{Sw(a&)}]
1 Fyr (ats)
= 5 E[ALsys] - M%u Far,,(Fyf ,(@5))
1 o0
~5 j P(ALg,s > x) dx.
FE%“E(C!@)
Hence,
L( 5aL E[ALg,s]\ MoFaL, (@) 1 T AL 4
e v R e e ey BICOAL
F’§L15+6(a5)

Combining (2.2) and (4.8) establishes the appropriate convergence to log(1 + n)g; of the first terms on the
right-hand side as § — 0. We now address the second term. First notice that, by (4.8), there exists ¢ € (0, co)
such that

lim sup J ;IP(ALSH; > x)dx — J Ve(x, 00) dx
610,s—>t (1 +r15)6
L5(@8) qt
(o) 1 o0
< limsup C|FAL (as) — q¢] +lim sup j ———P(ALs,s > x)dx - J ve(x, 00) dx
810,5¢ 8 510,5—t | 4 (1+15)6
qe qe
(o) 1 o0
= lim sup j ———P(ALg,s > x)dx — j vi(x, 0co) dx|. (4.11)
510.5-t | 4 (1+ns)6 J
t t
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We will show that (4.11) equals 0. By continuity of x — v(x, co) for x > 0 and the fact that all func-
tions in (4.9) are monotone, the pointwise convergence in (4.9) is in fact uniform on any interval [a, b],
0 < a < b < co0. Hence, for any b € (g¢, 00),

b

lim sup =0,

510,s—t

b
1 .
J mP(ALS.Hs > X) dx —J Vt(X, OO) dx

qt

from which it follows that (4.11) is less than or equal to

[69)

510,5—t J (1+ns)

o0
lim sup 6IP(ALS+5 > x)dx + J Ve(x, 00) dx.
b b

Next we show that the above upper bound on (4.11) can be chosen arbitrarily small by choosing b sufficiently
large. By Markov’s inequality, it follows that

E[(ALs+5)°]

1 1
5P(BLsis > X) < SP((ALsis)* > x*) £ =3

and further that

(0]
1 1
[ 5POLes > x)dx < 55 EIOLs0))
b
In particular, the assumed property (v) gives
o0

lim lim sup (AL¢rs > x)dx = 0.

— P
b—00 §]0,5—t IJ; (1+n5)6

By Fatou’s lemma, assumption (v) and (4.9), for any b € (0, co),

(ee] o0

o0

1 1

J Ve(x, 00) dx < lim inf I —~IPP(ALs.s > x)dx < lim sup I —IPP(ALsys > x)dx < oo.
510,s—>t ) 6 510,5—t ) 6

b b

In particular,
(o]

lim lim sup J Vi(x, 00)dx = 0.

b—oco g0
{ b

Summing up, we have shown that (4.11) equals 0, from which it follows that
(o) 1 (o)
lim J ———P(ALgys > x)dx = J Ve(x, 00) dx
510,s—t (1+ns)6
FE%S-HS (@) qt
and further that (4.10) holds. By combining assumptions (iii) and (iv), there exists a unique g; > 0 such that

v(q¢, 00) = —log a. Moreover, by joint continuity of (¢, x) — v¢(x, 00), t — g is continuous. Since also t — g;
is uniformly bounded away from 0, t — K (t) is continuous on [0, T]. Thus (4.10) and Lemma 10 together

imply

lim te;l)lgﬁJ%((pf(ALHg) - ]ER—L:;:]) - KL(t)| - 0. (4.12)
It remains to prove the convergence in (3.13). Forany k € {0, ..., m - 1},
T
V;'n"’k(L) -E[Lr - Le,, ] - J Ki(s)ds
Tm,k

m-1

rlﬁm.i
S Z ]E[ALTmyi+6myi]
i=k 1 + rlsm,i

(4.13)
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m-1
§ Jk mm 1
+ ¢T:.k o DTy 1( Z ALTm,i+5m,i)

i=k

m— ALT 6 m-1
Z mitonil Z Ki(Tim,i)Bm,i (4.14)
b 1405, b
T
- I Ky(s)ds|. (4.15)
Tm,k

Term (4.15) tends to 0 as m — co from the definition of the Riemann integral. Moreover, (4.13) is less than
or equal to
ml N6,

sup |[E[AL¢, 46,1l ) ——— — 0 asm— oo
ism-1 it Z 1+ns,,;

since the sum is uniformly bounded in m and, by Holder’s inequality and assumption (v),
limsup sup |E[ALy,, s,,]| <limsup sup E[|ALr, s, |] <limsup sup E[(ALq, .s,,)°]"?
m—0o0  j<m-1 m—0o0  j<m-1 m—oo  j<m-1

1/z<w)1/z

=limsup sup 6
6"1,1

m—-0oo0  j<m-1

1/2
< limsup sup Gfrf,zi(limsup sup EIE[(ALM) ]) =0.
m—oo j<m-1 510  te[0,T-6]

Using the translation-invariance property in Theorem 1 (i) and (4.12), term (4.14) equals

6m1 ]E[AL m,i 5mi]
(5 (0oL - o) < Kurm))

5"” IE[ALTin+6in]

1
<T ( AL - ) R s ’ 0 .
< T max l5m,z Q1 (AL7, 16,) 1+ 15, L(Tm,i)| — asm — oo

0<i<sm-1

Hence, (4.12) implies (3.13).
Now it only remains to show that, for any 8 € (0, co),

suprT'" ﬁ(L) (L)| — 0 a.s. asm — oo.

teTy

This is straightforward considering the fact that also the sequences {as,, , — 1+B e and {as,, +6, 1+B W e

satisfy (2.2), yielding
1
11m ksup |FAL, k+5m'k(a5m'k + Smtﬁ) -q¢ =0
Thus, the arguments in the above proof for V= hold for both V7m-# and V=, This concludes the proof. [

Proof of Corollary 2. Notice that {L¢}tc[o,1) has the system of generating triplets

{(07,ve, o} = {(ut)a?, u(t)v, u(t)y)}.

Now we verify requirements (i)—(v) in Theorem 4, noting that (df, Ve, Vo) = A(£) (02, v, ).
(i) Foreach § € (0, T]ands € [0, T - 6], by the integral mean value theorem, there existsa 65 s € [s, s + ]
such that

—(OM 02, Vsi5 = Vs, Vss6 — ¥s) = A(0s,5)(0°, v, y)

By the continuity of t — A(t), we immediately get

2 _ : 2
5l10Hant 6( 16— 055 Vs4s — Vss Vsi6 — Vs) = 6&'1’1;1:{/1(95,6)(0' sV Y)

= A)(0?, v, y) = (62, V¢, Vo).
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(ii) The statement follows from assumption (i) in Corollary 2 and the fact
1 t+06)-u(t
[ x5 tees - v = L [ xevian.

[-€,¢€] [-€,¢€]

(iii) The statement follows from v¢(x, co) = A(t)v(x, co), which is jointly continuous by assumption (ii) in
Corollary 2 and the assumed continuity of t — A(t).

(iv) Since v¢(g¢, 00) = A(t)v(q¢, co) and, by assumption, there exists g; > 0 solving A(t)v(g;, co) = —log a,
the statement follows.

(v) We first note that, by assumption (ii) and [21, Corollary 25.8], L¢ € L?>(G). Forany s > Oand 6 € [0, s],
by the stationary and independent increments property,

s% E[L2] - s6 B[L1]? = s%(mg] ~ElLs]?) = (3 ) Var(ls) = sVar(Ly) < oo,

from which supseo,s; 671 IE[I:‘%] < oo for any s > 0 follows. Notice that, forany 6 € (0, T]and t € [0, T — 6],

d
ALtvs = Ly(e+8) = Luty = Luce+8)-n(t)

and, from the mean value theorem,

< max A(s) =: A,

u(t +8) — u(b)
6 se[0,T]

where 0 < A < 1 < 0. Hence,

1 -1 . - 1 .
sup  sup < E[(ALys)?] < sup A—E[(ALy;)?]1=A sup < E[(ALs)?] < oo,
5¢(0,T] te[0,T-8) O 8e0,11 A8 seo.1] O

which verifies statement (v). O

5 Auxiliary results
Lemma 2. For Y € LY (F1y5),
1
P2(Y) = T%(Ez[Y] —(1-ag)ESt1-05(-Y) + (1 - as + 1) VaR¢,1-4,(-Y)).

Proof. Notice that

—E¢[(VaR¢,1-a,(-Y) = Y)+] = = E¢[(VaRe,1-a,(=Y) = V){y<var,, o, (-1)}]
= E¢[(Y - VaR¢,1-a;(=Y))(1 = Iysvar,; oy (-1)})]
= E¢[Y] - VaRy 15 (-Y) — E¢[(Y — VaRy 14, (-1))+].

Straightforward calculations, see [6, Lemma 2.2], yield
E¢[(Y - VaRy,1-a,(=1))+] = (1 — as)(ESt,1-05 (=) = VaR¢,1-4,(=Y)),
from which we conclude that
—E¢[(VaR¢,1-q;(=Y) = Y)1] = E¢[Y] = (1 — a5) ES¢ 1-05(=Y) — a5 VaR 14, (-Y).

Hence,

@¢(Y) = VaR¢ 1_g;(-Y) - E¢[(VaR¢,1-q;(-Y) = ¥),]

1+7ns

1
= 1—(]Et[Y] = (1 - as) ESt1-05(-Y) + (1 — a5 + N5) VaRy,1-a;(-1)). O
+1s
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Lemma 3. Let {X¢}te[o, 11 and {Ut}ic(o, 1) e adapted processes. Suppose that there exist constants 8 € (0, %),
Yy €(0,2), e € (0,1) and C1 > O such that, for 6 € (0, 8o) and forany y > 6¥-¢"/2 and any t € [0, T - 6],
P(|AXe5] > y(1 + X)) < C18%y 727,
Pi(|AUs] > y(1 + X)) < C1 8%y,

P(IAX2 5 > y(1 +1Xe)%) < C18%y 2.

Then, for some g(8) € o(1),
ES¢,1-a;(-10X¢e15]) < 8(6)(1 + |X¢l),

ESt,1-0,(=|AU¢s]) < g(8)(1 + |X¢l),
ESt,1-a;(-IAX7, 51) < g(8)(1 + X7).

Proof. By assumption,

y )72/)’
1+ (Xl

fory = (1 + |X¢)6%~¢"/2, Solving C162y~2/Y(1 + |X¢|)?/Y = p for y gives

Pe(|AXers| > y) < c162(

-y/2
y(p) = (1 + mn(%) .

Hence, for r € (0, 1) and 6 small enough,

St
1
St 1-as (-10Xees) < 5 [ Y)Y dp
0 s+
1
-+ 1XDCR8 [ pdp

0

L+ 1XDC”
= O =@+ X

The same argument shows the upper bound for ES; 14, (—|AU¢5]). A similar argument applies for showing

the upper bound for ESt,l_o(ﬁ(—lAXf+ s1): by assumption,

P(|AX> sy<c(—2 )"
<
(AXGwsl >y 190 < G ((1+|Xt|)2)

fory = (1 + |X¢)26%~¥¥)/2, The same argument as above gives
ES¢,1-a5 (-1AX7, 51) < 8(O)(1 + [X)%.

Noting that (1 + |X¢)2 < 2(1 + X f) yields the upper bound in the statement. O

Lemma 4. Let {Xt}tefo, 11> {Yettero, 1) and {Ut}tejo, 1) be adapted processes. Suppose that there exist constants
80 €(0,1),y€(0,2),e € (0,1)and Cy > Osuchthat,for§ € (0, §o) andforanyy = 6V-¥V/2 and t € [0, T - 6],
Pi(|AX 5] > y(1+1Xe)) < €187y,

P;(|AUrs] > y(1 + X)) < C18°y 70,

P(1AX7, 5 > y(1+1Xe))%) < €167y 2.

Then, for any K > 0, B1, B2 € (0, €), with B, < B1 and sufficiently small § € (0, 6o),

VaR; 1_g,-g1+1 (—Yers — K(IDXtes] + 1AUs] + 1AX7, 41))
< VaR, 1_g,_ 512 (= Yers) + SK8YV/2(1 + X7),

VaR; 1 gy 518 (~Yers + K(AX 5] + |AUgs| + 1AX7 51))
> VaR; 1_g, 614 (~Yers) — SKOYV/2(1 + X?).
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Proof. Let
= {IAX 5] + AUk 5] + 1AX7 51 < 8Y"2(3 + 21X| + XP)},

Ex := {|AX¢i5] < 8921 4 X))},
Ey := {|AUsl < 8921 + X))},
Exe = {|AX? 5| < 8Y~M72(1 4+ |X,])%).
From IP((E) > P((Ex N Ey N Ex2), it follows that P(E€) < Pi(ES) + Pr(ES) + P((ES, ). Hence,

P(EC) < 3C182(8Y-V/2)21Y = 3¢, 8¢,

Notice that
P¢(Yess — K(IAX 15l + 1AUs] + 1AXE, 4]) < %)
= Pe(EN{Yes5 — K(AXps5] + AU 5] + X7, 51) < x})
+ P(EC 0 {Yiy5 — K(IAXps5] + (AU 5] + 1AX7, 4]) < x})
< Pe(Yeys < x + K8V =23 + 4]X,| + X?)) + P+(EC)

and similarly

P;(Yers + K(AX¢is| + [AUs| + |AX7, 1) < X)
> Py(Yees + [KI(IAX 5] + |AUgs] + 1AX7, 51) < X)
> Pe(EN (Ve < x — KSY"2(3 + 4]X,| + X2)})
> Pe(Yess < x — K8Y"12(3 + 4]X,| + X2)) — P+(EC).

Hence, we conclude that, for § small enough,

VaR; 1_gz+6181 (= Yers + K(|AX¢ 5] + AU ] + |AX 5|))
> VaR, 1_gy1 5181 41,(56) (~ Yers) = K8V V23 + 41X + XP)
> VaR; 1_g, 6141 43¢, 51 (~Yess) — K62 (3 + 41X, + X?)

and analogously that

VaR¢ 1_g;-51+81 (= Yir5 — K(1AX¢16] + [AU¢rs| + IAXHSI))
< VaRy g, 511 3¢, 510 (~Yers) + K8V ™23 + 41X,| + X7).

We note that 2|X,| < 1 + X7, 3 + 41X, + X? < 5+ 3X? < 5(1 + X?). Moreover, §1*F1 + 3C;6+¢ < §'*P: for § suf-
ficiently small. The proof is complete. O

Lemma 5. Let {1,,}},_, be a sequence of partitions of [0, TIWithO = Tpo <+ < Tm = T, let g(8) € 0(8), and
let B > 0 be a constant. Define

A = AT (14 B(Tmget — Tmk)) + 8(Tmpkst — Tmk)s  Arr,, = 0.

Then there exists h(8) € o(8) such that AT" < h(mesh(t,,)) for all m, k.

Tmk =
Proof. Let Om,k := Tm,k+1 — Tm,k- Noticing that 1 + B,k < eBonk gives

m—
1)
Arh, < Z g((Sm,j)exp{ z 6,,,]} <efT z Sk max oo g( 8(6m,j) < TeBT  sup g(5)_ -

ksjsm 6 JJ S<mesh(t,,) 6

Lemma 6. Let {Y;}sc[0,1) be the strong solution to (3.10) with yu and o satisfying (3.8) and (3.9). Then there are
constants C1, C;, € (0, 00) such that, for 6 € (0, 1) sufficiently small and y > 8 for any given f3 € (0, %),
)2

Pe( sup |Ys—Y¢>y(d+Y¢])<Cy eXP{ } (5.1)
se(t,t+6] C 6
2

Pe( sup |YZ-Y?|>3y(1+|Y)?) <2C exp{—y—a} (5.2)
se(t,t+6] 2
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Proof. We first prove (5.1). Let T := inf{s € [t, t + 6] : |YVs — Y¢| > y(1 + |Y¢])}, and notice that
Pe( sup |Ys—Yel > y(1+|Ye])) = Pe(T < £+ 6)
se[t,t+6] s
1
< IP,(T <t+46, sup Iy(u, Y, du|> Zy(1+ |Yt|)> (5.3)
t<s<t 2

S

+ ]Pt<T <t+6, sup Jo(u, Y,) dW,

t<s<t
t

> Sy mn). (5.4)

Notice that s < T implies |Y| < |x| + y(1 + |x]) which, in turn, by growth condition (3.8) for y and o, implies
that there is some finite constant M such that

max{ sup |u(s, Ys)|, sup |a(s, Ys)I} < M(1 +|Y¢]). (5.5)

se(t,T] set,1]

Hence, for 6 € (0, 1) sufficiently small, the probability in (5.3) is zero. The probability in (5.4) can be bounded
from above as follows. Since s — j o(u, Y,)dW, is a continuous local martingale, it may be expressed as
arandom time change s — H(S) := jo o(u, Yy)? du of a Brownian motion. By (5.5) and [11, Theorem 18.4],
there is standard Brownian motion W such that (5.4) is less than or equal to

lPt(H(t+5>—H(t>s6M2(1+|Yt|>2 sup Wi - Wil > y(1+|Yt|))<1Pt( sup s > }I)

se(t,t+6] s€[0,6

Applying [5, Lemma 5.2.1] to the last expression above gives that (5.4) is less than or equal to

) 3t
4eXp{ ( 26
We have proved (5.1). We now prove (5.2). Noting that |Y2 — x?| = |Ys — x||Ys + x|, we get

Pi( sup |Y2-Y?|>3y(1+|Y¢)?)
se(t,t+6]

<P:({ sup |Y:—Yel>y(@+[YD}u{ sup |Y;+Yel>3(1+[YeD)})

seft,t+6] seft,t+6]
<Pe( sup |Ye—Yel >y(1+1Yel) + Pe( sup [Ye+ Yel > 3(1 +[Yel)).
se[t,t+8)] se(t,t+8]

By Lemma 6, for t > 0 sufficiently small,

)2
Pi( sup |Ys-— Yt|>y(1+|Yt|))<C1exp{ 5 5}

se(t,t+6]
Moreover,
Pi( sup |Ys+Yel>3(1+|Ye]) <Pe( sup [Ys— Vel +2]Ye| > 3(1 +|Ye])
selt,t+6] se(t,t+6] ,
<Py sup |Ys—Y¢>1+|Y¢])<Cq exp{—y—}.
selt,t+6] C,6
This concludes the proof. O

Lemma 7. Let X be the solution to the stochastic differential equation (3.10) with coefficients p and o satisfying
(3.8) and (3.9). Then there exists a constant C such that

IE¢[AX7, 511 < C8(1 + X7). (5.6)

Proof. Recall that AX? s := X2, ; — X7.1t0’s lemma yields

t+6 t+6
AX] 5= J (2Xsu(s, Xs) + 0(s, Xs)?) ds + 2 I Xs0(s, Xs) AWs.
t t
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Hence,
t+6

B [AX7, 511 = Et[ J (2Xsu(s, Xs) + G(S,Xs)z)dS]

t+6 t+6
< Et[ j 12Xsu(s, Xs) + 0(s, Xs)?| ds] - j Ee[|2Xsu(s, Xs) + (s, Xs)?1] ds.
t t

Since y and o satisfy (3.8),
(s, x) < (K (1+x)Y? < K121 + [x)),
xp(s, x) < Ky (1x| + x%) < 2K (1 + x%),
Xu(s, x) + a(s, x)2 < (K1 + 2K1/%)(1 + x2).

Hence, there is a constant C; such that
t+6 t+6
j Eq[|Xsu(s, Xs) + 0%(s, Xs)[] ds < j E([C1(1 + X2)] ds.
t t

By [12, Theorem 4.5.4], there is a constant C, such that ]Et[Xg] <C(1+ Xf), which implies the existence of
a constant C such that (5.6) holds. O

Lemma 8. Let X be the solution to the stochastic differential equation (3.10) with coefficients p and o satisfying
(3.8) and (3.9). Define u as in Theorem 3, and assume u satisfies (3.12). Then, for any B € (O, %), for6>0
sufficiently small and y > 6P, there exist constants Cy, C5 > O such that

2
Pe( sup |u(s, Xs) - Xs — u(t, X0) + Xel > y(1 + X)) < C1 exp{—y—}. (5.7)
se(t,t+6] C25

Proof. We first notice that, by Itd’s lemma and by Feynman—Kac, we have
du(t, X¢) = ux(t, Xr)o(t, X¢) AWy,
where subscript x denotes partial derivative with respect to the second argument of u. Let
T:=inf{s € [t, t + 8] : |Xs — X¢| > y(1 + |X¢))},

and notice that

Pe( sup |u(s,Xs) - u(t, X¢)| > y(1 + X))
se(t,t+6]

S
jux(u,xu)o(u,xu)dwu

slPt(Tst+5)+IPt(r>t+8, sup
t

se(t,t+6]

>y(1+IXI))-

Since s — Ig uy(u, Xy)o(u, X,) dWy, is a continuous local martingale, it may be expressed as a random time
change s — H(s) of a Brownian motion:

H(s) := Jux(u,Xu)za(u,Xu)z du.
0

Notice that if T > t + 8§, then H(t + §) — H(t) < 61(11(%(1 +|X¢])%. By [11, Theorem 18.4], there is standard
Brownian motion W such that

S
juxw,xu)o(u,xu)dwu
t

<P(T>t+8, sup |Weyes) — Wyl > y(1+ X))
seft,t+6]

]Pt(T >t+0, sup
se(t,t+6]

>y(1+ |Xt|)>

2
; y y
slP( sup |Ws| > >s4exp{——},
sel0] KK, 2K, K25



DE GRUYTER H. Engsner and F. Lindskog, Limits of multi-period cost-of-capital margins =—— 103

where the last inequality follows from applying [5, Lemma 5.2.1]. Noting that

Pt <t+6) =P sup |Xs—Xe|l >y +1Xe))
seft,t+6]

can be bounded by Lemma 6 yields the existence of constants C3 and C, such that

2
Py sup |u(s,xs)—u(t,xt)|>y(1+|xt|))sc3exp{—y—},
se(t,t+6] C46

2
Pe( sup |Xs - Xel > y(1+1XeD) < C3 exp{—y—}
se(t,t+6] C46

for 6 small enough. Noting that

Pi( sup lu(s,Xs) — Xs —u(t, Xe) + Xel > y(1 +1X¢]))
se(t,t+6]

slpt( sup |u(s,xs)—u<t,xt)|>¥<1+|Xt|>)+1m( sup |xs—xt|>¥<1+|xt|>)
se(t,t+6] 2 se(t,t+6] 2

completes the argument showing (5.7) for C; = 2C3 and C; = 4Cy. O

Lemma 9. Let {L¢}tc[o,1] be an R-valued additive process with system of generating triplets {(of, Vi, Yi)}elo,T)-
For each t € [0, T], let df and y; be constants, and let v; be a measure on R\ {0} whose restrictions to sets
bounded away from 0 are finite. Fix t € [0, T], and assume that

2

1 oo
5005~ 02, Vse5 = Vs, Vss6 = ¥s) = (07, Ve, Ve) asb6 0, s > ¢, (5.8)

where the convergence in the second component means that

1 j FOO(Vsas - V) (dx) = j FO0v(dx)

lim
610,5—t 6
R\{0} R\{0}
for bounded and continuous functions vanishing in a neighborhood of 0. Assume further that

1
lim lim sup J X2 = (Vsrs — Vs)(dx) = 0. (5.9)
€l0 50,5t 6
[-€,¢€]
Consider sequences 6, | 0, t, — t, with t, € [0, T — 6,], and for every n, let {Lf"’t" }se[o, 1) be a Lévy process

satisfying AL 2 ALt +5,, and let us, ¢, be the probability distribution of Lf"’t". Then

t+6,

.1 n .
im = [ foom}y, @0~ | foovax
R\{0} R\{0}

for bounded and continuous functions vanishing in a neighborhood of 0.
Proof. Notice that ps, ¢, is infinitely divisible with Lévy triplet

1 2 2
S_(Otn+5n - Otna vt+5n - vtn, Yt,,+6,, - Yt,,)-
n

By [21, Theorem 8.7], (5.8) and (5.9) together imply that us, ;, converges weakly to an infinitely divisible
distribution y with Lévy triplet ((7?, V¢, ¥t). In particular, the corresponding characteristic functions converge
pointwise,
lim fi = Ji(2). 5.10
Lim s, (2) = p(2) (5.10)

Define pp, via its characteristic function fi,(z) as

fin(2) 1= exp(8; (s, 0,2 - 1) =exp{8;1 [ (e - 1w, (@}.
R\{0}
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From [21, pp.38-39], in particular [21, (8.7)], it follows that u, is infinitely divisible with Lévy triplet
(0, 5;1;12:,“ , 0). Moreover,

ﬁn(z) = eXp{5;1(ﬁ5n”tn(z)5n _ 1)}
= exp{6;,;1 (e 108 () _ 1)}
= exp{&;l(ﬁn log(ji(2)) + o(5§))},

where the last equality is due to (5.10) which, as in [21, proof of Theorem 8.7], implies that

gnl% log 15, ¢(2) = log ji(z)

uniformly on any compact set. Hence, lim,_,« fin(2) = ji(z) for every z, implying pu, — p weakly. Now [21,
Theorem 8.7] gives

.1 .
lim — I FOOUS" , (dx) = j fOOve(dx)
énlo 61’1 nsln
R\{0} R\{0}
for bounded and continuous functions vanishing in a neighborhood of 0. O

An important special case of Lemma 9 is the following.

Corollary 3. If the conditions of Lemma 9 hold, and if x > 0 is a continuity point of y — v(y, c0), then

1—

lim —Far,,,(x) = vi(x, 00).

610,s—t 0

Proof. Notice that f(y) := 1(x,00)(¥) is bounded, vanishes in a neighborhood of 0 but is not continuous. For
m > 0, let f and f be polygon functions given by

0, y<x-i,
f)y={my-x+1), yewx-1,x,
L1, y =X,
o, y <X,
fO)={my-x), ye(x,x+1),
(1, y2x+&.
Thenf <f <f,
- 1 , _
im = [ o, @)= [ swn. geiff
" R0} R\{0}
and
.1 = 5 . 1 1
1 e - " = [ - T _]’
5210 B J = Ds, 0, () = Ve[ X m X m
R\{0}
which tends to 0 as m — co. O

Lemma 10. Let f: {(¢t,6) € [0, T)x (0, T] : t+ 6 < T} — R, and suppose there exists a continuous function
8: [0, T] — Rsuch that, for all t € [0, T], limso,s—¢ f(S, 6) = g(t). Then lims o SUp;e(o, 7—4)1f(t, 6) — g(t)| = O.

Proof. By assumption, limsolf(t, 6) — g(t)| = O for every t € [0, T — 8]. Suppose that the convergence is not
uniform in ¢. Then there exist € > 0 and a sequence {(t,,, 61)}n>1 C {(t,8) € [0, T) x (0, T] : t + § < T} with
6n — O such that |f(t,, 6,) — g(tn)| > € for all n. By the Bolzano-Weierstrass theorem, there exist ¢ € [0, T]
and a subsequence {t,, }x>1 Of {tn}n>1 such that limy ¢,, = t. Hence,

€< |f(tnk, 5nk) _g(tnk)l < |f(tnka 67’[]() _g(t)| + |g(tnk) _g(t)l -0 as k — Q.

From this contradiction, we conclude that the convergence is indeed uniform, thereby proving the state-
ment. O
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Lemma 11. Let {as, ,} and {ns, .} satisfy (2.2). Then
m-1 r m-1 r
A, [ asn, =t Jim 100+ 16,0 =1+

Proof. We prove the first statement for as,, .. The proof of the second statement is completely analogous and

omitted. Notice that
1-as,, 1/8mi\ Om.k
s = ((1-0ma( 5, )) )
m,k

We immediately use this to see that

log[r:l:i aam,k] = g6m,klog[(1 _ 6'"”‘(%))1/6“],

By (2.2) and the well-known convergence result
(lsin})(l +8a+0(8)0 = e,

for any real a and any higher-order term o(6), we get

1—0(6 " 1/6m,k
lim sup |(1 - 5m,k(—"">) - (x| =0.

Mm=00 p<m-1 6m,k

Hence, we conclude that
m-1

Jim log[,[([) agm,k] = Tlog(a).

This proves the result for ]_[,’(";O1 A5, - O
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