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Abstract:We consider multi-period cost-of-capital valuation of a liability cash flow subject to repeated cap-
ital requirements that are partly financed by capital injections from capital providers with limited liability.
Limited liability means that, in any given period, the capital provider is not liable for further payment in the
event that the capital provided at the beginning of the period turns out to be insufficient to cover both the
current-period payments and the updated value of the remaining cash flow. The liability cash flow ismodeled
as a continuous-time stochastic process on [0, T]. The multi-period structure is given by a partition of [0, T]
into subintervals, and on the corresponding finite set of times, a discrete-time cost-of-capital-margin process
is defined. Ourmain objective is the analysis of existence and properties of continuous-time limits of discrete-
time cost-of-capital-margin processes corresponding to a sequence of partitions whose meshes tend to zero.
Moreover, we provide explicit expressions for the limit processes when cash flows are given by Itô diffusions
and processes with independent increments.
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1 Introduction

1.1 Multi-period cost-of-capital valuation

This paper focuses on multi-period cost-of-capital valuation of a cumulative liability cash flow L = {Lt}t∈[0,T]
subject to repeated capital requirements at the beginning of each time period, where the time periods form
a partition of [0, T]. Here T is a time after which no cash flow occurs. In line with current regulatory frame-
works, the time periods may be one-year periods. However, we will investigate the effects of varying the
number and lengths of the periods and consider sequences of partitions of [0, T] whose meshes tend to 0.
That is, we will analyze continuous-time limits of discrete-time cost-of-capital valuations of the liability cash
flow L. In what follows, all cash flows are discounted by a given numéraire, or equivalently, denoted in units
of this numéraire. A classical bank account numéraire, a rolling one-period bond, may be a natural choice.

The valuation approach presented in this paper can be applied to arbitrary liability cash flows, includ-
ing those that depend on the values of traded financial instruments, by considering (partial) replication by
an appropriate choice of replicating portfolio. The value of the liability cash flow is then the sum of the
market price of the replicating portfolio and the cost-of-capital margin for the residual liability cash flow
(corresponding to the replication error). Market-consistent valuation requires that if the liability cash flow is
fully replicable, then the replicating portfolio must replicate the liability cash flow perfectly. Consequently,
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for such liability cash flows, the residual liability cash flow is zero at all times, and the value is simply the
market price of the replicating portfolio. Replication is not the focus of this paper. Therefore, the liability cash
flow should in what follows be interpreted as either the residual liability cash flow that remains after partial
replication or a liability cash flow that is not replicable by financial replication instruments.

In order to clarify the economicmotivation of the valuation setup, let T be a positive integer, and consider
times 0, 1, . . . , T. The multi-period cost-of-capital margin for the liability cash flow L = {Lt}t∈[0,T] is based
on considering a hypothetical transfer of the liability cash flow at time 0 from the company currently liable
for this cash flow to another company whose single purpose is to manage the run-off of the liability. The
company receiving the liability cash flow has no own funds but receives an amount V0 together with the
liability. In order to meet the externally imposed capital requirements associated with the liability, according
to the regulatory environment, the receiver of the liability cash flow requests capital injections from a capital
providerwhowillmake the capital injection if the expected return is good enough. Themathematical problem
arising is the determination of V0: this value is not a priori given but rather a value implied by the repeated
financing of the capital requirements by a capital provider demanding compensation for providing capital
injections.

Let Vt denote the cost-of-capital margin for the liability cash flow {Ls}s∈(t,T], that is beyond time t.
In particular, VT = 0. Assume that the amount Vt is available at time t and that the required capital is
VaRt,p(−∆Lt+1 − Vt+1) > Vt, where ∆Lt+1 := Lt+1 − Lt is the accumulated cash flow during the time period
(t, t + 1] and VaRt,p is the risk measure value-at-risk conditional on the information available at time t.
A capital provider is asked to provide the difference VaRt,p(−∆Lt+1 − Vt+1) − Vt between the required and
the available capital. If this capital is provided, then, in return, the capital provider receives the amount
(VaRt,p(−∆Lt+1 − Vt+1) − ∆Lt+1 − Vt+1)+ at time t + 1, where (x)+ := max{x, 0}. The rationale for the amount
(VaRt,p(−∆Lt+1 − Vt+1) − ∆Lt+1 − Vt+1)+ is the following. The capital provider is entitled to any excess capital
at time t + 1 above what is needed for the one-period payment ∆Lt+1 plus Vt+1 that is needed to match the
cost-of-capital margin for the remaining liability cash flow from time t + 1 onwards. If at time t + 1 there is
a deficit of capital so that ∆Lt+1 + Vt+1 > VaRt,p(−∆Lt+1 − Vt+1), then the VaRt,p(−∆Lt+1 − Vt+1) units of the
numéraire asset are paid to the creditors/policyholders and the iterative procedure for managing the run-off
of the liability cash flow stops.

A capital provider will accept providing the capital at time t if the expected return is good enough, in the
sense that

𝔼t[(VaRt,p(−∆Lt+1 − Vt+1) − ∆Lt+1 − Vt+1)+]
VaRt,p(−∆Lt+1 − Vt+1) − Vt

≥ 1 + ηt , (1.1)

where 𝔼t denotes conditional expectation with respect to the information at time t, and ηt ≥ 0 is the excess
expected rate of return (above that of the numéraire asset) at time t on the capital provided until time t + 1.
In what follows, we will simply consider {ηt}T−1t=0 to be a given stochastic process.

Given the liability cash flow {Lt}t∈[0,T] and a discrete-time stochastic process {ηt}T−1t=0 , and assuming com-
petition between potential capital providers so that better than acceptable conditions are not granted, the
acceptability condition (1.1) immediately gives the following backward recursion for {Vt}Tt=0:

Vt = VaRt,p(−∆Lt+1 − Vt+1) −
1

1 + ηt
𝔼t[(VaRt,p(−∆Lt+1 − Vt+1) − ∆Lt+1 − Vt+1)+], VT = 0.

Notice that the values {Vt}Tt=0 are not a priori givenbut rather the solution to the above recursion given amodel
for both {Lt}t∈[0,T] and {ηt}T−1t=0 . We refer to Remark 4 for comments on other more elaborate acceptability
criteria for risk averse capital providers.

The above approach to valuation of insurance liabilities is based on the framework presented in [15]
establishing a theoretical basis for the current regulatory frameworks for the insurance industry, in particular
Solvency 2. A balance sheet interpretation of the involved quantities is as follows. Suppose that at time t the
liability cash flow in run-off corresponding to obligations to policyholders can be decomposed into a sum of
a fully replicable cash flowwithmarket price πt and a nonhedgable residual liability cash flowwith value Vt.
At time t, after the capital provider has invested capital to ensure continuation of the run-off, the value of
the assets of the reference undertaking is the sum of the market price πt of the portfolio replicating the repli-
cable part of the liabilities and the buffer capital VaRt,p(−∆Lt+1 − Vt+1) for nonhedgable risks prescribed by
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the regulator. The difference between the asset value and the value of the liabilities to policyholders is thus
SCRt := VaRt,p(−∆Lt+1 − Vt+1) − Vt whichmatches precisely the capital investment. Including the value SCRt
of the reference undertaking’s liability to the capital provider we see that the asset value balances the liability
value. We refer to [15] for further details.

1.2 Related literature

The valuation framework presented in Section 1.1 is based on [15] aiming to establish the theoretical basis
for the current regulatory frameworks for the insurance industry. The approach tomulti-period cost-of-capital
valuation abovewas studied in [7] for general riskmeasures and acceptability criteria. The choice of one-year
periods corresponds to the current regulatory solvency frameworks under which both banks and insurance
companies operate, and is in line with accounting practice. However, it is quite reasonable to consider the
financing of liability cash flows subject to repeated capital requirements by capital injections at a higher
frequency. Moreover, by letting the length of the time periods tend to zero, wemay derive explicit continuous-
time formulas for the limiting cost-of-capital-margin process whereas solutions to discrete-time backward
recursions of the above type can often only be obtained numerically. It is also interesting to analyze which
features of a liability cash flow vanish and which persist in the limit process from discrete-time valuation to
continuous-time valuation as the mesh of the partition of time periods tends to zero.

There are similarities with our objectives here and works, such as [14, 16, 22], analyzing continuous-
time dynamic risk measures (or risk-adjusted values) which can be represented as limits of discrete-time risk
measures in multi-period models. However, there are also major differences. A detailed comparison of our
setup with that considered in [16, 22] is found in Remark 3. The aim in [14] is different from ours: there the
objective is the construction andanalysis of dynamic riskmeasures expressed in termsof backward stochastic
differential equations (BSDEs) that arise as limits of iterated spectral riskmeasures. Notice that a spectral risk
measure is a form of coherent and convex risk measure.

The vast majority of works on dynamic risk measurement consider coherent or convex risk measures,
and many of them aim for a representation of the risk measure in terms of a solution to a BSDE. See [1–
4, 8, 10, 13, 18–20] and references therein. The discrete-time cost-of-capital-margin process {Vt}Tt=0 from the
multi-period cost-of-capital framework above shares most of the properties of the multi-period risk-adjusted
values in [2]; precise statements are found in [7]. In particular, the properties called time-consistency and
recursiveness hold. However, the limited liability of the capital provider, which is an essential economic prop-
erty,makes the cost-of-capitalmargin V0, seen as a functional applied to a cumulative liability cash flow, lack
the sub/super-additivity property in general. This fact holds irrespectively of whether VaRt,p is replaced by
a coherent alternative. Therefore, the general representation results for dynamic coherent or convex riskmea-
sures, or similarly for multi-period risk-adjusted values, are not available in our multi-period cost-of-capital
valuation setup. This factmakes themathematical analysis here very different from that in works on dynamic
coherent and convex risk measures.

1.3 Outline

Section 2 presents basic results for discrete-time cost-of-capital-margin processes for a given continuous-time
liability cash flow. In this setting, the cost-of-capital-margin process is defined on a time grid

0 = τ0 < ⋅ ⋅ ⋅ < τm = T

corresponding to an arbitrary partition τ of [0, T].
Section 3 presents themain results of this paper on existence and properties of continuous-time limits of

a sequence of discrete-time cost-of-capital-margin processes for a given continuous-time liability cash flow.
The continuous-time limit, defined in Definition 4, arises by considering an arbitrary sequence {τm}∞m=1 of
partitions whose meshes tend to 0.
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Theorem 2 gives mild conditions under which the continuous-time cost-of-capital margin of a sum of
two cash flows decomposes into a sum of the corresponding two continuous-time cost-of-capital margins.
Moreover, it gives mild conditions under which the continuous-time cost-of-capital-margin process of a cash
flow degenerates into a process of conditional expectations of the remaining cash flow.

Theorem 3 presents a wide class of Itô processes that satisfy the conditions of Theorem 2 under which
the continuous-time cost-of-capital-margin process is a process of conditional expectations of the remaining
cash flow.

Theorem 4 derives the continuous-time limit of discrete-time cost-of-capital-margin processes when the
underlying liability cash flow is given by an additive process with a jump component, with Lévy processes
and compound Poisson processes driven by inhomogeneous Poisson processes as special cases.

All proofs of the main results are found in Section 4. Section 5 contains technical lemmas used in the
proofs of the main results that may also be of independent interest.

2 Discrete-time cost-of-capital-margin processes
In this section, we will present the mathematical framework for the multi-period cost-of-capital margin for
a continuous-time cumulative liability cash flow.

Fix T > 0, and consider a filtered, complete probability space (Ω,F,𝔽,ℙ), where 𝔽 := {Ft}t∈[0,T] satisfies
the so-calledusual conditions; see e.g. [17, Chapter 1].Write L0(Ft) (L1(Ft)) for the set ofFt-measurable (inte-
grable) random variables.Write L0(𝔽) (L1(𝔽)) for the set of𝔽-adapted stochastic processes Xwith Xt ∈ L0(Ft)
(Xt ∈ L1(Ft)) for every t ∈ [0, T]. Moreover, X ∈ L0(𝔽) is said to be càdlàg if, for all ω in the complement of
a null set, the sample paths t 󳨃→ Xt(ω) are right-continuous with left limits. For t < u and Y Fu-measurable,
we use subscript t to denote conditioning on Ft,

Ft,Y (y) := ℙt(Y ≤ y) := ℙ(Y ≤ y | Ft), 𝔼t[Y] := 𝔼[Y | Ft].

Relationsbetween randomvariables are tobeunderstood in theℙ-almost sure sense.Weconsider anarbitrary
partitionof [0, T] into subintervals anddiscrete-timevalueprocesses evaluatedat the timepoints correspond-
ing to the given partition. We will call a set of points τ := {τk}mk=0 with 0 = τ0 < ⋅ ⋅ ⋅ < τm = T a partition of the
time interval [0, T]. For any such partition, we denote by δk := τk+1 − τk the lengths of the subintervals, and
mesh(τ) := max0≤k≤m−1 δk.

For Y ∈ L0(Fτk+δk ), value-at-risk of Y at the level 1 − αδk ∈ (0, 1) conditional on Fτk is defined as

VaRτk ,1−αδk (Y) := F
−1
τk ,−Y (αδk ) := ess inf{m ∈ L

0(Fτk ) : Fτk ,−Y (m) ≥ αδk }.

The discrete-time cost-of-capital-margin process for a liability cash flow is defined in Definition 2 below in
terms of a backward recursion of the kind presented in Section 1.1 and the following one-step valuation
mapping.

Definition 1. For Y ∈ L1(Fτk+δk ), αδk ∈ (0, 1) and a nonnegative ητk ∈ L0(Fτk ), the one-step valuation map-
ping is defined as

φδk
τk (Y) := VaRτk ,1−αδk (−Y) −

1
1 + ητk

𝔼τk [(VaRτk ,1−αδk (−Y) − Y)+].

Remark 1. Notice that the backward recursion for the discrete-time cost-of-capital-margin process {Vt}Tt=0 in
Section 1.1may be expressed as Vt = φ1

t (Lt+1 − Lt + Vt+1), VT = 0, and corresponds to partitioning [0, T] into
subintervals of lengths one.

In relevant applications, 1 − αδk , ητk are both close to 0: ητk is the expected excess rate of return, above that
for the numéraire asset, for the capital provider on the provided capital ensuring solvency at time τk, αδk is
(typically, noting that Ft−Y (F−1t,−Y (αδk )−) ≤ αδk ≤ Ft−Y (F

−1
t,−Y (αδk ))) the probability that the provided solvency

capital at time τk is found sufficient at time τk+1 = τk + δk.
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An alternative expression for φδk
τk (Y), see Lemma 2, is

φδk
τk (Y) =

1
1 + ητk
(𝔼τk [Y] − (1 − αδk )ESτk ,1−αδk (−Y) + (1 − αδk + ητk )VaRτk ,1−αδk (−Y)),

where ESτk ,1−αδk denotes the expected shortfall conditional on Fτk defined as

ESτk ,1−αδ (−Y) :=
1

1 − αδ

1−αδ

∫
0

VaRτk ,p(−Y)dp.

Theorem 1. Consider a partition τ of [0, T],0 = τ0 < ⋅ ⋅ ⋅ < τm = T. For each k, φδk
τk is amapping from L1(Fτk+δk )

to L1(Fτk ) satisfying
∙ if λ ∈ L1(Fτk ) and Y ∈ L1(Fτk+1 ), then φ

δk
τk (Y + λ) = φ

δk
τk (Y) + λ,

∙ if Y, ̃Y ∈ L1(Fτk+1 ) and Y ≤ ̃Y, then φ
δk
τk (Y) ≤ φ

δk
τk ( ̃Y),

∙ φδk
τk (0) = 0.

Based on the statement of the above theorem, wemay define the discrete-time cost-of-capital-margin process
{Vτ

t (L)}t∈τ of a continuous-time cumulative liability cash flow L ∈ L1(𝔽). By Theorem 1,

{Vτ
t (L)}t∈τ ∈ L

1({Ft}t∈τ).

Definition 2. Given L ∈ L1(𝔽) and a partition τ of [0, T], 0 = τ0 < ⋅ ⋅ ⋅ < τm = T, the cost-of-capital-margin
(CoCM) process {Vτ

t (L)}t∈τ of Lwith respect to the partition τ and filtration𝔽 is defined in terms of a sequence
of one-step valuation mappings defined in Definition 1 as follows:

Vτ
τk (L) := φ

δk
τk (∆Lτk+1 + V

τ
τk+1 (L)), Vτ

T(L) := 0, (2.1)

where ∆Lτk+1 := Lτk+1 − Lτk .

Remark 2. From Theorem 1, it follows that

Vτ
0(L) = φ

δ0
0 ∘ ⋅ ⋅ ⋅ ∘ φ

δm−1
τm−1 (LT),

where ∘ denotes composition of mappings. In particular, if L, L̃ ∈ L1(𝔽) satisfy LT ≤ L̃T , then Vτ
0(L) ≤ V

τ
0(L̃).

Moreover, since each φδk
τk inherits positive homogeneity, i.e. φδk

τk (cY) = cφ
δk
τk (Y) for c ≥ 0, from VaRτk ,1−αδk ,

Vτ
0(cL) = cV

τ
0(L) for c ≥ 0.

In order to analyze continuous-time limits of sequences of discrete-timeCoCMprocesses,wewill needa stabil-
ity property with respect to small perturbations of αδk in the conditional risk measure VaRτk ,1−αδk . Therefore,
we introduce the notion of lower and upper one-step CoCM mappings and, in Definition 3, lower and upper
discrete-time CoCM processes.

For β ∈ (0, 1) and Y ∈ L1(Fτk+δk ), the lower and upper one-step valuation mappings are defined as

φ̌δk ,β
τk (Y) := φ

δk
τk (Y) +

1 − αδk + ητk
1 + ητk

(VaRτk ,1−αδk+δ
1+β
k
(−Y) − VaRτk ,1−αδk (−Y)),

φ̂δk ,β
τk (Y) := φ

δk
τk (Y) +

1 − αδk + ητk
1 + ητk

(VaRτk ,1−αδk−δ
1+β
k
(−Y) − VaRτk ,1−αδk (−Y)).

By the same arguments as in the proof of Theorem1, φ̌δk ,β
τk and φ̂δk ,β

τk aremappings from L1(Fτk+δk ) to L1(Fτk ).
In particular, the lower and upper CoCM process {V̌τ,β

t (L)}t∈τ and {V̂
τ,β
t (L)}t∈τ are defined as follows.

Definition 3. Given L ∈ L1(𝔽) and a partition τ of [0, T], 0 = τ0 < ⋅ ⋅ ⋅ < τm = T, the lower and upper CoCM
processes {V̌τ,β

t (L)}t∈τ and {V̂
τ,β
t (L)}t∈τ of L with respect to the partition τ and filtration 𝔽 are given by

V̌τ,β
τk (L) := φ̌

δk ,β
τk (∆Lτk+1 + V̌

τ,β
τk+1 (L)), V̌τ,β

T (L) := 0,

V̂τ,β
τk (L) := φ̂

δk ,β
τk (∆Lτk+1 + V̂

τ,β
τk+1 (L)), V̂τ,β

T (L) := 0.

Notice that V̌τ,β
t (L) ≤ V

τ
t (L) ≤ V̂

τ,β
t (L) for all t ∈ τ.
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The purpose of this paper is to study the behavior of the discrete-time CoCM processes when varying the
partition τ of [0, T] and in particular the convergence to and properties of continuous-time limit processes
appearing when letting the mesh of the partition tend to zero. Serious modeling of the random sequence
{ητk }m−1k=0 of cost-of-capital rates requires modeling of how the risk aversion of the capital provider varies over
time and alsomechanisms for competition between capital providers. This aspect of themulti-period cost-of-
capital margin is outside the scope of the current paper. Wewill throughout the remainder of this papermake
the simplifying assumption that ητk ≡ ηδk is nonrandomand depends only on the length δk of the subinterval
[τk , τk+1) and not on τk.

Assumption 1. ητk ≡ ηδk is nonrandom and depends only on the length δk of the subinterval [τk , τk+1).

We will consider sequences {τm}∞m=1 of partitions of [0, T], 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, with

lim
m→∞

mesh(τm) = 0.

With δm,k := τm,k+1 − τm,k, we further assume the existence of sequences {αδm,k }
m−1
k=0 and {ηδm,k }

m−1
k=0 , of non-

random elements αδm,k , ηδm,k ∈ (0, 1) such that, for some α, η ∈ (0, 1),

lim
m→∞

sup
k≤m−1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − αδm,k

δm,k
+ log(α)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= lim

m→∞
sup
k≤m−1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
ηδm,k

δm,k
− log(1 + η)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0. (2.2)

In order to make economic sense, the limits

lim
m→∞

m−1
∏
k=0

αδm,k , lim
m→∞

m−1
∏
k=0
(1 + ηδm,k )

should exist finitely and be strictly positive. For the first limit, the interpretation is that the probability that the
repeated capital injections are sufficient throughout the time period [0, T] is some number strictly between
zero and one. Similarly, for the second limit, the interpretation is that the capital provider’s aggregate
expected return on the repeated capital injections is finite. It is shown in Lemma 11 that (2.2) implies

lim
m→∞

m−1
∏
k=0

αδm,k = αT , lim
m→∞

m−1
∏
k=0
(1 + ηδm,k ) = (1 + η)T .

Remark 3. In our setup, as well as in [16, 22], discrete-time multi-period risk-adjusted values, given a parti-
tion τ = {τk}mk=0 of [0, T], may be expressed as

Φτ
τk (X) = φτk ,τk+1 (Φτ

τk+1 (X)), Φτ
T(X) = XT ,

where themapping φτk ,τk+1 is a mapping from a subspace of L0(Fτk+1 ) to a subspace of L0(Fτk ). In our setting,

X = L, Φτ
τk (X) = Lτk + V

τ
τk (L), φτk ,τk+1 = φ

δk
τk ,

where δk = τk+1 − τk and

φδk
τk (Y) = VaRτk ,1−αδk (−Y) −

1
1 + ηδk

𝔼τk [(VaRτk ,1−αδk (−Y) − Y)+]

=
1

1 + ηδk
(𝔼τk [Y] − (1 − αδk )ESτk ,1−αδk (−Y) + (1 − αδk + ηδk )VaRτk ,1−αδk (−Y))

with 1 − αδ ∼ −δ log α and ηδ ∼ δ log(1 + η) as δ → 0. Notice from the last expression above for φδk
τk (Y) that,

for very small values ηδk , φ
δk
τk (Y) < 𝔼τk [Y]. This inequality is a consequence of the limited liability for the

capital provider. Notice also that φδk
τk (Y) > 𝔼τk [Y] is equivalent to

ESτk ,1−αδk (−Y) − VaRτk ,1−αδk (−Y) <
ηδk

1 − αδk
(VaRτk ,1−αδk (−Y) − 𝔼τk [Y]),

which, for 1 − αδk ∈ (0, 12 ) small and reasonable models for Y, holds for moderately large values ηδk .
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In [16], actuarial valuation rules are extended from discrete to continuous time. Modified to our setting
where financial values are expressed in the numéraire, the valuation rule most similar to the one considered
here is

φτk ,τk+1 (Y) = 𝔼τk [Y] + η√δk VaRτk ,1−α(−Y − 𝔼τk [−Y])

= (1 − η√δk) 𝔼τk [Y] + η√δk VaRτk ,1−α(−Y), (2.3)

where η, α ∈ (0, 1) are fixed constants. Notice that φτk ,τk+1 (Y) > 𝔼τk [Y] if VaRτk ,1−α(−Y) > 𝔼τk [Y]. Although
the expressions forφτk ,τk+1 may appear similar, they are fundamentally different. Themappingφτk ,τk+1 in [16]
is a priori given by an actuarial valuation rule whereas, in our case, it is the result of the capital providers’
acceptability condition for financing the repeated capital requirements, taking the capital providers’ limited
liability into account.

In [22], a negative liability value corresponds to a positive value in our setting, and vice versa. The
mappings φτk ,τk+1 in [22], modified to our sign convention, are of the form

φτk ,τk+1 (Y) = (1 − √δk) 𝔼τk [Y] − δkFτk(−
Y
√δk
),

and Fτk may be chosen as
Fτi (Y) = 𝔼τi [Y] − ηVaRτi ,1−α(Y − 𝔼τi [Y]),

which gives
φτk ,τk+1 (Y) = (1 − η√δk) 𝔼τk [Y] + η√δk VaRτk ,1−α(−Y),

which coincides with (2.3).
Notice that, in [16, 22], the quantities 𝔼τk [Y] and VaRτk ,1−α(−Y) appearing in the mapping φτk ,τk+1 (Y)

are scaled appropriately in order to obtain convergence of discrete-time value processes to continuous-time
value processes, and α and η are constants that do not depend on the partition of the time interval [0, T].
In our setting, the sequences {αδk } and {ηδk } are chosen so that, regardless of the partition of [0, T], there
is a reasonable nontrivial probability of successful financing of the capital requirements through the entire
time period and a reasonable expected excess return to the capital providers for providing capital.

Remark 4. There are natural alternatives to the capital provider’s acceptability criterion (1.1) considered in
this paper. Consider a sequence {Ut}T−1t=0 of so-called conditionalmonetary utility functions, where, for each t,
Ut is a mapping from L1(Ft+1) to L1(Ft) satisfying
(i) if λ ∈ L1(Ft) and Y ∈ L1(Ft+1), then Ut(Y + λ) = Ut(Y) + λ,
(ii) if Y, ̃Y ∈ L1(Fτk+1 ) and Y ≤ ̃Y, then Ut(Y) ≤ Ut( ̃Y),
(iii) Ut(0) = 0.
Assume that, at time t, the capital provider will accept providing capital if the utility of the excess capital at
time t + 1,

Ut((VaRt,p(−∆Lt+1 − Vu,t+1) − ∆Lt+1 − Vu,t+1)+),

is not smaller than the utility of the capital asked for at time t,

Ut(VaRt,p(−∆Lt+1 − Vu,t+1) − Vu,t).

Equating these expressions and solving for Vu,t gives the backward recursion

Vu,t = φu,t(∆Lt+1 + Vu,t+1),

where
φu,t(Y) = VaRt,p(−Y) − Ut((VaRt,p(−Y) − Y)+).

It is shown in [7, Proposition 1] that φu,t satisfies φu,t(0) = 0, the monotonicity property φu,t(Y) ≤ φu,t( ̃Y) if
Y ≤ ̃Y, and the translation-invariance property: if λ ∈ L1(Ft) and Y ∈ L1(Ft+1), thenφu,t(Y + λ) = φu,t(Y) + λ,
i.e. the analogue of Theorem 1 holds.
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One example of a conditional monetary utility function is the certainty equivalent Y 󳨃→ u−1t (𝔼t[ut(Y)])
when ut is an exponential utility function ut(y) = −γt exp{− yγt }. In general, certainty equivalents obtained
from (strictly increasing and concave) utility functions ut do not satisfy the translation invariance property
in Remark 4 (i) of conditional monetary utility functions; see e.g. [9, Proposition 2.46].

3 Continuous-time cost-of-capital-margin processes
This section contains the main results of the paper. We first define the continuous-time limit of a sequence of
discrete-time CoCM processes for a given continuous-time liability cash flow, where the sequence of discrete-
time CoCM processes corresponds to a sequence of partitions of [0, T] with meshes tending to zero.

Definition 4. Let {τm}∞m=1 be a sequence of partitions of [0, T], 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, such that

lim
m→∞

mesh(τm) = 0.

Let L ∈ L0(𝔽). If there exists {Vt(L)}t∈[0,T] ∈ L0(𝔽) that is càdlàg such that

sup
t∈τm
|Vτm

t (L) − Vt(L)| → 0 a.s. as m →∞,

then {Vt(L)}t∈[0,T] is the continuous-time limit of the sequence of discrete-time CoCM processes {Vτm
t (L)}t∈τm .

The càdlàg property of the limit {Vt(L)}t∈[0,T] in Definition 4 ensures uniqueness of the limit for a given
sequence of partitions. This is shown in Remark 5. Typically, we want a continuous-time limit that does not
depend on the choice of sequence of partitions. This stronger property of the limit will be established in the
results that follow.

Remark 5. Consider a sequence of partitions {τm}∞m=1 and two corresponding càdlàg continuous-time limits
{Vt(L)}t∈[0,T] and {Ṽ t(L)}t∈[0,T]. Clearly, VT(L) = ṼT(L) = 0. Take any t ∈ [0, T) and a sequence {km}∞m=1 of
natural numbers such that τm,km ↓ t as m →∞. From Definition 4,

|Vτm
τm,km
(L) − Vτm,km (L)| → 0, |Vτm

τm,km
(L) − Ṽτm,km (L)| → 0 a.s. as m →∞,

and by the càdlàg property,

|Vτm,km (L) − Vt(L)| → 0, |Ṽτm,km (L) − Ṽ t(L)| → 0 a.s. as m →∞.

For all m,

|Vt(L) − Ṽ t(L)| ≤ |Vτm
τm,km
(L) − Vt(L)| + |Vτm

τm,km
(L) − Ṽ t(L)|

≤ |Vτm
τm,km
(L) − Vτm,km (L)| + |Vτm,km (L) − Vt(L)|
+ |Vτm

τm,km
(L) − Ṽτm,km (L)| + |Ṽτm,km (L) − Ṽ t(L)|.

Letting m →∞ establishes uniqueness of the continuous-time limit.

Remark 6. If L ∈ L1(𝔽), then {𝔼t[LT]}t∈[0,T] is a martingale with a unique càdlàg modification [17, p. 8]. In
particular, if L ∈ L1(𝔽) is càdlàg, then {𝔼t[LT − Lt]}t∈[0,T] is a possible candidate for the continuous-time limit
of discrete-time CoCM processes. This particular limit will appear naturally for a wide class of processes L;
see Theorem 2 below.

Recall from Section 2 that

φδm,k
τm,k (Y) =

1
1 + ηδm,k

( 𝔼τm,k [Y] − (1 − αδm,k )ESτm,k ,1−αδm,k
(−Y)

+ (1 − αδm,k + ηδm,k )VaRτm,k ,1−αδm,k
(−Y))

and, by (2.1),
Vτ
τm,k (L) = φ

δm,k
τm,k ∘ ⋅ ⋅ ⋅ ∘ φ

δm,m−1
τm,m−1 (LT − Lτm,k ). (3.1)
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Motivated by economic arguments, we have assumed that 1 − αδm,k and ηδm,k are both of order δm,k. For some
stochastic processes, precise details are provided below; the aggregate contribution to the value Vτ

τm,k (L) from
ESτm,i ,1−αδm,i

and VaRτm,i ,1−αδm,i
for i > k will be asymptotically negligible as m →∞. In this case, asymptoti-

cally asm →∞, (3.1) collapses into a composition of conditional expectations which, by the tower property
of conditional expectations, is simply a conditional expectationof the remaining cashflow.Heuristically, cash
flowmodels of e.g. diffusion-process type give asymptotically negligible risk (VaR andES) contributions to the
cost-of-capital margin, whereas cash flowmodels allowing for jumps (with sufficiently high probability) give
nonnegligible risk contributions to the cost-of-capital margin. Precise statements are found in Theorems 2, 3
and 4 below.

Notice also from the representation of the one-step CoCM mapping φδm,k
τm,k that a discrete-time CoCM is

not additive, Vτ
τm,k (X + L) ̸= V

τ
τm,k (X) + V

τ
τm,k (L), and not even subadditive in general. Theorem 2 below gives

sufficient conditions under which the continuous-time limit is additive, i.e. Vt(X + L) = Vt(X) + Vt(L). This
property does not hold in general.

The following technical result, Lemma1, is a key result for proving convergence of a sequence of discrete-
time CoCM process to a continuous-time limit process. Its main feature is that it enables explicit control of
error terms appearing in the sequence of recursions leading to the continuous-time limit process. The reason
why this result is placed here andnot in Section 5 is that it is instructive to highlight the statement of Lemma1
which provides the induction step that is key to proving Theorem 2 below.

We use the notation f(δ) ∈ o(δ) and g(δ) ∈ o(1) for functions f, g satisfying

lim
δ→0

f(δ)
δ
= 0 and lim

δ→0
g(δ) = 0.

Lemma 1. Let L = {Lt}t∈[0,T], X = {Xt}t∈[0,T] with L, X ∈ L1(𝔽). Suppose that there exist constants δ0 ∈ (0, 12 ),
γ ∈ (0, 2), ε ∈ (0, 1) and C1, C2 > 0 such that, for δ ∈ (0, δ0) and for any y ≥ δ(γ−εγ)/2 and any t ∈ [0, T − δ],

ℙt(|Xt+δ − Xt| > y(1 + |Xt|)) ≤ C1δ2y−2/γ , (3.2)

ℙt(|X2t+δ − X
2
t | > y(1 + |Xt|)2) ≤ C1δ2y−2/γ , (3.3)

ℙt(|𝔼t+δ[XT − Xt+δ] − 𝔼t[XT − Xt]| > y(1 + |Xt|)) ≤ C1δ2y−2/γ , (3.4)

|𝔼t[X2t+δ − X
2
t ]| ≤ C2δ(1 + X2t ). (3.5)

Let τ be a partition of [0, T],0 = τ0 < ⋅ ⋅ ⋅ < τm = T, and let0 < ε󸀠󸀠 < ε󸀠 < ε. If, for some i ∈ {0, . . . ,m − 1}, there
exists a constant Aτi+1 ≥ 0 such that

V̂τ,ε󸀠
τi+1 (X + L) ≤ 𝔼τi+1 [XT − Xτi+1 ] + Aτi+1 (1 + X2τi+1 ) + V̂

τ,ε󸀠󸀠
τi+1 (L), (3.6)

V̌τ,ε󸀠
τi+1 (X + L) ≥ 𝔼τi+1 [XT − Xτi+1 ] − Aτi+1 (1 + X2τi+1 ) + V̌

τ,ε󸀠󸀠
τi+1 (L), (3.7)

then, for τi+1 − τi sufficiently small,

V̂τ,ε󸀠
τi (X + L) ≤ 𝔼τi [XT − Xτi ] + Aτi (1 + X2τi ) + V̂

τ,ε󸀠󸀠
τi (L),

V̌τ,ε󸀠
τi (X + L) ≥ 𝔼τi [XT − Xτi ] − Aτi (1 + X2τi ) + V̌

τ,ε󸀠󸀠
τi (L),

where, for some constant B > 0 and f(δ) ∈ o(δ),

Aτi = Aτi+1 (1 + B(τi+1 − τi)) + f(τi+1 − τi).

The following result, which relies strongly on Lemma 1, gives mild sufficient conditions under which
the continuous-time CoCM process V(X + L) of a sum of two cash flows X and L decomposes into a sum
V(X) + V(L) of the continuous-time CoCM processes of the two cash flows. Moreover, by considering the
special case L = 0, it gives sufficient conditions under which the continuous-time CoCM collapses into a con-
ditional expectation of the remaining cash flow: Vt(X) = 𝔼t[XT − Xt]. Notice that, in Theorem 2 below, we
make no assumptions about independence or some form of dependence between the processes L and X.
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Theorem 2. Let L = {Lt}t∈[0,T] and X = {Xt}t∈[0,T] with L, X ∈ L1(𝔽) and càdlàg. Suppose that there exist con-
stants δ0 ∈ (0, 12 ), γ ∈ (0, 2), ε ∈ (0, 1) and C1, C2 > 0 such that, for δ ∈ (0, δ0) and for any y ≥ δ(γ−εγ)/2 and
any t ∈ [0, T − δ], X satisfies conditions (3.2)–(3.5) in Lemma 1. Suppose that, for some β2 ∈ (0, ε) and any
sequence {τm}∞m=1 of partitions of [0, T], 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T with limm→∞mesh(τm) = 0,

sup
t∈τm
|Vτm

t (L) − Vt(L)| → 0 a.s. as m →∞,

sup
t∈τm
|V̂τm ,β2

t (L) − V̌
τm ,β2
t (L)| → 0 a.s. as m →∞.

If further supt∈[0,T] X2t < ∞ a.s., then, for any β1 ∈ (β2, ε) and any sequence {τm}∞m=1 of partitions of [0, T],
0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, such that limm→∞mesh(τm) = 0,

sup
t∈τm
|Vτm

t (X + L) − 𝔼t[XT − Xt] − Vt(L)| → 0 a.s. as m →∞,

sup
t∈τm
|V̂τm ,β1

t (X + L) − V̌
τm ,β1
t (X + L)| → 0 a.s. as m →∞.

Notice the following consequence of repeated application of Theorem 2.

Corollary 1. Let L = {Lt}t∈[0,T] and X(k) = {X(k)t }t∈[0,T], k = 1, . . . , n, with L, X(k) ∈ L1(𝔽) and càdlàg such that
the requirements of Theorem 2 hold for each pair (L, X(k)), k = 1, . . . , n. Then

sup
t∈τm

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
Vτm
t (

n
∑
k=1

X(k) + L) −
n
∑
k=1
𝔼t[X(k)T − X

(k)
t ] − Vt(L)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
→ 0 a.s. as m →∞.

Next we present an example of a wide class of stochastic processes X which satisfies conditions (3.2)–(3.5)
in Lemma 1 and Theorem 2. These processes are strong solutions to stochastic differential equations driven
by Brownian motion; see (3.10) below.

Let μ, σ : [0,∞) × ℝ → ℝ be jointlymeasurable and satisfy the uniform Lipschitz type growth conditions

μ(t, x)2 + σ(t, x)2 < K1(1 + x2), (3.8)

|μ(t, x) − μ(t, y)| + |σ(t, x) − σ(t, y)| < K1|x − y| (3.9)

for some constant K1 > 0. Let W be an ℝ-valued 𝔽-adapted Brownian motion, and consider the stochastic
differential equation

dXt = μ(t, Xt)dt + σ(t, Xt)dWt , X0 = x0. (3.10)

Conditions (3.8) and (3.9) ensure that (3.10) has a unique strong solution which is a strong Markov process
(see [5, Appendix E, Theorem E7]). Moreover, (3.8) and (3.9) together imply that the solution X to (3.10) is
in L1(𝔽).

The following result gives sufficient conditions on the process {Xt}t∈[0,T], which is the strong solution
to (3.10), under which {Xt}t∈[0,T] satisfies the conditions in Theorem 2.

Theorem 3. Let {Xt}t∈[0,T] be the strong solution to (3.10) with μ and σ satisfying (3.8) and (3.9), and set
u(t, x) := 𝔼[XT | Xt = x]. If there exists K2 > 0 such that u satisfies either

|u(t, x) − u(s, y)| < K2(|t − s|1/2(1 + |x|) + |x − y|) (3.11)

for all (t, x), (s, y) ∈ [0, T] × ℝ with |t − s| ≤ 1, or

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂x

u(t, x)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
< K2 (3.12)

for all (t, x) ∈ [0, T] × ℝ, then {Xt}t∈[0,T] satisfies (3.2)–(3.5) for γ = 1
2 and any ε ∈ (0, 1).

Below, we give an example of a fairly general class of Itô processes for which both (3.11) and (3.12) hold.
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Example 1. Consider a process X given by the SDE

dXt = (a(t) + b(t)Xt)dt + σ(t, Xt)dWt , X0 = x0.

The functions a and b are assumed to be continuous, and σ is assumed to satisfy the usual Lipschitz and
linear growth conditions, ensuring existence of a strong solution. Then u(t, x) is given by the Feynman–Kac
equation

∂u
∂t
+ (a(t) + b(t)x)∂u

∂x
+
σ2(t, x)

2
∂2u
∂x2
= 0,

which has the easily verifiable solution u(t, x) = A(t) + B(t)x, where

B(t) = exp{−
T

∫
t

b(s)ds}, A(t) =
T

∫
t

a(s)B(s)ds.

Clearly, u satisfies (3.12). Furthermore, u satisfies (3.11):

|u(t, x) − u(s, y)| ≤ |A(t) − A(s)| + |B(s)||x − y| + |B(t) − B(s)||x|
≤ K2(|t − s|(1 + |x|) + |x − y|) ≤ K2(|t − s|1/2(1 + |x|) + |x − y|)

for |t − s| ≤ 1, where K2 := max{KA , KB , maxt∈[0,T]|B(t)|} with KA , KB denoting the Lipschitz constants for A
and B.

Due to the independent-increment property, additive processes (see [21, Chapter 2]) provide examples of
stochastic processes {Lt}t∈[0,T] for which the sequence of discrete-time CoCM processes converges to an
explicit continuous-time limit {Vt(L)}t∈[0,T], where Vt(L) is not equal to 𝔼t[LT − Lt].

Theorem 4. Let {Lt}t∈[0,T] be an ℝ-valued additive process in L0(𝔽) with the system of generating triplets
{(σ2t , νt , γt)}t∈[0,T]. For each t ∈ [0, T], let ̇σ2t and ̇γt be constants, and let ̇νt be a measure on ℝ \ {0} whose
restrictions to sets bounded away from 0 are finite. Consider the following statements.
(i) For each t ∈ [0, T],

1
δ
(σ2s+δ − σ

2
s , νs+δ − νs , γs+δ − γs) → ( ̇σ2t , ̇νt , ̇γt) as δ ↓ 0, s → t,

where the convergence in the second component means that

lim
δ↓0,s→t

1
δ ∫
ℝ\{0}

f(x)(νs+δ − νs)(dx) = ∫
ℝ\{0}

f(x) ̇νt(dx)

for bounded and continuous functions vanishing in a neighborhood of 0.
(ii) For each t ∈ [0, T),

lim
ε↓0

lim sup
δ↓0,s→t

∫
[−ε,ε]

x2 1
δ
(νs+δ − νs)(dx) = 0.

(iii) [0, T]×(0,∞)∋ (t, x) 󳨃→ ̇νt(x,∞)∈ (0,∞) is continuous, and x 󳨃→ ̇νt(x,∞) is strictly decreasing on (0,∞).
(iv) For some q ∈ (0,∞) and for each t ∈ [0, T], there exists qt ∈ (q,∞) solving ̇νt(qt ,∞) = − log α.
(v) supδ∈(0,T] supt∈[0,T−δ] δ−1 𝔼[(∆Lt+δ)2] < ∞.
Let {τm}∞m=1 be a sequence of partitions of [0, T], 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, such that limm→∞mesh(τm) = 0.
Let {Vτm

t (L)}t∈τm be given by (2.1) for τ = τm, with sequences {αδm,k } and {ηδm,k } satisfying (2.2). If (i)–(v) hold,
then L ∈ L1(𝔽) and

sup
t∈τm

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
Vτm
t (L) − 𝔼[LT − Lt] −

T

∫
t

KL(s)ds
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
→ 0 a.s. as m →∞, (3.13)

where KL(t) is given by

KL(t) = log(1 + η)qt −
∞

∫
qt

̇νt(x,∞)dx. (3.14)

Moreover, for β ∈ (0,∞),
sup
t∈τm
|V̂τm ,β

t (L) − V̌
τm ,β
t (L)| → 0 a.s. as m →∞.
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For the special case of Lévy processes or processes obtained by nonrandom time changes of Lévy processes,
Theorem4 simplifies considerably. Notice that a Lévy process is an additive processwith systemof generating
triplets {(σ2t , νt , γt)} = {(tσ2, tν, tγ)}.

Corollary 2. Let {L̃t}t∈[0,∞) be an ℝ-valued Lévy process with generating triplet {(σ2, ν, γ)} and with respect to
a filtration𝔾 = {Gt}t∈[0,∞). Consider the following statements.
(i) ∫ℝ x

2ν(dx) < ∞ and limε↓0 ∫[−ε,ε] x
2ν(dx) = 0.

(ii) x 󳨃→ ν(x,∞) is continuous and strictly decreasing on (0,∞).
Let λ : [0, T] → (0,∞) be continuous, let μ : [0, T] → (0,∞) be given by μ(t) = ∫t0 λ(s)ds, and let {Lt}t∈[0,T]
be given by Lt = L̃μ(t). Now consider {Lt}t∈[0,T] with respect to the filtration 𝔽 := {Gμ(t)}t∈[0,T]. Let {τm}∞m=1 be
a sequence of partitions of [0, T], 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, such that limm→∞mesh(τm) = 0. Let {Vτm

t (L)}t∈τm
be given by (2.1) for τ = τm, with sequences {αδm,k } and {ηδm,k } satisfying (2.2). If (i) and (ii) hold and, for
some q ∈ (0,∞) and for each t ∈ [0, T), there exists qt > q solving λ(t)ν(qt ,∞) = − log α, then (3.13) holds,
where

KL(t) = log(1 + η)qt − λ(t)
∞

∫
qt

ν(x,∞)dx.

Example 2. A compound Poisson process driven by a Poisson process N with mean-value function t 󳨃→ μ(t)
is an additive process with representation Lt = ∑Nt

k=1 Zk, where N is independent of the iid sequence {Zk}.
The Lévy measure of Lt is μ(t)PZ, where PZ is the common distribution of the variables Zk. In the setting of
Corollary 2, L̃ is a compound Poisson process driven by a homogeneous Poisson process Ñ with unit intensity
and representation L̃t = ∑Ñ t

k=1 Zk. If further 1 +
log α
λ(t) > 0 for all t ∈ [0, T), then (3.13) holds, where

KL(t) = log(1 + η)qt − λ(t)
∞

∫
qt

FZ(x)dx, qt = F−1Z (1 +
log α
λ(t) )

,

where FZ(z) = PZ(−∞, z] and FZ = 1 − FZ . For illustration, if we let L be a compound Poisson process with
jumps uniformly distributed on [0, 1] occurring according to a homogeneous Poisson process with intensity
λ such that q := 1 + log α

λ > 0, then

KL(t) = log(1 + η)q − λ(
1
2 − q +

1
2q

2),

Vt(L) = (T − t)(log(1 + η)q + λq − λ
1
2q

2) = (T − t)q(log(1 + η) + λ(1 − 12q)).

Remark 7. Since the statements in Theorems 2, 4 and Corollary 2 are a bit technical, it may be useful to
discuss the heuristics underlying these results.

If {Lt}t∈[0,T] is a process with independent increments, then the cost-of-capital margin Vτ
τk (L) is nonran-

dom for each τk, and therefore, due to the translation-invariance property in Theorem 1,

Vτ
τk (L) =

m−1
∑
i=k

φδi
τi (∆Lτi+1 ) = 𝔼[LT − Lτk ] +

m−1
∑
i=k

δi
φδi
τi (∆Lτi+1 − 𝔼[∆Lτi+1 ])

δi
.

If
φδ
t (Lt+δ − Lt − 𝔼[Lt+δ − Lt])

δ

converges uniformly in t to some integrable function KL(t) as δ ↓ 0, then there exists a limit process {Vt}t∈[0,T]
satisfying

Vt(L) = 𝔼[LT − Lt] +
T

∫
t

KL(s)ds.

The conditions in Theorem 4 are sufficient to ensure the uniform convergence, and showing this is the main
difficulty in the proof.
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The heuristics explaining why the continuous-time value for an Itô diffusion {Xt}t∈[0,T] should be the
expectation 𝔼t[XT − Xt] revolves around the fact that, for Brownian motion (a special case of an additive
process),

1
δ
VaRt,1−αδ (Wt+δ −Wt) → 0 as δ ↓ 0.

Suppose Vτ
τk+1 (X) ≈ 𝔼[XT − Xτk+1 | Xτk+1 ] and that we want to verify that also Vτ

τk (X) ≈ 𝔼[XT − Xτk | Xτk ]. Set
u(t, Xt) := 𝔼[XT | Xt], andnotice that, by Itô’s lemmaandbyFeynman–Kac, du(t, Xt) = ux(t, Xt)σ(t, Xt)dWt.
Then it seems likely, using the translation-invariance property in Theorem1 andpositive homogeneity ofφδk

τk ,
that

Vτk (X) = φ
δk
τk (Xτk+1 − Xτk + Vτ

τk+1 (X))

≈ u(τk , Xτk ) − Xτk + φ
δk
τk (Xτk+1 + u(τk+1, Xτk+1) − Xτk+1 − u(τk , Xτk ))

= u(τk , Xτk ) − Xτk + φ
δk
τk (u(τk+1, Xτk+1) − u(τk , Xτk ))

≈ u(τk , Xτk ) − Xτk + φ
δk
τk (ux(τk , Xτk )σ(τk , Xτk )∆Wτk+1 )

= u(τk , Xτk ) − Xτk + ux(τk , Xτk )σ(τk , Xτk )φ
δk
τk (∆Wτk+1 )

≈ u(τk , Xτk ) − Xτk .

In the first approximation, we used the assumption, in the second, we used an Euler–Maruyama approxima-
tion and, in the third, the fact that φδk

τk (∆Wτk+1 ) ≈ 0. Making these approximations precise requires detailed
analysis of the remainder terms in the argument of themapping φδk

τk . Essentially, this is done in Lemma1. The
fact that value-at-risk is not subadditive complicates the analysis and contributes to the need to introduce the
upper and lower CoCM processes in Definition 3.

4 Proofs
Proof of Theorem 1. The statements in Theorem 1 are immediate consequences of [7, Proposition 1] once
it is verified that VaRτk ,p (for an arbitrary p ∈ (0, 1)) is a mapping from L1(Fτk+δk ) to L1(Fτk ). However, the
verification follows from [7, Proposition 4] upon choosing MR in [7, Proposition 4] as the probability mea-
sure assigning unit mass to the singleton {1 − p}. For completeness, we present the argument showing this
property of VaRτk ,p. Notice that VaRτk ,p(|Y|) ≤ VaRτk ,p(Y) ≤ VaRτk ,p(−|Y|) and that

p𝔼[F−1τk ,|Y|(1 − p)] ≤ 𝔼[
1

∫
1−p

F−1τk ,|Y|(u)du] ≤ 𝔼[
1

∫
0

F−1τk ,|Y|(u)du] = 𝔼[𝔼τk [|Y|]] = 𝔼[|Y|] < ∞.

Therefore,
𝔼[|VaRτk ,p(−|Y|)|] = 𝔼[VaRτk ,p(−|Y|)] = 𝔼[F−1τk ,|Y|(1 − p)] < ∞,

𝔼[|VaRτk ,p(|Y|)|] = 𝔼[−F−1τk ,−|Y|(1 − p)] = 𝔼[F
−1
τk ,|Y|(p+)] < ∞.

Proof of Lemma 1. To ease notation, let t := τi, δ := δi = τi+1 − τi, A := Aτi+1 , Ut := 𝔼t[XT − Xt]. By Lemma 2,

V̂τ,ε󸀠
t (X + L) − 𝔼t[XT − Xt]

= φ̂δ,ε󸀠
t (∆(X + L)t+δ + V̂

τ,ε󸀠
t+δ (X + L)) − Ut

=
1

1 + ηδ
(𝔼t[∆(X + L)t+δ + V̂τ,ε󸀠

t+δ (X + L) − Ut] (4.1)

− (1 − αδ)ESt,1−αδ (−(∆(X + L)t+δ + V̂
τ,ε󸀠
t+δ (X + L) − Ut)) (4.2)

+ (1 − αδ + ηδ)VaRt,1−αδ−δ1+ε󸀠 (−(∆(X + L)t+δ + V̂
τ,ε󸀠
t+δ (X + L) − Ut))) (4.3)

If we replace ̂⋅ by ̌⋅ , term (4.3) is replaced by

(1 − αδ + ηδ)VaRt,1−αδ+δ1+ε󸀠 (−(∆(X + L)t+δ + V̂
τ,ε󸀠
t+δ (X + L) − Ut)). (4.4)
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We now bound (4.1)–(4.4) individually. We will use bounds (3.6) and (3.7) repeatedly throughout the argu-
ments.

Term (4.1). An upper bound for (4.1) is constructed as follows:

𝔼t[∆(Xt+δ + Lt+δ) + V̂τ,ε󸀠
t+δ (X + L) − Ut] ≤ 𝔼t[∆Lt+δ + V̂τ,ε󸀠󸀠

t+δ (L)] + 𝔼t[∆Xt+δ + Ut+δ − Ut + A(1 + X2t+δ)]

= 𝔼t[∆Lt+δ + V̂τ,ε󸀠󸀠
t+δ (L)] + A(1 + X

2
t + 𝔼t[∆X2t+δ])

≤ 𝔼t[∆Lt+δ + V̂τ,ε󸀠󸀠
t+δ (L)] + A(1 + X

2
t + C2δ(1 + X2t ))

= 𝔼t[∆Lt+δ + V̂τ,ε󸀠󸀠
t+δ (L)] + A(1 + C2δ)(1 + X

2
t ),

where (3.6) was used for the first inequality, the tower property of conditional expectations was used for the
equality and (3.5) was used for the second inequality. Similarly, a lower bound for (4.1) if we replace ̂⋅ with ̌⋅
is

𝔼t[∆Lt+δ + V̌τ,ε󸀠󸀠
t+δ (L)] − A(1 + C2δ)(1 + X

2
t ).

Term (4.2). We first construct an upper bound for (4.2). Using (3.6) and monotonicity and subadditivity of
expected shortfall,

ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̂τ,ε󸀠
t+δ (X + L) + Ut)

≤ ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L) − ∆Xt+δ − Ut+δ + Ut − A(1 + X2t+δ))

≤ ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + ESt,1−αδ (−∆Xt+δ − Ut+δ + Ut − A(1 + X2t+δ))

≤ ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + ESt,1−αδ (−∆Xt+δ) + ESt,1−αδ (−Ut+δ + Ut) + ESt,1−αδ (−A(1 + X2t+δ))

≤ ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + ESt,1−αδ (−|∆Xt+δ|) + ESt,1−αδ (−|Ut+δ − Ut|) + ESt,1−αδ (−A(1 + X2t+δ))

Notice that
ESt,1−αδ (−X2t+δ) = ESt,1−αδ (−∆X

2
t+δ − X

2
t ) ≤ X2t + ESt,1−αδ (−|∆X2t+δ|).

Applying Lemma 3 gives, for some function g(δ) ∈ o(1) as δ → 0,

ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̂τ,ε󸀠
t+δ (X + L) + Ut)

≤ ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + 2g(δ)(1 + X

2
t ) + A(1 + g(δ))(1 + X2t ).

We now construct a lower bound for (4.2), replacing ̂⋅ with ̌⋅ . Using (3.7) andmonotonicity and subadditivity
of expected shortfall,

ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̌τ,ε󸀠
t+δ (X + L) + Ut)

≥ ESt,1−αδ (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L) − ∆Xt+δ − Ut+δ + Ut + A(1 + X2t+δ))

≥ ESt,1−αδ (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L)) − ESt,1−αδ (∆Xt+δ + Ut+δ − Ut − A(1 + X2t+δ))

An upper bound for ESt,1−αδ (∆Xt+δ + Ut+δ − Ut − A(1 + X2t+δ)), derived as above, gives the lower bound for
(4.2):

ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̌τ,ε󸀠
t+δ (X + L) + Ut)

≥ ESt,1−αδ (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L)) − 2g(δ)(2 + X

2
t ) − A(1 + g(δ))(1 + X2t ).

Notice that limδ→0 δ−1(1 − αδ) = − log α. Therefore, there exists a function f(δ) ∈ o(δ) such that, for all δ > 0
sufficiently small,

(1 − αδ)ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̂τ,ε󸀠
t+δ (X + L) + Ut)

≤ (1 − αδ)ESt,1−αδ (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + ((1 − log α)δA + f(δ))(1 + X

2
t ),

(1 − αδ)ESt,1−αδ (−∆(Xt+δ + Lt+δ) − V̌τ,ε󸀠
t+δ (X + L) + Ut)

≥ (1 − αδ)ESt,1−αδ (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L)) − ((1 − log α)δA + f(δ))(1 + X

2
t ).
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Term (4.3). Now we construct an upper and a lower bound for (4.3). Using (3.6) and monotonicity of value-
at-risk,

VaRt,1−αδ−δ1+ε󸀠 (−∆(Xt+δ + Lt+δ) − V̂τ,ε󸀠
t+δ (X + L) + Ut)

≤ VaRt,1−αδ−δ1+ε󸀠 (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L) − |Ut+δ − Ut| − A(1 + X2t+δ) − |∆Xt+δ|)

≤ VaRt,1−αδ−δ1+ε󸀠 (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L) − |∆Xt+δ| − |Ut+δ − Ut| − A|∆X2t+δ|) + A(1 + X

2
t ).

Similarly,

VaRt,1−αδ+δ1+ε󸀠 (−∆(Xt+δ + Lt+δ) − Vτ
t+δ(X + L) + Ut)

≥ VaRt,1−αδ+δ1+ε󸀠 (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L) + |∆Xt+δ| + |Ut+δ − Ut| + A|∆X2t+δ|) − A(1 + X

2
t ).

Applying Lemma 4, for δ sufficiently small, yields the upper bound

VaRt,1−αδ−δ1+ε󸀠 (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L) − |∆Xt+δ| − |Ut+δ − Ut| − A|∆X2t+δ|)

≤ VaRt,1−αδ−δ1+ε󸀠󸀠 (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L)) + 5δ

(u−εu)/2(1 + A)(1 + X2t ).

Similarly,

VaRt,1−αδ+δ1+ε󸀠 (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L) + |∆Xt+δ| + |Ut+δ − Ut| + A|∆X2t+δ|)

≥ VaRt,1−αδ+δ1+ε󸀠󸀠 (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L)) − 5δ

(u−εu)/2(1 + A)(1 + X2t ).

Notice that limδ→0 δ−1(1 − αδ + ηδ) = log(1 + η) − log(α), and therefore, there exists a function f(δ) ∈ o(δ)
such that, for all δ > 0 sufficiently small,

(1 − αδ + ηδ)VaRt,1−αδ−δ1+ε󸀠 (−∆(Xt+δ + Lt+δ) − Vτ
t+δ(X + L) − Ut)

≤ (1 − αδ + ηδ)VaRt,1−αδ−δ1+ε󸀠󸀠 (−∆Lt+δ − V̂
τ,ε󸀠󸀠
t+δ (L))

+ A(1 + log(1 + η) − log α)δ(1 + X2t ) + f(δ)(1 + X2t ),
(1 − αδ + ηδ)VaRt,1−αδ+δ1+ε󸀠 (−∆(Xt+δ + Lt+δ) − Vτ

t+δ(X + L) − Ut)

≥ (1 − αδ + ηδ)VaRt,1−αδ+δ1+ε󸀠󸀠 (−∆Lt+δ − V̌
τ,ε󸀠󸀠
t+δ (L))

− A(1 + log(1 + η) − log α)δ(1 + X2t ) − f(δ)(1 + X2t ).

Summing up, there exists a function f(δ) ∈ o(δ) such that, for any sufficiently small δ > 0, defining

B := C2 + log η + 2 − 2 log α,

we have

V̂τ,ε󸀠
t (X + L) ≤ 𝔼t[XT − Xt] + φ̂δ,ε󸀠󸀠

t (∆Lt+δ + V̂
τ,ε󸀠󸀠
t+δ (L)) + A(1 + (C2 + log η + 2 − 2 log α)δ) + f(δ)

= 𝔼t[XT − Xt] + V̂τ,ε󸀠󸀠
t (L) + A(1 + Bδ) + f(δ),

Vτ
t (X + L) ≥ 𝔼t[XT − Xt] + φ̌δ,ε󸀠󸀠

t (∆Lt+δ + V̌
τ,ε󸀠󸀠
t+δ (L)) − A(1 + (C2 + log η + 2 − 2 log α)δ) + f(δ)

= 𝔼t[XT − Xt] + V̌τ,ε󸀠󸀠
t (L) − A(1 + Bδ) + f(δ).

The proof is complete.

Proof of Theorem 2. Consider any sequence of partitions {τm}∞m=1. Takem sufficiently large so that mesh(τm)
is small enough for the statements of Theorem 1 to hold for each t ∈ τm, with respect to the triple β2 < β1 < ε
and a function f(δ) ∈ o(δ). We show via backward induction that

V̂τm ,β1
τm,i (X + L) ≤ 𝔼τm,i [XT − Xτi ] + Aτm,i (1 + X2τm,i ) + V̂

τm ,β2
τm,i (L), (4.5)

V̌τm ,β1
τi (X + L) ≥ 𝔼τm,i [XT − Xτi ] − Aτm,i (1 + X2τm,i ) + V̌

τm ,β2
τm,i (L). (4.6)
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However, since the induction base i = m is trivial and the induction step follows immediately from Lemma 1,
(4.5) and (4.6) immediately follow. Now we note, by Lemma 5, that there exists h(δ) ∈ o(1) such that, for
each m large enough and k = 0, . . . ,m, Aτm,k ≤ h(mesh(τm)). Hence,

sup
t∈τm
|Vτm

t (X + L) − 𝔼t[XT − Xt] − Vt(L)|

≤ sup
t∈τm

max(|V̂τm ,β1
t (X + L) − 𝔼t[XT − Xt] − Vt(L)|, |V̌

τm ,β1
t (X + L) − 𝔼t[XT − Xt] − Vt(L)|)

≤ sup
t∈τm

max(|V̂τm ,β2
t (L) − Vt(L)|, |V̌

τm ,β2
t (L) − Vt(L)|) + sup

k∈{0,...,m}
Aτm,k (1 + X2τm,k )

≤ sup
t∈τm

max(|V̂τm ,β2
t (L) − Vt(L)|, |V̌

τm ,β2
t (L) − Vt(L)|) + h(mesh(τm))(1 + sup

t∈[0,T]
X2t ).

Similarly,

sup
t∈τm
|V̂τm ,β1

t (X + L) − V̌
τm ,β1
t (X + L)| ≤ sup

t∈τm
|V̂τm ,β2

t (L) − V̌
τm ,β2
t (L)| + 2h(mesh(τm))(1 + sup

t∈[0,T]
X2t )

Now, if supt∈[0,T] X2t < ∞ almost surely, then

sup
t∈τm

max(|V̂τm ,β2
t (L) − Vt(L)|, |V̌

τm ,β2
t (L) − Vt(L)|)

+ h(mesh(τm))(1 + sup
t∈[0,T]

X2t ) → 0 a.s. as m →∞,

and
sup
t∈τm
|V̂τm ,β2

t (L) − V̌
τm ,β2
t (L)| + 2h(mesh(τm))(1 + sup

t∈[0,T]
X2t ) → 0 a.s. as m →∞.

This completes the proof.

Proof of Theorem 3. Consider any ε ∈ (0, 1). By Lemma 6, for all y ≥ δ(1−ε)/4 and t ∈ [0, T − δ], for δ > 0 suf-
ficiently small,

ℙt( sup
s∈[t,t+δ]
|Xs − Xt| > y(1 + |Xt|)) ≤ C1 exp{−

y2

C2δ
},

ℙt( sup
s∈[t,t+δ]
|X2s − X2t | > y(1 + |Xt|)2) ≤ C1 exp{−

y2

C2δ
}.

Notice that
C1 exp{−

y2

C2δ
} ≤

C1
1 + y2

C2δ +
y4

2C2δ2
≤ 2C1C2δ2y−4, (4.7)

from which it is clear that we may bound C1 exp{− y2
C2δ } from above by Cδ2y−2/γ for all y ≥ δγ(1−ε)/2 for γ = 1

2
and C = 2C1C2. We have therefore verified that conditions (3.2) and (3.3) in Lemma 1 hold.

Suppose first that the function u satisfies (3.11). Then

ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − Xs − u(t, Xt) + Xt| > y(1 + |Xt|))

≤ ℙt( sup
s∈[t,t+δ]
(K2 + 1)(δ1/2(1 + |Xt|) + |Xs − Xt|) > y(1 + |Xt|))

= ℙt( sup
s∈[t,t+δ]
|Xs − Xt| > (

y
K2 + 1
− δ1/2)(1 + |Xt|)).

For any β ∈ (0, ε),
δ(1−ε)/4

K2 + 1
− δ1/2 > δ(1−β)/4

for δ sufficiently small. Hence, by Lemma 6 and (4.7), condition (3.4) holds for y ≥ δ(1−β)/4. Since ε ∈ (0, 1)
was arbitrary, we have verified that (3.4) in Lemma 1 holds for y ≥ δ(1−ε)/4. Now suppose instead that the
function u satisfies (3.12). Then the verification of (3.4) in Lemma 1 follows from combining Lemma 8 and
(4.7). Finally, the verification of condition (3.5) in Lemma 1 follows from Lemma 7.



H. Engsner and F. Lindskog, Limits of multi-period cost-of-capital margins | 95

Proof of Theorem 4. First notice that, by (v), 𝔼[|Lt|] ≤ 𝔼[L2t ]1/2 < ∞, and therefore L ∈ L2(𝔽) ⊂ L1(𝔽). Write
∆Lt+δ := Lt+δ − Lt, and notice that ∆Lt+δ is infinitely divisible with Lévy measure νt+δ − νt. We first show the
statement

lim
δ↓0,s→t
|F−1∆Ls+δ (αδ) − qt| = 0. (4.8)

Write F∆Ls+δ (x) := 1 − F∆Ls+δ (x), and notice that

F−1∆Ls+δ (αδ) = min{x : F∆Ls+δ (x) ≥ αδ} = min{x : exp{1δ log(1 − F∆Ls+δ (x))} ≥ α
1/δ
δ }

= min{x : 1δ log(1 − F∆Ls+δ (x)) ≥
1
δ
log(1 − (1 − αδ))}.

Notice that −y − y2 ≤ log(1 − y) ≤ −y for y ∈ [0, 1), and recall that limδ→0
1−αδ
δ = − log α. By Lemma 9, Corol-

lary 3 and the continuity of x 󳨃→ ̇νt(x,∞) for x > 0,

lim
δ↓0,s→t

1
δ
F∆Ls+δ (x) = ̇νt(x,∞) for every x > 0. (4.9)

Moreover, by combining assumptions (iii) and (iv), there exists a unique qt > 0 such that ̇νt(qt ,∞) = − log α.
Statement (4.8) now follows.

We next show the statement

lim
δ↓0,s→t

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
δ(

φδ
s (∆Ls+δ) −

𝔼[∆Ls+δ]
1 + ηδ

) − KL(t)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0, (4.10)

whereKL(t) is given in (3.14).Notice that, due to the independent increments of additiveprocesses,φδ
s (∆Ls+δ)

is independent of Fs and
1
δ
φδ
s (∆Ls+δ) =

1
δ
F−1∆Ls+δ (αδ) −

1
(1 + ηδ)δ

𝔼[(F−1∆Ls+δ (αδ) − ∆Ls+δ)+]

=
(1 − F∆Ls+δ (F−1∆Ls+δ (αδ)) + ηδ)F

−1
∆Ls+δ (αδ)

(1 + ηδ)δ
+
𝔼[∆Ls+δ I{∆Ls+δ ≤ F−1∆Ls+δ (αδ)}]

(1 + ηδ)δ
.

Notice that
1
δ
𝔼[∆Ls+δ I{∆Ls+δ ≤ F−1∆Ls+δ (αδ)}] =

1
δ
𝔼[∆Ls+δ] −

1
δ
𝔼[∆Ls+δ I{∆Ls+δ > F−1∆Ls+δ (αδ)}]

=
1
δ
𝔼[∆Ls+δ] −

F−1∆Ls+δ (αδ)
δ
(1 − F∆Ls+δ (F−1∆Ls+δ (αδ)))

−
1
δ

∞

∫

F−1
∆Ls+δ
(αδ)

ℙ(∆Ls+δ > x)dx.

Hence,
1
δ(

φδ
s (∆Ls+δ) −

𝔼[∆Ls+δ]
1 + ηδ

) =
ηδF−1∆Ls+δ (αδ)
(1 + ηδ)δ

−
1

(1 + ηδ)δ

∞

∫

F−1
∆Ls+δ
(αδ)

ℙ(∆Ls+δ > x)dx.

Combining (2.2) and (4.8) establishes the appropriate convergence to log(1 + η)qt of the first terms on the
right-hand side as δ → 0. We now address the second term. First notice that, by (4.8), there exists c ∈ (0,∞)
such that

lim sup
δ↓0,s→t

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞

∫

F−1
∆Ls+δ
(αδ)

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx −
∞

∫
qt

̇νt(x,∞)dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ lim sup
δ↓0,s→t

c|F−1∆Ls+δ (αδ) − qt| + lim sup
δ↓0,s→t

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞

∫
qt

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx −
∞

∫
qt

̇νt(x,∞)dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= lim sup
δ↓0,s→t

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∞

∫
qt

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx −
∞

∫
qt

̇νt(x,∞)dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
. (4.11)
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We will show that (4.11) equals 0. By continuity of x 󳨃→ ̇νt(x,∞) for x > 0 and the fact that all func-
tions in (4.9) are monotone, the pointwise convergence in (4.9) is in fact uniform on any interval [a, b],
0 < a < b < ∞. Hence, for any b ∈ (qt ,∞),

lim sup
δ↓0,s→t

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

b

∫
qt

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx −
b

∫
qt

̇νt(x,∞)dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0,

from which it follows that (4.11) is less than or equal to

lim sup
δ↓0,s→t

∞

∫
b

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx +
∞

∫
b

̇νt(x,∞)dx.

Next we show that the above upper bound on (4.11) can be chosen arbitrarily small by choosing b sufficiently
large. By Markov’s inequality, it follows that

1
δ
ℙ(∆Ls+δ > x) ≤

1
δ
ℙ((∆Ls+δ)2 > x2) ≤

𝔼[(∆Ls+δ)2]
δx2

and further that
∞

∫
b

1
δ
ℙ(∆Ls+δ > x)dx ≤

1
δb
𝔼[(∆Ls+δ)2].

In particular, the assumed property (v) gives

lim
b→∞

lim sup
δ↓0,s→t

∞

∫
b

1
(1 + ηδ)δ

ℙ(∆Lt+δ > x)dx = 0.

By Fatou’s lemma, assumption (v) and (4.9), for any b ∈ (0,∞),
∞

∫
b

̇νt(x,∞)dx ≤ lim inf
δ↓0,s→t

∞

∫
b

1
δ
ℙ(∆Ls+δ > x)dx ≤ lim sup

δ↓0,s→t

∞

∫
b

1
δ
ℙ(∆Ls+δ > x)dx < ∞.

In particular,

lim
b→∞

lim sup
δ↓0

∞

∫
b

̇νt(x,∞)dx = 0.

Summing up, we have shown that (4.11) equals 0, from which it follows that

lim
δ↓0,s→t

∞

∫

F−1
∆Ls+δ
(αδ)

1
(1 + ηδ)δ

ℙ(∆Ls+δ > x)dx =
∞

∫
qt

̇νt(x,∞)dx

and further that (4.10) holds. By combining assumptions (iii) and (iv), there exists a unique qt > 0 such that
̇νt(qt ,∞) = − log α. Moreover, by joint continuity of (t, x) 󳨃→ ̇νt(x,∞), t 󳨃→ qt is continuous. Since also t 󳨃→ qt
is uniformly bounded away from 0, t 󳨃→ KL(t) is continuous on [0, T]. Thus (4.10) and Lemma 10 together
imply

lim
δ↓0

sup
t∈[0,T−δ]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
δ(

φδ
t (∆Lt+δ) −

𝔼[∆Lt+δ]
1 + ηδ

) − KL(t)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0. (4.12)

It remains to prove the convergence in (3.13). For any k ∈ {0, . . . ,m − 1},

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
Vτm
τm,k (L) − 𝔼[LT − Lτm,k ] −

T

∫
τm,k

KL(s)ds
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

m−1
∑
i=k

ηδm,i

1 + ηδm,i

𝔼[∆Lτm,i+δm,i ]
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

(4.13)
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+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
φδm,k
τm,k ∘ ⋅ ⋅ ⋅ ∘ φ

δm,m−1
τm,m−1(

m−1
∑
i=k

∆Lτm,i+δm,i)

−
m−1
∑
i=k

𝔼[∆Lτm,i+δm,i ]
1 + ηδm,i

−
m−1
∑
i=k

KL(τm,i)δm,i

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
(4.14)

+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

m−1
∑
i=k

KL(τm,i)δm,i −
T

∫
τm,k

KL(s)ds
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
. (4.15)

Term (4.15) tends to 0 as m →∞ from the definition of the Riemann integral. Moreover, (4.13) is less than
or equal to

sup
i≤m−1
|𝔼[∆Lτm,i+δm,i ]|

m−1
∑
i=k

ηδm,i

1 + ηδm,i

→ 0 as m →∞

since the sum is uniformly bounded in m and, by Hölder’s inequality and assumption (v),

lim sup
m→∞

sup
i≤m−1
|𝔼[∆Lτm,i+δm,i ]| ≤ lim sup

m→∞
sup
i≤m−1
𝔼[|∆Lτm,i+δm,i |] ≤ lim sup

m→∞
sup
i≤m−1
𝔼[(∆Lτm,i+δm,i )

2]1/2

= lim sup
m→∞

sup
i≤m−1

δ1/2m,i(
𝔼[(∆Lτm,i+δm,i )

2]
δm,i

)
1/2

≤ lim sup
m→∞

sup
i≤m−1

δ1/2m,i(lim sup
δ↓0

sup
t∈[0,T−δ]

1
δ
𝔼[(∆Lt+δ)2])

1/2
= 0.

Using the translation-invariance property in Theorem 1 (i) and (4.12), term (4.14) equals

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

m−1
∑
i=k

δm,i(
1

δm,i
(φδm,i

τm,i (∆Lτm,i+δm,i ) −
𝔼[∆Lτm,i+δm,i ]
1 + ηδm,i

) − KL(τm,i))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ T max
0≤i≤m−1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1

δm,i
(φδm,i

τm,i (∆Lτm,i+δm,i ) −
𝔼[∆Lτm,i+δm,i ]
1 + ηδm,i

) − KL(τm,i)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
→ 0 as m →∞.

Hence, (4.12) implies (3.13).
Now it only remains to show that, for any β ∈ (0,∞),

sup
t∈τm
|V̂τm ,β

t (L) − V̌
τm ,β
t (L)| → 0 a.s. as m →∞.

This is straightforward considering the fact that also the sequences {αδm,k − δ
1+β
m,k}

m−1
k=0 and {αδm,k + δ

1+β
m,k}

m−1
k=0

satisfy (2.2), yielding
lim
m→∞

sup
k≤m−1
|F−1∆Lτm,k+δm,k

(αδm,k ± δ
1+β
m,k) − qt| = 0.

Thus, the arguments in the above proof for Vτm hold for both V̂τm ,β and V̌τm ,β. This concludes the proof.

Proof of Corollary 2. Notice that {Lt}t∈[0,T] has the system of generating triplets

{(σ2t , νt , γt)} = {(μ(t)σ2, μ(t)ν, μ(t)γ)}.

Now we verify requirements (i)–(v) in Theorem 4, noting that ( ̇σ2t , ̇νt , ̇γt) = λ(t)(σ2, ν, γ).
(i) For each δ ∈ (0, T]and s ∈ [0, T − δ], by the integralmeanvalue theorem, there exists a θs,δ ∈ [s, s + δ]

such that 1
δ
(σ2s+δ − σ

2
s , νs+δ − νs , γs+δ − γs) = λ(θs,δ)(σ2, ν, γ)

By the continuity of t 󳨃→ λ(t), we immediately get

lim
δ↓0,s→t

1
δ
(σ2s+δ − σ

2
s , νs+δ − νs , γs+δ − γs) = lim

δ↓0,s→t
λ(θs,δ)(σ2, ν, γ)

= λ(t)(σ2, ν, γ) = ( ̇σ2t , ̇νt , ̇γt).
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(ii) The statement follows from assumption (i) in Corollary 2 and the fact

∫
[−ε,ε]

x2 1
δ
(νt+δ − νt)(dx) =

μ(t + δ) − μ(t)
δ ∫

[−ε,ε]

x2ν(dx).

(iii) The statement follows from ̇νt(x,∞) = λ(t)ν(x,∞), which is jointly continuous by assumption (ii) in
Corollary 2 and the assumed continuity of t 󳨃→ λ(t).

(iv) Since ̇νt(qt ,∞) = λ(t)ν(qt ,∞) and, by assumption, there exists qt > 0 solving λ(t)ν(qt ,∞) = − log α,
the statement follows.

(v)We first note that, by assumption (ii) and [21, Corollary 25.8], L̃t ∈ L2(𝔾). For any s > 0 and δ ∈ [0, s],
by the stationary and independent increments property,

s1
δ
𝔼[L̃2δ] − sδ𝔼[L̃1]

2 = s1
δ
(𝔼[L̃2δ] − 𝔼[L̃δ]

2) = (
s
δ)

Var(L̃δ) = sVar(L̃1) < ∞,

from which supδ∈(0,s] δ−1 𝔼[L̃2δ] < ∞ for any s > 0 follows. Notice that, for any δ ∈ (0, T] and t ∈ [0, T − δ],

∆Lt+δ = L̃μ(t+δ) − L̃μ(t)
d
= L̃μ(t+δ)−μ(t)

and, from the mean value theorem,

λ := min
s∈[0,T]

λ(s) ≤ μ(t + δ) − μ(t)
δ

≤ max
s∈[0,T]

λ(s) =: λ,

where 0 < λ ≤ λ < ∞. Hence,

sup
δ∈(0,T]

sup
t∈[0,T−δ]

1
δ
𝔼[(∆Lt+δ)2] ≤ sup

δ∈(0,T]
λ 1
λδ
𝔼[(∆L̃λδ)

2] = λ sup
δ∈(0,λT]

1
δ
𝔼[(∆L̃δ)2] < ∞,

which verifies statement (v).

5 Auxiliary results
Lemma 2. For Y ∈ L1(Ft+δ),

φδ
t (Y) =

1
1 + ηδ
(𝔼t[Y] − (1 − αδ)ESt,1−αδ (−Y) + (1 − αδ + ηδ)VaRt,1−αδ (−Y)).

Proof. Notice that

−𝔼t[(VaRt,1−αδ (−Y) − Y)+] = −𝔼t[(VaRt,1−αδ (−Y) − Y)I{Y≤VaRt,1−αδ (−Y)}]

= 𝔼t[(Y − VaRt,1−αδ (−Y))(1 − I{Y>VaRt,1−αδ (−Y)})]

= 𝔼t[Y] − VaRt,1−αδ (−Y) − 𝔼t[(Y − VaRt,1−αδ (−Y))+].

Straightforward calculations, see [6, Lemma 2.2], yield

𝔼t[(Y − VaRt,1−αδ (−Y))+] = (1 − αδ)(ESt,1−αδ (−Y) − VaRt,1−αδ (−Y)),

from which we conclude that

−𝔼t[(VaRt,1−αδ (−Y) − Y)+] = 𝔼t[Y] − (1 − αδ)ESt,1−αδ (−Y) − αδ VaRt,1−αδ (−Y).

Hence,

φt(Y) = VaRt,1−αδ (−Y) −
1

1 + ηδ
𝔼t[(VaRt,1−αδ (−Y) − Y)+]

=
1

1 + ηδ
(𝔼t[Y] − (1 − αδ)ESt,1−αδ (−Y) + (1 − αδ + ηδ)VaRt,1−αδ (−Y)).
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Lemma 3. Let {Xt}t∈[0,T] and {Ut}t∈[0,T] be adapted processes. Suppose that there exist constants δ0 ∈ (0, 12 ),
γ ∈ (0, 2), ε ∈ (0, 1) and C1 > 0 such that, for δ ∈ (0, δ0) and for any y ≥ δ(γ−εγ)/2 and any t ∈ [0, T − δ],

ℙt(|∆Xt+δ| > y(1 + |Xt|)) ≤ C1δ2y−2/γ ,
ℙt(|∆Ut+δ| > y(1 + |Xt|)) ≤ C1δ2y−2/γ ,
ℙt(|∆X2t+δ| > y(1 + |Xt|)2) ≤ C1δ2y−2/γ .

Then, for some g(δ) ∈ o(1),
ESt,1−αδ (−|∆Xt+δ|) ≤ g(δ)(1 + |Xt|),
ESt,1−αδ (−|∆Ut+δ|) ≤ g(δ)(1 + |Xt|),
ESt,1−αδ (−|∆X2t+δ|) ≤ g(δ)(1 + X

2
t ).

Proof. By assumption,

ℙt(|∆Xt+δ| > y) ≤ C1δ2(
y

1 + |Xt|
)
−2/γ

for y ≥ (1 + |Xt|)δ(γ−εγ)/2. Solving C1δ2y−2/γ(1 + |Xt|)2/γ = p for y gives

y(p) = (1 + |Xt|)(
p

C1δ2
)
−γ/2

.

Hence, for r ∈ (0, 1) and δ small enough,

ESt,1−αδ (−|∆Xt+δ|) ≤
1

δ1+r

δ1+r

∫
0

y(p)dp

= (1 + |Xt|)C
γ/2
1 δγ 1

δ1+r

δ1+r

∫
0

p−γ/2 dp

=
(1 + |Xt|)C

γ/2
1

1 − u/2 δγ(1−(1+r)/2) =: g(δ)(1 + |Xt|).

The same argument shows the upper bound for ESt,1−αδ (−|∆Ut+δ|). A similar argument applies for showing
the upper bound for ESt,1−αδ (−|∆X2t+δ|): by assumption,

ℙ(|∆X2t+δ| > y | Ft) ≤ C1δ2(
y

(1 + |Xt|)2
)
−2/γ

for y ≥ (1 + |Xt|)2δ(γ−εγ)/2. The same argument as above gives

ESt,1−αδ (−|∆X2t+δ|) ≤ g(δ)(1 + |Xt|)2.

Noting that (1 + |Xt|)2 ≤ 2(1 + X2t ) yields the upper bound in the statement.

Lemma 4. Let {Xt}t∈[0,T], {Yt}t∈[0,T] and {Ut}t∈[0,T] be adapted processes. Suppose that there exist constants
δ0 ∈ (0, 12 ), γ ∈ (0, 2), ε ∈ (0, 1)and C1 > 0 such that, for δ ∈ (0, δ0)and for any y ≥ δ

(γ−εγ)/2 and t ∈ [0, T − δ],

ℙt(|∆Xt+δ| > y(1 + |Xt|)) ≤ C1δ2y−2/γ ,
ℙt(|∆Ut+δ| > y(1 + |Xt|)) ≤ C1δ2y−2/γ ,
ℙt(|∆X2t+δ| > y(1 + |Xt|)2) ≤ C1δ2y−2/γ .

Then, for any K > 0, β1, β2 ∈ (0, ε), with β2 < β1 and sufficiently small δ ∈ (0, δ0),

VaRt,1−αδ−δ1+β1 (−Yt+δ − K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|))
≤ VaRt,1−αδ−δ1+β2 (−Yt+δ) + 5Kδ

(γ−εγ)/2(1 + X2t ),
VaRt,1−αδ+δ1+β1 (−Yt+δ + K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|))
≥ VaRt,1−αδ+δ1+β2 (−Yt+δ) − 5Kδ

(γ−εγ)/2(1 + X2t ).



100 | H. Engsner and F. Lindskog, Limits of multi-period cost-of-capital margins

Proof. Let
E := {|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ| ≤ δ

(γ−εγ)/2(3 + 2|Xt| + X2t )},
EX := {|∆Xt+δ| ≤ δ(γ−εγ)/2(1 + |Xt|)},
EU := {|∆Ut+δ| ≤ δ(γ−εγ)/2(1 + |Xt|)},
EX2 := {|∆X2t+δ| ≤ δ

(γ−εγ)/2(1 + |Xt|)2}.

From ℙt(E) ≥ ℙt(EX ∩ EU ∩ EX2 ), it follows that ℙt(EC) ≤ ℙt(ECX) + ℙt(E
C
U) + ℙt(E

C
X2 ). Hence,

ℙt(EC) ≤ 3C1δ2(δ(γ−εγ)/2)−2/γ = 3C1δ1+ε .

Notice that

ℙt(Yt+δ − K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|) ≤ x)
= ℙt(E ∩ {Yt+δ − K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|) ≤ x})
+ ℙt(EC ∩ {Yt+δ − K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|) ≤ x})

≤ ℙt(Yt+δ ≤ x + Kδ(γ−εγ)/2(3 + 4|Xt| + X2t )) + ℙt(EC)

and similarly

ℙt(Yt+δ + K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|) ≤ x)
≥ ℙt(Yt+δ + |K|(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|) ≤ x)
≥ ℙt(E ∩ {Yt+δ ≤ x − Kδ(γ−εγ)/2(3 + 4|Xt| + X2t )})
≥ ℙt(Yt+δ ≤ x − Kδ(γ−εγ)/2(3 + 4|Xt| + X2t )) − ℙt(EC).

Hence, we conclude that, for δ small enough,

VaRt,1−αδ+δ1+β1 (−Yt+δ + K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|))
≥ VaRt,1−αδ+δ1+β1+ℙt(EC)(−Yt+δ) − Kδ

(γ−εγ)/2(3 + 4|Xt| + X2t )
≥ VaRt,1−αδ+δ1+β1+3C1δ1+ε (−Yt+δ) − Kδ

(γ−εγ)/2(3 + 4|Xt| + X2t )

and analogously that

VaRt,1−αδ−δ1+β1 (−Yt+δ − K(|∆Xt+δ| + |∆Ut+δ| + |∆X2t+δ|))
≤ VaRt,1−αδ−δ1+β1−3C1δ1+ε (−Yt+δ) + Kδ

(γ−εγ)/2(3 + 4|Xt| + X2t ).

Wenote that 2|Xt| ≤ 1 + X2t , 3 + 4|Xt| + X2t ≤ 5 + 3X2t ≤ 5(1 + X2t ).Moreover, δ1+β1 + 3C1δ1+ε < δ1+β2 for δ suf-
ficiently small. The proof is complete.

Lemma 5. Let {τm}∞m=1 be a sequence of partitions of [0, T]with 0 = τm,0 < ⋅ ⋅ ⋅ < τm,m = T, let g(δ) ∈ o(δ), and
let B > 0 be a constant. Define

Aτm
τm,k := A

τm
τm,k+1 (1 + B(τm,k+1 − τm,k)) + g(τm,k+1 − τm,k), Aτm

τm,m := 0.

Then there exists h(δ) ∈ o(δ) such that Aτm
τm,k ≤ h(mesh(τm)) for all m, k.

Proof. Let δm,k := τm,k+1 − τm,k. Noticing that 1 + Bδm,k ≤ eBδm,k gives

Aτm
τm,k ≤

m−1
∑
j=k

g(δm,j) exp{B
m−1
∑
j=k

δm,j} ≤ eBT
m−1
∑
j=k

δm,k max
k≤j≤m

g(δm,j)
δm,j
≤ TeBT sup

δ≤mesh(τm)

g(δ)
δ

.

Lemma 6. Let {Yt}t∈[0,T] be the strong solution to (3.10) with μ and σ satisfying (3.8) and (3.9). Then there are
constants C1, C2 ∈ (0,∞) such that, for δ ∈ (0, 1) sufficiently small and y > δβ for any given β ∈ (0, 12 ),

ℙt( sup
s∈[t,t+δ]
|Ys − Yt| > y(1 + |Yt|)) ≤ C1 exp{−

y2

C2δ
}, (5.1)

ℙt( sup
s∈[t,t+δ]
|Y2

s − Y2
t | > 3y(1 + |Yt|)2) ≤ 2C1 exp{−

y2

C2δ
}. (5.2)
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Proof. We first prove (5.1). Let τ := inf{s ∈ [t, t + δ] : |Ys − Yt| > y(1 + |Yt|)}, and notice that

ℙt( sup
s∈[t,t+δ]
|Ys − Yt| > y(1 + |Yt|)) = ℙt(τ ≤ t + δ)

≤ ℙt(τ ≤ t + δ, sup
t≤s≤τ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

s

∫
t

μ(u, Yu)du
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
>
1
2 y(1 + |Yt|)) (5.3)

+ ℙt(τ ≤ t + δ, sup
t≤s≤τ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

s

∫
t

σ(u, Yu)dWu

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
>
1
2 y(1 + |Yt|)). (5.4)

Notice that s ≤ τ implies |Ys| ≤ |x| + y(1 + |x|) which, in turn, by growth condition (3.8) for μ and σ, implies
that there is some finite constant M such that

max{ sup
s∈[t,τ]
|μ(s, Ys)|, sup

s∈[t,τ]
|σ(s, Ys)|} ≤ M(1 + |Yt|). (5.5)

Hence, for δ ∈ (0, 1) sufficiently small, the probability in (5.3) is zero. The probability in (5.4) can be bounded
from above as follows. Since s 󳨃→ ∫s0 σ(u, Yu)dWu is a continuous local martingale, it may be expressed as
a random time change s 󳨃→ H(s) := ∫s0 σ(u, Yu)

2 du of a Brownian motion. By (5.5) and [11, Theorem 18.4],
there is standard Brownian motion W̃ such that (5.4) is less than or equal to

ℙt(H(t + δ) − H(t) ≤ δM2(1 + |Yt|)2, sup
s∈[t,t+δ]
|W̃H(s) − W̃H(t)| >

1
2 y(1 + |Yt|)) ≤ ℙt( sups∈[0,δ]

|W̃ s| >
y
2M).

Applying [5, Lemma 5.2.1] to the last expression above gives that (5.4) is less than or equal to

4 exp{−( y
2M)

2 1
2δ}.

We have proved (5.1). We now prove (5.2). Noting that |Y2
s − x2| = |Ys − x||Ys + x|, we get

ℙt( sup
s∈[t,t+δ]
|Y2

s − Y2
t | > 3y(1 + |Yt|)2)

≤ ℙt({ sup
s∈[t,t+δ]
|Yt − Yt| > y(1 + |Yt|)} ∪ { sup

s∈[t,t+δ]
|Yt + Yt| > 3(1 + |Yt|)})

≤ ℙt( sup
s∈[t,t+δ]
|Yt − Yt| > y(1 + |Yt|)) + ℙt( sup

s∈[t,t+δ]
|Yt + Yt| > 3(1 + |Yt|)).

By Lemma 6, for t > 0 sufficiently small,

ℙt( sup
s∈[t,t+δ]
|Ys − Yt| > y(1 + |Yt|)) ≤ C1 exp{−

y2

C2δ
}.

Moreover,

ℙt( sup
s∈[t,t+δ]
|Ys + Yt| > 3(1 + |Yt|)) ≤ ℙt( sup

s∈[t,t+δ]
|Ys − Yt| + 2|Yt| > 3(1 + |Yt|))

≤ ℙt( sup
s∈[t,t+δ]
|Ys − Yt| > 1 + |Yt|) ≤ C1 exp{−

y2

C2δ
}.

This concludes the proof.

Lemma 7. Let X be the solution to the stochastic differential equation (3.10)with coefficients μ and σ satisfying
(3.8) and (3.9). Then there exists a constant C such that

|𝔼t[∆X2t+δ]| ≤ Cδ(1 + X
2
t ). (5.6)

Proof. Recall that ∆X2t+δ := X
2
t+δ − X

2
t . Itô’s lemma yields

∆X2t+δ =
t+δ

∫
t

(2Xsμ(s, Xs) + σ(s, Xs)2)ds + 2
t+δ

∫
t

Xsσ(s, Xs)dWs .
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Hence,

|𝔼t[∆X2t+δ]| =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝔼t[

t+δ

∫
t

(2Xsμ(s, Xs) + σ(s, Xs)2)ds]
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝔼t[
t+δ

∫
t

|2Xsμ(s, Xs) + σ(s, Xs)2|ds] =
t+δ

∫
t

𝔼t[|2Xsμ(s, Xs) + σ(s, Xs)2|]ds.

Since μ and σ satisfy (3.8),

μ(s, x) ≤ (K1(1 + x2))1/2 ≤ K1/2
1 (1 + |x|),

xμ(s, x) ≤ K1/2
1 (|x| + x

2) ≤ 2K1/2
1 (1 + x

2),

xμ(s, x) + σ(s, x)2 ≤ (K1 + 2K1/2
1 )(1 + x

2).

Hence, there is a constant C1 such that
t+δ

∫
t

𝔼t[|Xsμ(s, Xs) + σ2(s, Xs)|]ds ≤
t+δ

∫
t

𝔼t[C1(1 + X2s )]ds.

By [12, Theorem 4.5.4], there is a constant C2 such that 𝔼t[X2s ] ≤ C2(1 + X2t ), which implies the existence of
a constant C such that (5.6) holds.

Lemma 8. Let X be the solution to the stochastic differential equation (3.10)with coefficients μ and σ satisfying
(3.8) and (3.9). Define u as in Theorem 3, and assume u satisfies (3.12). Then, for any β ∈ (0, 12 ), for δ > 0
sufficiently small and y > δβ, there exist constants C1, C2 > 0 such that

ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − Xs − u(t, Xt) + Xt| > y(1 + |Xt|)) ≤ C1 exp{−

y2

C2δ
}. (5.7)

Proof. We first notice that, by Itô’s lemma and by Feynman–Kac, we have

du(t, Xt) = ux(t, Xt)σ(t, Xt)dWt ,

where subscript x denotes partial derivative with respect to the second argument of u. Let

τ := inf{s ∈ [t, t + δ] : |Xs − Xt| > y(1 + |Xt|)},

and notice that

ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − u(t, Xt)| > y(1 + |Xt|))

≤ ℙt(τ ≤ t + δ) + ℙt(τ > t + δ, sup
s∈[t,t+δ]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

s

∫
t

ux(u, Xu)σ(u, Xu)dWu

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
> y(1 + |x|)).

Since s 󳨃→ ∫s0 ux(u, Xu)σ(u, Xu)dWu is a continuous local martingale, it may be expressed as a random time
change s 󳨃→ H(s) of a Brownian motion:

H(s) :=
s

∫
0

ux(u, Xu)2σ(u, Xu)2 du.

Notice that if τ > t + δ, then H(t + δ) − H(t) ≤ δK1K2
2(1 + |Xt|)2. By [11, Theorem 18.4], there is standard

Brownian motion W̃ such that

ℙt(τ > t + δ, sup
s∈[t,t+δ]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

s

∫
t

ux(u, Xu)σ(u, Xu)dWu

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
> y(1 + |Xt|))

≤ ℙ(τ > t + δ, sup
s∈[t,t+δ]
|W̃H(s) − W̃H(t)| > y(1 + |Xt|))

≤ ℙ( sup
s∈[0,δ]
|W̃ s| >

y
K1/2
1 K2
) ≤ 4 exp{− y2

2K1K2
2δ
},
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where the last inequality follows from applying [5, Lemma 5.2.1]. Noting that

ℙt(τ ≤ t + δ) = ℙt( sup
s∈[t,t+δ]
|Xs − Xt| > y(1 + |Xt|))

can be bounded by Lemma 6 yields the existence of constants C3 and C4 such that

ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − u(t, Xt)| > y(1 + |Xt|)) ≤ C3 exp{−

y2

C4δ
},

ℙt( sup
s∈[t,t+δ]
|Xs − Xt| > y(1 + |Xt|)) ≤ C3 exp{−

y2

C4δ
}

for δ small enough. Noting that

ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − Xs − u(t, Xt) + Xt| > y(1 + |Xt|))

≤ ℙt( sup
s∈[t,t+δ]
|u(s, Xs) − u(t, Xt)| >

y
2 (1 + |Xt|)) + ℙt( sup

s∈[t,t+δ]
|Xs − Xt| >

y
2 (1 + |Xt|))

completes the argument showing (5.7) for C1 = 2C3 and C2 = 4C4.

Lemma 9. Let {Lt}t∈[0,T] be an ℝ-valued additive process with system of generating triplets {(σ2t , νt , γt)}t∈[0,T].
For each t ∈ [0, T], let ̇σ2t and ̇γt be constants, and let ̇νt be a measure on ℝ \ {0} whose restrictions to sets
bounded away from 0 are finite. Fix t ∈ [0, T], and assume that

1
δ
(σ2s+δ − σ

2
s , νs+δ − νs , γs+δ − γs) → ( ̇σ2t , ̇νt , ̇γt) as δ ↓ 0, s → t, (5.8)

where the convergence in the second component means that

lim
δ↓0,s→t

1
δ ∫
ℝ\{0}

f(x)(νs+δ − νs)(dx) = ∫
ℝ\{0}

f(x) ̇νt(dx)

for bounded and continuous functions vanishing in a neighborhood of 0. Assume further that

lim
ε↓0

lim sup
δ↓0,s→t

∫
[−ε,ε]

x2 1
δ
(νs+δ − νs)(dx) = 0. (5.9)

Consider sequences δn ↓ 0, tn → t, with tn ∈ [0, T − δn], and for every n, let {Lδn ,tns }s∈[0,T] be a Lévy process
satisfying ∆Lδn ,tnt+δn

d
= ∆Ltn+δn , and let μδn ,tn be the probability distribution of L

δn ,tn
1 . Then

lim
δn↓0

1
δn
∫
ℝ\{0}

f(x)μδnδn ,tn (dx) → ∫
ℝ\{0}

f(x) ̇νt(dx)

for bounded and continuous functions vanishing in a neighborhood of 0.

Proof. Notice that μδn ,tn is infinitely divisible with Lévy triplet

1
δn
(σ2tn+δn − σ

2
tn , νt+δn − νtn , γtn+δn − γtn ).

By [21, Theorem 8.7], (5.8) and (5.9) together imply that μδn ,tn converges weakly to an infinitely divisible
distribution μwith Lévy triplet ( ̇σ2t , ̇νt , ̇γt). In particular, the corresponding characteristic functions converge
pointwise,

lim
δn↓0
̂μδn ,tn (z) = ̂μ(z). (5.10)

Define μn via its characteristic function ̂μn(z) as

̂μn(z) := exp{δ−1n ( ̂μδn ,tn (z)δn − 1)} = exp{δ−1n ∫
ℝ\{0}

(eizx − 1)μδnδn ,tn (dx)}.
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From [21, pp. 38–39], in particular [21, (8.7)], it follows that μn is infinitely divisible with Lévy triplet
(0, δ−1n μδnδn ,tn , 0). Moreover,

̂μn(z) = exp{δ−1n ( ̂μδn ,,tn (z)δn − 1)}

= exp{δ−1n (eδn log(
̂μδn ,tn (z)) − 1)}

= exp{δ−1n (δn log( ̂μ(z)) + O(δ2n))},

where the last equality is due to (5.10) which, as in [21, proof of Theorem 8.7], implies that

lim
δn↓0

log ̂μδn ,t(z) = log ̂μ(z)

uniformly on any compact set. Hence, limn→∞ ̂μn(z) = ̂μ(z) for every z, implying μn → μ weakly. Now [21,
Theorem 8.7] gives

lim
δn↓0

1
δn
∫
ℝ\{0}

f(x)μδnδn ,tn (dx) = ∫
ℝ\{0}

f(x) ̇νt(dx)

for bounded and continuous functions vanishing in a neighborhood of 0.

An important special case of Lemma 9 is the following.

Corollary 3. If the conditions of Lemma 9 hold, and if x > 0 is a continuity point of y 󳨃→ ̇νt(y,∞), then

lim
δ↓0,s→t

1
δ
F∆Ls+δ (x) = ̇νt(x,∞).

Proof. Notice that f(y) := 1(x,∞)(y) is bounded, vanishes in a neighborhood of 0 but is not continuous. For
m > 0, let f and f be polygon functions given by

f (y) =
{{{
{{{
{

0, y ≤ x − 1
m ,

m(y − x + 1
m ), y ∈ (x − 1

m , x),
1, y ≥ x,

f (y) =
{{{
{{{
{

0, y ≤ x,
m(y − x), y ∈ (x, x + 1

m ),
1, y ≥ x + 1

m .

Then f ≤ f ≤ f ,
lim
δn↓0

1
δn
∫
ℝ\{0}

g(y)μδnδn ,tn (dy) = ∫
ℝ\{0}

g(y) ̇νt(dy), g ∈ {f , f },

and
lim
δn↓0

1
δn
∫
ℝ\{0}

(f − f )μδnδn ,tn (dy) ≤ ̇νt[x −
1
m
, x + 1

m ]
,

which tends to 0 as m →∞.

Lemma 10. Let f : {(t, δ) ∈ [0, T) × (0, T] : t + δ ≤ T} → ℝ, and suppose there exists a continuous function
g : [0, T] → ℝ such that, for all t ∈ [0, T], limδ↓0,s→t f(s, δ) = g(t). Then limδ↓0 supt∈[0,T−δ]|f(t, δ) − g(t)| = 0.

Proof. By assumption, limδ↓0|f(t, δ) − g(t)| = 0 for every t ∈ [0, T − δ]. Suppose that the convergence is not
uniform in t. Then there exist ε > 0 and a sequence {(tn , δn)}n≥1 ⊂ {(t, δ) ∈ [0, T) × (0, T] : t + δ ≤ T} with
δn → 0 such that |f(tn , δn) − g(tn)| > ε for all n. By the Bolzano–Weierstrass theorem, there exist t ∈ [0, T]
and a subsequence {tnk }k≥1 of {tn}n≥1 such that limk tnk = t. Hence,

ε < |f(tnk , δnk ) − g(tnk )| ≤ |f(tnk , δnk ) − g(t)| + |g(tnk ) − g(t)| → 0 as k →∞.

From this contradiction, we conclude that the convergence is indeed uniform, thereby proving the state-
ment.



H. Engsner and F. Lindskog, Limits of multi-period cost-of-capital margins | 105

Lemma 11. Let {αδm,k } and {ηδm,k } satisfy (2.2). Then

lim
m→∞

m−1
∏
k=0

αδm,k = αT , lim
m→∞

m−1
∏
k=0
(1 + ηδm,k ) = (1 + η)T .

Proof. We prove the first statement for αδm,k . The proof of the second statement is completely analogous and
omitted. Notice that

αδm,k = ((1 − δm,k(
1 − αδm,k

δm,k
))

1/δm,k
)
δm,k

.

We immediately use this to see that

log[
m−1
∏
k=0

αδm,k] =
m−1
∑
k=0

δm,k log[(1 − δm,k(
1 − αδm,k

δm,k
))

1/δm,k
].

By (2.2) and the well-known convergence result

lim
δ→0
(1 + δa + o(δ))1/δ = ea ,

for any real a and any higher-order term o(δ), we get

lim
m→∞

sup
k≤m−1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
(1 − δm,k(

1 − αδm,k

δm,k
))

1/δm,k
− α
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0.

Hence, we conclude that

lim
m→∞

log[
m−1
∏
k=0

αδm,k] = T log(α).

This proves the result for∏m−1
k=0 αδm,k .
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